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Closed Universe

e Friedman equatiom a closed universe
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e Parametric solution in terms ofdeevelopment angle
0 = Hon(,, — 1)/2, scaled conformal time
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r(@) = A(l —cosf)

t(0) = B(# —sin)

whereA = ro$,,/2(Q,, — 1), B = H;*Q,,/2(Q,,, — 1)3/2.

e Turnaround atl = w,r = 2A4,¢t = DBr.

e Collapse atl = 2w, r — 0,t =273



Spherical Collapse

e Parametric Solution:
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Correspondence

e Eliminate cosmological correspondencedrand B in terms of
enclosed masa/

e Related as!® = GM B2, and to initial perturbation; ata, -
require an explicit(t) — r(a)
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e Leading Orderr = A0*/2,t = B#°/6
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Next Order

e Leading order is unperturbed matter dominated expansion
r o a o ti?

e lterater andt¢ solutions

63 1 /6t\ 2]
limt(0) = =5 |1— = (2
o 6 20 \ B

6\ /3 1 /6t\ %
0~ |— l+— 1| —=
B 60 \ B




Next Order

e Substitute back into(6) — r(t)
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Density Correspondence
e Density

Pm =




Density Correspondence

e TiIme — scale factor

Lt = - a3/
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e A andpB constants— initial cond.
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Spherical Collapse Relations

e Scale facton o t2/3
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e At collapsef = 27
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e Perturbation collapses whénear theorypredictsd, = 1.686



Virialization
e Areal density perturbation is neither spherical nor homogeneous

e Shell crossingf 4, doesn’t monotonically decrease
e Collapse does not proceed to a point but reaeies equilibrium
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e Overdensityat virialization
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e ThresholdA, = 178 often used to define @llapsed object

— 1872 ~ 178




Virialization

e Schematic Picture:
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The Mass Function

e Spherical collapspredicts the end state as virializedlosgiven
an initial density perturbation

e |nitial density perturbation is @aussian random field

e Compare the variance in the linear density fieldhieeshold
0. = 1.686 to determine collapse fraction

e Combine to form thenass functionthe number density of halos In
a rangelM around)M.

e Halo density defined entirely by linear theory

e Fudge the result to get the right answer compared with simulation
(a la Press-Schechter)!



Press-Schechter Formalism

e Smoothlinear density density field on mass scalewith tophat
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e Result is a Gaussian random field withriances?( M)

e Fluctuations above the threshaldcorrespond t@ollapsed
regions The fraction in halos- M becomes
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wherev = 6./0 (M)

e Problem:even asr(M) — oo, v — 0, collapse fraction— 1/2 —
only overdense regiongarticipate in spherical collapse.

e Multiply by an ad hoc factor of 2!




Press-Schechter Mass Function

e Differentiatein M to find fraction in range/)/ and multiply by
pm /M the number density of halos if all of the mass were
composed of such hales differential number densitgf halos
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e High massexponential cut ofabove)M, wheres (M, ) = 6.

M, ~102h M, today

e Low massdivergence (too manyfor the observations?)
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Extended Press-Schechter Formalism

e Aregion that isunderdenswhen smoothed on the scalé, may
beoverdens®n a scale of dargerM > M,

e |f smoothing is a tophat ik-space, independence loimodes
Implies fluctuation executesrandom walk

. Press-Schechter prescription
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Extended Press-Schechter Formalism

e For each trajectory that lies above threshold &t there is an
equivalent trajectorthat is its mirror image reflected around

e Press-Schechter ignored this branch. It suppliestissing factor
of 2

" equal probability

| first upcrossing

i collapsed Sc
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Conditional Mass Function

e Extended Press-Schechter also givesctihaditional mass
function, useful formerger histories

e Given a halo of mas$/; exists atz;, what is the probability that it
was part of a halo of mas¥g/, at z,
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Conditional Mass Function

e Same as before but with tligigin translated

e Conditional mass function is mass function withando? (M)
shifted
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Magic “2” resolved?

e Spherical collapse is defined for@al-spaceot k-space
smoothing. Random walk is onlycualitative explanation

e Modern approach: think of spherical collapse as motivating a
fitting form for the mass function

vexp(—12/2) — A[l + (a®) PV ar? exp(—ar?/2)

ca = 0.75, p = 0.3. or a completely empirical

fitting
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1 Choice is tied up with the questiomhat is the
mass of a halo?



Numerical Mass Function

e Example of difference imass definitior{
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