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Closed Universe

e Friedman equatiom a closed universe
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e Parametric solution in terms ofdeevelopment angle
0 = Hyn(Q,, — 1)/2, scaled conformal time
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r(@) = A(l —cosf)

t(0) = B(# —sinb)

whereA = ro$,,/2(Q,, — 1), B = H;*Q,,/2(Q,, — 1)3/2.

e Turnaround atl = w,r = 2A4,¢t = DB.

e Collapse atl = 2w, r — 0,t =273



Spherical Collapse

e Parametric Solution:

o)
=
)
=
<
=
—
)
N

{ collapse




Correspondence

e Eliminate cosmological correspondencedrand 5 in terms of
enclosed mass/

e Related as!® = GM B2, and to initial perturbation
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e Leading Orderr = A0%/2,t = B#°/6
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Next Order

e Leading order is unperturbed matter dominated expansion
r o a ot

e lterater andt¢ solutions
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Next Order

e Substitute back into(6)
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Density Correspondence
e Density

Pm =




Density Correspondence

e TiIme — scale factor

Lt = - a3/
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e A andpB constants— initial cond.
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Spherical Collapse Relations

e Scale facton o t2/3
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e At collapsef = 27
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e Perturbation collapses whénear theorypredictsd, = 1.686



Virialization
e Areal density perturbation is neither spherical nor homogeneous

e Shell crossingf 4, doesn’t monotonically decrease
e Collapse does not proceed to a point but reaeies equilibrium

U = 2K
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E = U+ K =U(rpax) = §U(7“Vir)
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sinceU o« r~!. Thusfy;, = S7

e Overdensityat virialization

pm(e — 37—‘-/2)
pm (0 = 27)
e ThresholdA, = 178 often used to define @llapsed object

— 1872 ~ 178




Virialization

e Schematic Picture:




The Mass Function

e Spherical collapspredicts the end state as virializedlosgiven
an initial density perturbation

e |nitial density perturbation is @aussian random field

e Compare the variance in the linear density fieldhieeshold
0. = 1.686 to determine collapse fraction

e Combine to form thenass functionthe number density of halos In
a rangelM around)M.

e Halo density defined entirely by linear theory

e Fudge the result to get the right answer compared with simulation
(a la Press-Schechter)!



Press-Schechter Formalism

e Smoothlinear density density field on mass scalewith tophat
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4

e Result is a Gaussian random field withriances?( M)

e Fluctuations above the threshaldcorrespond t@ollapsed
regions The fraction in halos- M becomes

= )., e (~zm) =5 (73)

wherev = 6./0 (M)

e Problem:even asr(M) — oo, v — 0, collapse fraction— 1/2 —
only overdense regiongarticipate in spherical collapse.

e Multiply by an ad hoc factor of 2!




Press-Schechter Mass Function

e Differentiatein M to find fraction in range/)/ and multiply by
pm /M the number density of halos if all of the mass were
composed of such hales differential number densitgf halos
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e High massexponential cut ofabove)M, whereo (M, ) = 6.

M, ~102h M, today

e Low massdivergence (too manyfor the observations?)
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Extended Press-Schechter Formalism

e Aregion that isunderdenswhen smoothed on the scalé may
beoverdens®n a scale of darger\/

e |f smoothing is a tophat ik-space, independence loimodes
Implies fluctuation executesrandom walk

. Press-Schechter prescription

collapsed

uncollapsed |




Extended Press-Schechter Formalism

e For each trajectory that lies above threshold &t there is an
equivalent trajectorthat is its mirror image reflected around

e Press-Schechter ignored this branch. It suppliestissing factor
of 2

' equal probability

i collapsed

uncollapsed




Conditional Mass Function

e Extended Press-Schechter also givesctihaditional mass
function, useful formerger histories

e Given a halo of mas$/; exists atz;, what is the probability that it
was part of a halo of mas¥g/, at z,




Conditional Mass Function

e Same as before but with tligigin translated

e Conditional mass function is mass function withando? (M)
shifted




Magic “2” resolved?

e Spherical collapse is defined for@al-spaceot k-space
smoothing. Random walk is onlycualitative explanation

e Modern approach: think of spherical collapse as motivating a
fitting form for the mass function

vexp(—12/2) — A[l + (a®) 7P|V ar? exp(—ar?/2)

ca = 0.75, p = 0.3. or a completely empirical

fitting
dn Om dIno™!
— 0.3012™ o 4 0.64[3%
T 0.30 YAFTES; exp|—|Ino™" 4 0.64[>]

