arXiv:astro-ph/0205412 vl 23 May 2002

Three-Dimensional

Mapping of the Dark Matter

Wayne Hu'? & Charles R. Keetor?
LCenter for Cosmological Physics, University of Chicago, Chicago IL 60637
2Department of Astronomy and Astrophysics, University of Chicago, Chicago IL 60637

We study the prospects for three-dimensional mapping of the dark matter to high redshift through
the shearing of faint galaxiesimagesat multiple distancesby gravitational lensing. Such maps could
provide invaluable information on the nature of the dark energy and dark matter. While in principle
well-posed, mapping by direct inversion intro duces exceedingly large, but usefully correlated noise
into the reconstruction. By carefully propagating the noise covariance, we show that lensing contains
substartial information, both direct and statistical, on the large-scaleradial evolution of the density
eld. This information can be e cien tly distilled into low-order signal-to-noise eigenmades which
may be usedto compressthe data by over an order of magnitude. Such compressionwill be useful
for the statistical analysis of future large data sets. The reconstructed map also contains useful
information on the localization of individual massive dark matter halos, and hencethe dark energy
from halo number counts, but its extraction depends strongly on prior assumptions. We outline
a procedure for maximum entropy and point-source regularization of the maps that can identify

alternate reconstructions.

I.  INTR ODUCTION

Embedded within the ewlution of the three-
dimensional distribution of the dark matter lies a wealth
of information on the nature of the dark energyand dark
matter in the universe. The growth of its clustering in
volumes asseiated with redshift, along with the abun-
dance of discrete dark matter clumps or halos which it
cortrols, is one of our most direct probes of the expan-
sion history (e.g. ). It is certainly the onethat is best
understood from the theoretical standpoint.

Unfortunately, most probesof structure in the low red-
shift universerely on luminous matter, e.g.galaxiesand
clusters of galaxies, as tracers of dark matter distribu-
tion. Suc probesare subject to signi cant uncertainties
in the physical processeghat govern the formation and
ewlution of the tracers. The only exceptionis the image
distortion from gravitational lensing of distant objects
by the dark matter. On large scalesand for small distor-
tions, this is known as weak gravitational lensing [E, E]
The distortion of faint galaxy imagesby the large-scale
structure of the universehasnow beendetectedwith high
signi cance by seeral experimental groups [H].

A fundamental obstaclefor weaklensing studies of the
matter distribution is that the technique is inherently
two-dimensional. All of the matter along the line-of-sight
to a distant sourcecortributes to lensing and sothe dis-
tortion re ects a two-dimensionalprojection of the dark
matter. Unfortunately then the ewlution of structure
is hidden in the missing radial dimension. This limita-
tion can in principle be overcomeby a tomographic re-
construction of the three-dimensional distribution from
sourcesspanning a range of distancesor redshifts.

Under fairly restrictive assumptions,this tomographic
technique has been applied to lensing data to localize

Hubble Fellow

the halo asseiated with a cluster of galaxies[§] and val-
idated by follow-up studies. The critical assumption is
that the lensing massbe a single halo, well localized in
redshift. Taylor [B] has recerlly shown that these and
other restrictions are unnecessaryin principle. In the
absenceof noise,tomographic mapping of the dark mat-
ter is a well-posedproblem. In this paper, we study the
feasibility of reconstructing three-dimensionaldark mat-
ter maps in the presenceof noise. We will shov that
a careful accounting of the noise and in particular its
covariance acrossthe map is essetial for extracting in-
formation from the map.

Tomography also preserns a sewere data analysis chal-
lenge, similar to but potentially far worsethan that fac-
ing cosmic microwave badkground (CMB) experimens.
A full weak lensing data set will have a two-componert,
two-dimensional megapixel map for ead of ten or more
sourceredshift slices. We also study how techniques de-
veloped for the CMB and galaxy redshift surveys may
be applied to compressthesedata to a more manageable
size.

The outline of the paper is as follows. We begin in
x 11 with a brief review of mapmaking techniques and
apply them to the two-dimensional lensing obsenables
keepingcareful track of the propagation of measuremen
errors. We usethesetechniquesto reconstruct the three-
dimensional distribution of the dark matter in x m| Al-
though the reconstruction is extremely noisy for any re-
alistic situation, the noise has very particular properties
that are absen in the signal. This fact is usedto regu-
larize the solution and radically compressthe data in the
large-scalestructure regimein x, and in the individual
dark matter halo regimein x |f. We discusstheseresults

in x V1.



