Set 8.
Compton Scattering



Energy-Momentum Conservation

e Thomson scattering; + v; — e + s where the frequencies
w; = wy (elastic scattering) cannot strictly be true

e Photons carry offf /c momentum and so to conserve momentum
the electron must recoill.

e The electron then carries away some of the available energy and
the Thomson limit requirebw; /mc* < 1 in the electron rest
frame

e General case (arbitrary electron velocity)

P, =—(1,n;), Pf=—(1,ny), photon

Qi =vim(e,vi), Qf=yrm(c,Vy), electron



Energy-Momentum Conservation

e To work out change in photon energy consider Lorentz invariants:
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o U —C 2 92

Q" = 72m2(02 — 62) = m 1 —v?/c? = —mc

P,P" =0

SO

(B + Qi)u(Bi + Qi)" = (Pr + Qf)u(Pr + Q)"
2P, Qf —m?c? = 2P, Q' — m*c?
P -Q; = Pr-Qy
also P[P+ Q; = Pr+ Q]
Pp- P+ Pr-Qi=PFPp-Qp =P - Qy



Energy-Momentum Conservation
e In three vector notation
Li Ly

E Ei .
(ﬂz ny—1)+ —f% (Df - v; —¢) = 7%7”(“@ $V; = C)

e Introducing the scattering angle as- n; = cos ¢ and auxiliary
anglesn; - v; = v; cosay andn,; - v; = v; cos o;
E;E¢(cosf — 1)+ Ef%m(?(ﬂi cosar—1) = Eivimc®(B; cos o — 1)

E;vimc*(B; cosa; — 1)
Ei(cos@ — 1) 4+ ~v;mc?(5; cosa; — 1)

Er =
e So the change in photon energy is given by

Ef 1 — 3; cos ozz-
E, 1-p Li (1 — cos®)




Recoll Effect

e Two ways of changing the energy: Doppler bogstrom
incoming electron velocity anfl; comparable to/mc?

e Take the incoming electron rest framig= 0 andy = 1
oy 1
Ei rest (1 — COS (9)
e Since—1 <cost <1, £y < EZ-, energy Is lost from the recoill

except for purely forward scattering via comparing the incoming
photon energyZ; and the electron rest mass=>

e The backwards scattering limit is easy to derive

FE.

1
= =2 AE = —muv? =
IQf‘ m‘vf‘ e 2 Uy = (
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Ef=FE, —AFE =(1- mc2 s

m02



Compton Wavelength

e Alternate phrasing in terms of length scalés= hv = hc/ ) so

N 1
Aflrest 1+ /\j?’;f@ (1 — cos6)
As h Ao
4 _ — 1 — = —(] —
)\z' rest mc)\z- ( - (9) )\z ( o8 (9)

where the Compton wavelengthis = h/mc ~ 2.4 x 101

e Doppler effect: consider the limit gi; < 1 then expand to first
order
E; E;

A =1 — Bicosa; + B cosay — @(1 — cos0)

however averaging over angles the Doppler shifts don’t change th
energies



Second Order Doppler Shift

e To second order in the velocities, the Doppler shift transfers energ
from the electron to the photon in opposition to the recoill

E E;
Ef =1 — B, cosa; + B cosay + 3 cos” af — -
(L) =
E; mc?
e For a thermal distribution of velocities
1 5 3kT 5  SkT Ey kT — E;
- - “ N — 1) ~
2m<v ) 2 b mc? <EZ ) mc?

e sothatif £; < kT the photon gains energy aig > kT it loses
energy— this is a thermalization process



Energy Transfer

e A more proper treatment of the radiative transfer equation (below)
for the distribution gives the Kompaneets eguation and

E, AKT — E,
1= 5

E; mc

where the coefficient reflects the fact that averaged over the Wien
tail (E;) = 3kT and(E?) = 12(kT)? so that

E; — E; x 4kTE; — E? =0

In thermodynamic equilibrium. For multiple scattering events one
finds that the energy transfer goes as
k(T, —T,)

4 > T
mc




Inverse Compton Scattering

e Relativistic electrons boost energy of low energy photons by a
potentially enormous amount - a way of gettmgays in
astrophysics