1 Choice is tied up with the questiomhat is the
mass of a halo?



Numerical Mass Function

e Example of difference imass definitior{
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Halo Bias

e |f halos are formed without regard to the underlying density
fluctuation and move under thgavitational fieldthen their
number density is annbiased tracesf the dark matter density

e Howeverspherical collapssays the probability of forming a halo
depends on thmitial density field

e Large scale densitffeld acts as “background” enhancement of
probability of forming a halo or “peak”

e Peak-Backgroun&plit ( )



Peak-Background Split

e Schematic Picture:




Perturbed Mass Function

e Density fluctuatiorsplit

5=05,+86,

e Lowersthethresholdfor collapse

5cp — 50 — 56

so thaty = d.,/0
e Taylor expanchumber density.,, = dn/dIn M
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If mass function is given b¥ress-Schechter
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Halo Bias

e Halos arebiased traceref the “background” dark matter field with
a biash( M) that is given by spherical collapse and the form of the
mass function

MM _ 1 4 b0
U3
e For Press-Schechter
2
— 1
b(M) =1+ 2 g

e Improved by the Sheth-Torman mass function

av?® — 1 N 2D
¢ Oc|1 + (av?)P]

with ¢« = 0.75 andp = 0.3 to match simulations.

b(M) =1+




Numerical Bias

e Example ofhalo biasfrom a simulation (from

III

— — - PS-based: MW96, J99
— ST99




What is a Halo?

e Mass function and halo bias depend on the definitioma$s of a
halo

e Agreement with simulations depend on hbalos are identified

e Otherobservablegassociated galaxiex -ray, SZ) depend on the
details of the density profile

e Fortunately, simulations have shown that halos take on a near
universal formin their density profileat least on large scales.



NFW Halo

e Density profilewell-described by(

Ps

plr) = (r/rs)(1 4+ 1/15)?




Transforming the Masses

e NFW profile gives a way of transforming different mass definitions
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Lack of Concentration?

e NFW parameters may be recast irth, the mass of a halo out to
thevirial radiusr, where the overdensity wrt mean reaches
A, = 180.

e Concentratiorparameter

Ty
C = —
s

e CDM predictsc ~ 10 for M, halos.Too centrally concentratdor
galactic rotation curves?

e Possible discrepancy has lead to the exploraticmeok matter
alternativeswarm (m ~keV) dark matter, self-interacting
dark-matter, annihillating dark matter, ultra-light “fuzzy” dark
matter,. . .



The Halo Model

e NFW halos of abundance,; given bymass functionclustered
according to thénalo biash(M') and thelinear theoryP (k)

e Power spectrunexample:

non-linear _»

linear _




Incredible, Extensible Halo Model

e An industry developed to buildemi-analytic modelfor wide
variety ofcosmological observablémsed on the halo model

e |dea: associate arbservabldgalaxies, gas, ...) witbark matter
halos

e Let thehalo modeldescribe the statistics of the observable

e Theoverextendethalo model?



Halo Temperature

e Motivate withisothermal distributioncorrect from simulations
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(r) = —
T p—
P 2w Gr?
e EXxpress in terms ofirial massM, enclosed atirial radiusr,
4 2
M, = —Wfr‘vpmAv = —r,0°
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o Eliminater,, temperaturd’ « o2 velocity dispersioh

o ThenT oc M7 (pmA,)Y/3 or

M. f T 13/2
<1015h1M@> - [(1 + 2)(Qn )13 1keV
e Theory (X-ray weighted).f ~ 0.75; observationg ~ 0.54.

Difference iscrucialin determining cosmology fromluster
countd



Galaxy Clustering
e Associategalaxieswith halo of mass\/: N (M) (

density

Qm
$ = Peacock (1997)

compilation

e An explanation of the purpower law galaxy spectrum



Summary

Dark matter simulationsell-understood and can be modelled
with dark mattemhalos

Halo formation modelled bgpherical collapsdwo magic
numbers). = 1.686 andA, = 178

Halo abundance described byressfunction withexponential
high mass cutoff +are clustergxtremely sensitive to power
spectrum amplitude angtowth rate— dark energy

Possibly too many small halos sub-structur@

Halo clustering modelled with peak-background split leading to
halo bias

Halo profiledescribed by NFW halos
Possibly too high centraloncentration

Associate ambservablavith a halo— a halo model