1. FORMALISM

Webeginby brie y reviewing generalmapmakingtech-
niguesin x Il A, establishing notation used throughout
the paper. Thesetechniquesare then applied to the two-
dimensional weak lensing shear in x |18 for the recon-
struction of corvergencemaps. The latter follows the
well-known Kaiser & Squires [E[] algorithm but we pay
special attention to the propagation of noiseinto the con-
vergencereconstruction asthat will play a certral role in
the three-dimensional mapping that follows. In x E
we discussthe generalizationto multiple sourceplanes.

A. Mapmaking

Mapmaking can be formulated in terms of the general
inverse problem [E], where we seekan estimate 8, of a
signal vector s, from a data vector dy, that is a linear
projection Py, of the signal plus measuremeh noise ny,

dp = PpaSa + Np: 1)

The projection matrix Pp, has dimensions (np,ny), the
number of elemerns in the data and signal vectorsrespec-
tively, and hence need not be square. Here and below
subscripts are labelsand not elemers of the vectorsand
matrices; elemens will be denoted by [Pya]j . We as-
sumethat both the signal and the noise have zero mean
hs,i = i = 0, that the signal and noise are uncorre-
lated, rsantbi = 0, and that the noisecovarianceis known,

N bb mbntbi : (2)
The statistical properties of the signal,
Saa hsasLi ; (3)

may or may not be known.
The estimated signal &, is that which minimizes

2+ H; @
where
2= (dy Pba8a): 5)

and the penalty function H is a set of constraints and/or
a regularization to chooseamong degeneratesolutions.

P baéa)t N bbl(d b

Minimizing 2 (with H = 0) returns the linear estima-
tor
82 = Rapdp; (6)
where
Rab = [PhaNpp Phal *PhaNpy ; (7)

and this simple reconstruction is well-posed as long as
the product in squarebrackets is invertible. If P, itself
is invertible then R zp = Pbal and the estimator becomes

independert of both the signal and the noise. The errors
in the reconstruction,

82 Sa= [RabPba 1]Sa+ Rapnp; (8)
imply a new noise covariance
N aa N8 Sa)(8a Sa)li
= [PhaN bblpba] L 9)

which is independert of the signal. Note that minimizing

2 is not the sameas minimizing the reconstruction noise
N aa sincereconstruction errors are not penalizedby 2
in the noise-dominatedregime. In fact, it minimizes N g4
subject to the constraint RapPba = | [H].

For a noisy reconstruction, prior knowledge of the sta-
tistical properties of the signal can be usedas to set a
penalty function for a new estimator of the signal

H = é:N Saal

Minimization of Eqn. (E[) then returns the Wiener ltered
estimate of the signal 8,y = Rpdp, Where

(10)

Rwb [Saa + PhaN o Poal "PhaN

Saaptba[P baSaaPtba + N bb] ! ;

(11)

which hasthe heuristic form of signal/(signal+noise) and
so suppresseghe signal in the noise-dominatedregime.
The estimator §,, hasthe noise properties

[R wbP ba |]Saa[R wbP ba |]t
+ RN bbR\th .

Nww =

(12)

The Wiener estimator may alternately be derived asthat
which minimizes Ny [f]-

For a well-posedinverseproblem the minimum- 2 and
Wiener reconstructions are related by an invertible op-
eration. We can view the result of the former as provid-
ing a new data vector d, = 8, having noise n, with
a covariance N ;. Then with the model of the data
da = | sy + ng, Eqn. (EI) for the Wiener Iter returns

8w = Rwada = Rwa8a; (13)

where

Rwa = Saa[Saa + Naa] . (14)
Since this matrix is invertible, the two reconstructions
are formally equivalent.

Because the minimum- 2 method does not require
prior knowledge, we chooseit asthe primary mapping
technique if the inverseproblem is well-posed. Alterna-
tiv ely, for an ill-p osedinverseproblem, where the matrix
PL.N bblea is not invertible, Wiener Itering can sene
asthe primary technique.

As the Wiener example implies, secondaryprocessing
operations on the primary map can be viewed as simply
another round of mapmaking. Any linear operation that



is invertible will retain the sameinformation cortent as
the original so long as the noise covariance is properly
propagated. We will use this technique to go from the
obsened lensing shearto the corvergenceto the density
eld and nally to the Wiener, signal-to-noise, or point
source ltered density elds.