Ey 1 — B; cos «;
E; 11— f;cosas+ Ei (1 — cosb)

62

Vi
o TakeB; — 1 andy > 1 but E; < ~;mc? so that the scattering is
Thomson in the rest frame

e Qualitative:«; incoming angle wrt electron velocity can be
anything; BUT outgoingy; is strongly beamed in direction of
velocity withay ~ 1/v < 1 0rcosay ~ 1 S0

Ef 1— (Bjcosq; 1
— — = (1 — 1 ~ 2(1 —
e S =(1=A0+g~21 -0
~ (1 — f3; cos a;)27;




Inverse Compton Scattering

e Since the incoming angle is random, a typical photon gains energ
by a factor ofy?!

e From the electron’s perspective: see a bunch of (beamed) photon

coming head on boosted in energy by a factof;adnd scatter out
roughly isotropicpreserving energin the rest frame. Reverse the
boost and pick up another factorgfin the lab frame beamed into

the direction of motion.

e Limit to energy transfer - total energy of the electron in lab frame

Ey—L; = Ef < %mCQ
%in < me’

v by < mec?



Inverse Compton Scattering

e Sincev; E; Is also the typical photon energy in the rest frame, the
validity of the~? energy transfer is simply that recoil can be

neglected in the rest franté|,... = v;F; < mc? so that scattering
IS Thomson in the rest frame

e Maximum energy boost

E; = vi(vE;) < yyime® = v;(511keV)

so thatE'y can be an enormous energy and the scattering is still
Thomson in the rest frame

e Is it consistent to neglect recoil compared withy? in the lab
frame

E; mc® 1 1
7 S 2 — 2
Yimc Vi Yimce i

Recoll=




Inverse Compton Scattering
o With ~; = 103

radio 1GHz = 10°Hz — 10"Hz ~ 300nm [0AY4
optical 4 x 10"Hz — 4 x 10°°Hz ~ 1.6MeV ~ gamma ray



Single Scattering

e Consider a distribution of photons (and electrons) in the lab frame
Characterize the radiative transfer in the optically thin single
scattering regime

e Consider the energy densityl (s a constant)
d3p
— 9 Ef=A S dpdS)
u j/(2why2 f //fﬁ p

e In the electron rest frame the energy density transforms with the
aid of the Lorentz transformations

P =py(1— Bp)
0 )
dQY = 24Q) = p2dQ
- " g
ff=1r




Single Scattering

e Therefore energy density transforms as
= /f’ Pdp'dQ) = A/fp’pzdp’dﬂ

/ (1= Bp)? fp’dpdQ

e Assume thaif is isotropic (in lab frame) then the energy densities
are related as

o = [0y gua [ gt
U

/d972(1 — B
gl

1
2 1_|_§62)u



Single Scattering

e In the rest frame the emitted power is given by the Thomson
scattering strength; = P/S and power is a Lorentz invariant

dE.q dFE' ,
= — CoTU

dt  dt
1
— CO'T’)/2[1 —|— §B2]u

e The total power accounts for the “absorbed” energy of the
Incoming photons

dE

1
Tt — CUT[72(1 T 552) - 1]ua ’72 — 1= ”7252
4

= gOTC”yQﬁQU



Single Scattering

e If we assume a thermal distribution of electrg@8) = 3kT/mc?
we get

du  4KT du  4kT
— = ——COTNU — — = ——U
dt ~ me2 dr  mc?
o Assume a power law distribution of electron energi&s= mc*d~y

confined to a rang€.in < v < Ymax

Ne = /nmdw Ne~ = Ky

e Change in the radiation energy density giver»> 1 (5 ~ 1)

du d*E dE y
el — p— —ne
dt  dtdV gt el
4 K
= 20tz (Yo~ Vonin )

3 3—p



Single Scattering

e Energy spectrum in the power law case

2B ,
-
dtdv > / o

and the scattered photon enetgy x 7 F;

2
d°FE _ d’Y d2E - lny—p _ ,yl—p x Ej(cl—p)/Q
QdVdE;,  dE;didVdy * 5

so the scattered spectrum is also a powerAgw but with a power
law indexs = (p — 1)/2.