B. Lensing Observ ables

The distortion of images due to weak gravitational
lensing is described by the Jacobian matrix of the map-
ping between the two-dimensional source and image

planes (e.g. [§])

1 1 2

A= 2 1 +1;

(15)
whereall componerts are functions of position on the sky
f.

The galaxy ellipticities form a noisy estimator of the
shear componerts ( 1; 2) which are in turn related to
the corvergence by (e.g. |E])

z

2i
[ iaam= 2 anS

("9 (16)
where jn  NY denotesthe length of the pixel sep-
aration vector, and denotesits azimuthal anglein the
coordinate systemthat de nes the shearcomponerts. By
constructing a map of from the shear data, one com-
presseghe data setby a factor of two and alsotransforms
the data into a form that is more corveniertly related to
the three-dimensionaldensity eld (seex IE).

Discretizing the sky into pixels returns Eqgn. (@) in
the form of the generalmapmaking problem of Eqn. (ﬂ),
where the signals hasbeenlinearly projected onto the
data spacewith measuremen noise added to form the
data vector, d . Explicitly , if one ordersthe data vector
as

d =1 1(M); 2(R2)i:::5 1(Png )i 2(fng, )gs (17)
the model becomes
d =P s +n ; (18)
with the projection matrix
Aj COS2 j;
[P ](2| l)J = _J 2 ! ’
i
Aj sin2 i
P loy = === (19)

i
where the indices run over the pixels of areaA; and the
anglesare de ned as averagesover the pixel.
If the noisein the sheardata is dominated by the in-
trinsic ellipticit y of galaxies,it is given by
2

N

(20)

where ngy is a vector containing the number of galaxies
per pixel. Here ms is the rms error from intrinsic ellip-
ticities and measuremen errors per galaxy. The intrinsic

alignment of galaxieson small scalesis a potential source
of correlated noise [@]. While we neglect its currently

uncertain cortribution here, the framework we establish
can handle any sourceof noise provided its covarianceis
known.

We have implicitly assumedhere a single set of shear
data per pixel. If the full data set includes multiple ob-
senations of the shearof varying quality or even simply
the unbinned individual galaxy estimatesthemselwes,one
merely extendsthe data vector and the mapmaking algo-
rithm combinesthem with the appropriate noise weight-
ing. Mapmaking can alsotest the validit y of Egn. (E), or
more properly the data model of Eqgn. ([L8), through a re-
construction of the complemernary \B-mo de" map. This
procedureamounts to multiplying the kernelin Eqgn. (E)
by i correspnding to a rotation of the shearvectors by
45 . The reconstructed map should be consistert with
noise.

The estimator of and its noiseproperties then follow
from Eqgns. () and (f) aside from two subtleties. The
rst subtlety involvesthe so-called mass-sheetdegener-
acy: adding a constart to the signalin Egn. (E) yields
no e ect in the sheardata. There is then a singular value
assaiated with the inversionin Eqn. (ﬂ). In general,one
way to handle unconstrained modesis to add them to the
data vector and assignthem zerovalue but a large noise
variance [[[. The covariance matrix of Eqn. (f) then
properly accouns for the lack of information on these
modes. For the mass-sheetdegeneracy one appends: a
zeroto the data vector in Eqgn. (@; a row to the projec-
tion matrix with uniform elemeris 1=n;, ; and a diagonal
ertry to the noisematrix Eqn. (@) with a value substan-
tially greaterthan the varianceof smoothed acrossthe
eld sizein any reasonablecosmology

This same procedure applies to the secondsubtlety.
Since Eqn. (E) represems a convolution, the discrete
represemation is formally ill-de ned for non-cortiguous
regionsof the data, including holesand edgesof the nite
eld. The sharpfall-o of the corvolution kernelimplies
that only neighboring regions will be a ected. Again
one can accourt for these problems by assigningto the
unmeasuredor contaminated regions zero signal but a
substartially larger noisevariance than either the signal
or noisein the neighboring measuredregion. The map-
ping procedure then propagates an appropriately large
and correlated noiseinto the reconstruction. If the gaps
in the data are comparable to the cortiguous regions,
then Wiener Itering should sere as the primary map-
ping technique.

In the limit of in nitesimal pixels and an in nite con-
tiguous eld both these subtleties disappear and

PLP 1 I: (21)

Soif the noisein the shearis also uncorrelated and sta-



/1 and Egn. (§) becomes
(22)

tistically homogeneousN
8§ 1 P d;

which is the discrete form of the Kaiser & Squires [E]
result. Furthermore, the noisein the reconstruction
N ! N . Wewill usethis approximation for illustra-
tion purposes. Theselimiting behaviors and their map-
making implications are simplest to derive in the Fourier
domain (e.g. [[1).

C. Multiple Source Planes

Sofar we have implicitly assumeda single sourceplane
for the lensing obsenables. In reality the sourcegalaxies
will be broadly distributed around some median set by
the depth of the survey. It is this fact that makesthree-
dimensional mapping possible.

For de niteness we will typically assumea median red-
shift zneq = 1 and a functional form [E]

dN _ dD o aar.
iz AdZDexp[ (D=D )7];
where D is the comoving distance in the ducial cosmo-
logical model, and D is setto reproducethe median red-
shift. The normalization constart A is chosento match
the number density of faint galaxieson the sky. We will
taken = 3:6 10° deg 2 and s = 0:3 for illustra-
tion purposes;this represems an estimate of the usable
galaxiesand the shearnoise per galaxy measuredfrom a
space-basedplatform (A. Refregier, private communica-
tion).

To separate the source galaxies into redshift bins,
galaxy redshifts with errorsthat are smaller than the bin
sizeare needed.Without spectroscopicredshifts, the pre-
cisionwill belimited by photometric techniques. We will
take a minimum redshift bin of z = 0:025to test the
potential of future surveys. Current surveys return pho-
tometric redshifts with z  0:06 [f]. We shall seethat
reconstruction noise due to the nite number of galax-
ies per bin dominates before this resolution is readed
so that the photometric redshift errors of even current
surveys are unlikely to be the limiting sourceof error.

The mapmaking technique for multiple source planes
with independert noise,asis appropriate for the intrinsic
ellipticit y noise of Eqn. (@), is the trivial generalization
of a single source plane. With correlated noise in the
shear from systematic e ects or intrinsic galaxy align-
mernts, one forms a data vector of all the obsenations
and applies the samemapmaking algorithm to estimate

in source redshift bins with appropriately correlated
noise.

(23)

11, THREE-DIMENSIONAL MAPPING

Given two-dimensional corvergencemaps in multiple
sourceplanes,it isin principle possibleto reconstruct full
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three-dimensional density maps (e.g. [E]). We shall see
that in practice true mapping requires a prohibitiv ely
high signal-to-noiseratio in the lensing obsenables for
reasonsfundamental to the lensing projection. We fo-
cus here on the radial reconstruction in a single angular
pixel sincethe full three-dimensionaldistribution may be
constructed as a collection of sud reconstructions.

A. Radial Mapmaking

We now take asthe data vectord in n, sourceredshift
bins (in a given angular pixel) and assumethat its noise
propertiesN arede ned by the reconstruction in x@.
The model for the corvergence is a radial projection of
the three-dimensional density distribution (e.g. [E])

Z 2 ,dD (Ds D)D

s 2 24
0 dz Ds ' (24)

3

(z5) = EHS m
whereD is the comoving distancein a at universe,sub-
script s denotesevaluation at the redshift of the sourcezs,
and = =aisthe density uctuation with the growth
rate in a matter-dominated universe scaled out. Dis-
cretizing Eqn. (@) in redshift bins returns the general
equation of mapmaking (seeEqgn. ())

d =P s +n; (25)
with
( §H2 D (Di+1 Dj)Dj D > D .
P Jy= 2°T7 D 1+ 7 06)
0 Di+ Dj ;

where D; is the width of bin j, the distancesare mea-
sured to the certer of the bins, and we have o set the
source redshift bins by 1 so that the projection matrix
is purely lower triangular. For notational simplicity we
have assumedthat the binning in the signal and data
spaceis the same, but the generalization is straightfor-
ward.

The reconstructed density eld is then given by the
generalmapmaking equation

& =R d ; (27)

where
R =N P! N1 (28)

Here
N =[P' NP ]7% (29)

is the noise covariance of the estimator.

As noted by Taylor [E], the reconstruction is in princi-
ple well-posedand doesnot require regularization if the
density eld is to be recoveredto the sameredshift reso-
lution and rangeasthe corvergencedata. Our more gen-
eral treatment accouns for inhomogeneitiesand correla-
tion in the noise,and even gapsin the data (seex E).



More importantly, it returns the noise covariance of the
estimator. We shall seein the next section that with-
out knowledge of the noise covariance the reconstructed
density eld cannot be usedfor any practical purpose.