Radiative Transfer Equation

e For full radiative transfer, we must go beyond the single scattering
optically thin limit. Generally (set = ¢ = £ = 1 and neglect
Pauli blocking and polarization)

g 1 d’p; 1 Pqr 1 d’q; 1
ot 2E(py) / (27)3 2E (p;) / (2m)3 2E(qy) / (27)3 2E(q;)
X (2m)*0(ps + a5 — pi — )| M|?
X {felq@) f(p) L+ f(pr)] = felag) f(pp)1 + f(pi)]}

e wWhere the matrix element is calculated in field theory and is

Lorentz invariant. In terms of the rest frame= ¢* /lic (c.f. Klein
Nishina Cross Section)

’M‘Q _ 2(47‘(‘)2042 E(p@) 4 E(pf)

E(pr)  Epi)
with § as the rest frame scattering angle

— sin® 3



Kompaneets Equation

e The Kompaneets equation is the radiative transfer equation in the
limit that electrons are thermal

3/2
Je = e~ (m=m)/Te g=a"/2mT n., — ¢ (m—u)/Te (mTe>
6 ) 2T
3/2
— ( 2 ) / TLee—q2/2mTe
mi,

and assume that the energy transfer is small (non-relativistic
electronsF; < m

E; — E;
F;
e Kompaneets equation (restorihgc k)

<1 [O(T,/m,E;/m)]



kTe) 10 [3;1 (ﬂﬂr(lﬂf))] r = hw/kT,

2 Ox Ox



Kompaneets Equation

e Equilibrium solution must be a Bose-Einstein distribution

Of /ot =0
[ﬁ<g£+fu+f0]:f(

ﬁ+f(1+f>=§

0x
assume thatas— 0, f — 0thenK = 0 and
df df
_— = — 1 > — d
dx fA+ ) f(1+f) !

f L . f __ _—x+c

m1+f_ T -+ c /1+f_6
e TTe 1
f p— p—

1 _ e—a:—l—c erT—C 1



Kompaneets Equation

e More generally, no evolution in the number density

n,yoc/d?’pfoc/da::ch
On. 1 0 | ,[(0f
Woc/dajx ol [x <%+f(1+f))]

x x [%+f(1+f)]oo20
0

e Energy evolution? = n.orc(kT,/mc?)

d’p pdpc (kT )* 1 5
= 2/ (27Th)3Ef - 2/ 27T2h3f - [ AR w2 A] /:C def

ou 0 of
o —AR/d:m:% [:z:4 <%+f(1+f)>]




Kompaneets Equation

ou of
E——AR/dme (%+f(1‘|—f)>

_ AR/dx4a:3f—AR/dxaz4f(1 + f)

kT,
= dne.orc—u — AR/dx$4f(1 + f)
mc
Change in energy is difference between Doppler and recoill

o If fIs a Bose-Einstein distribution at temperatiike

J

O,

AR/dffE4f(1+f) = —AR/alxx‘Lﬁ = AR/d:cél:cgd—wf

0., dx.

f(L+f) fv:kp—ji



Kompaneets Equation

e Radiative transfer equation for energy density

ou kT, T,
E = 47160'T0@ [1 — Te] u
1 Ou k(T,—T,)
—— =4n, c il
u Ot He@Te mc?

which is our original form from the energy-momentum
conservation argument

e The analogue to the optical depth for energy transfer is the
Comptony parameter

dT = n.ords = n.ocdt

(T, —T
dy = ( 7)alT

mc?




Kompaneets Equation

e Example: hotX-ray cluster withkT' ~ keV and the CMB:
Ie > T,

e Inverse Compton scattering transfers energy to the photons while
conserving the photon number

e Optically thin conditions: low energy photons boosted to high
energy leaving a deficit in the number density in the RJ tail and ar
enhancement in the Wien tail called a Compton-y distortion — set
problem set

e Compton scattering off high energy electrons can give low energy
photons a large boost in energy but cannot create the photons Iin
the first place