The multipixel generalization of radial mapmaking
concatenatesthe vectors for ead pixel. For uncorre-
lated noise in -pixels, the result is simply the appli-
cation of mapmaking pixel-by-pixel since the noise ma-
trix is then block diagonal in the pixels. For correlated
noise,the noise matrices in the multipixel generalization
of Eqgns. (B§) and (R9) couple neighboring pixels.

B. Noise Prop erties

To get a feel for the properties of the reconstruction,
consideran idealization with redshift bins that are equal
in comoving width D, and noisein that is both uncor-
related and homogeneous.Then

P = CM;
N = 2, (30)
where
3 2
C=3(HoD)" m: (31)
and
(i+1 L j<i+1;
M1 = 2i+1 32
M; 0 else : (32)

With these simpli cations the reconstruction matrix is

8

21 2,0
2 j=i 1;

>

0 else:

JuS]
o

R Iy =

(33)

O+~
[\S}
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Note that the projection matrix is lower triangular, and
the reconstruction matrix is tridiagonal.

For i 1 the reconstructed density eld is essen-
tially the nite dierence approximation of the second
derivativ e of the corvergencedata; this is the samesec-
ond derivative seenin Taylor's cortinuous method [H].
To understand this result, considerthe responsein  to
a density uctuation in a single redshift bin (also see
Fig. Eb). As we move out in redshift, the responseis
zero until we reach the density uctuation. As we cross
the uctuation  undergcesa sudden\acceleration," and
thereafter grows slowly. With perfect data, one would
identify density uctuations asregionswhere the second
derivative of is large. The problem is that the re-
sponseacceleratesrom zeroand hencewill be hidden by
noiselocally. This is the fundamertal limitation of weak
lensing tomography with real data.

Taking nite di erences of the data ampli es the noise
and strongly correlatesit betweenneighboring pixels. For

i 1 the noise matrix is

8

El j=i 20+ 2;
2 4 j=i Li+1;
=i
else :

[N (34)

li = &z 36
"0

The noise covariance has a very particular form, which
correspnds to a nite-di erence approximation of a
fourth derivative (see Fig. b). That the noise is cor-
related in this specic way will turn out to be crucial in
extracting any information from the reconstruction.

To seethis, consideratoy model wherethe galaxiesare
equally distributed amongn; redshift bins that extend to
a cosmologically interesting distance #:zHoDmaX = 1.
Then 2 = n, 2 .=ngy and =24, D = n, !, and the
rms noise per bin in the reconstruction is

1=2
Ngal rms

36 100 03

p

— ] ny 5=2
6 C 1.5 20 (35)
wherewe have scaledthe result with numbersfrom x [I 4
for degreescalepixels. Evenwith thesegenerousassump-
tions, the signal-to-noise per bin in the reconstruction
is generally small and only approaces unity for den-
sity uctuations that approac unity when averagedover
theselarge volumes.
5=2

Notice that the noise per bin scalesas n; “, which
seemdo suggestthat increasingthe radial resolution de-
creasesthe total signal-to-noiseratio. But that would
be true only if the noisewere uncorrelated. Instead, the
fact that the noise covariance has a very specic form
that is not seenin realistic signalsallowsit to be Itered
out. The blind reconstruction of primary mapmaking is
therefore usefulonly asa rst stepin the process.To ex-
tract information out of the map, onemust regularizethe
reconstruction with a prior assumption about the signal
that is to be recovered.

IV.  LAR GE-SCALE STR UCTURE

For scales greater than about 10° and the depths
reached by modern surveys, the corvergence eld in a
typical region of sky is dominated by large-scalestruc-
tures in the underlying dark matter density eld [E].
Moreover, the uctuations are in the linear to quasilin-
ear regime where theoretical modeling can be expected
to give a good prior assumption about the statistics of
the eld (x |V A). In this limit, one can quantify and
better represen the information contained in the noisy
three-dimensional density map obtained from the pri-
mary mapmaking of the previous section. We apply two
well-known techniques: Wiener ltering (x ) to rep-
resen the map itself, and the Karhunen-Loewe transform
(x whose eigenmales encapsulateand exposethe
underlying information cortained in the map.



A. Signal Matrix

In the linear regime, the signal matrix S s related
to the linear power spectrum as follows. The average
density uctuation within the ith redshift window Wi, (x)
becomes

z

i=at dxWi(x) (x);

i (36)
where (x) is the density uctuation eldg We assume
that the windows are normalized sothat d3xW; = 1.
The signal covariance of these density averagesis
z z
dSXi dSXj W (Xi)Wj (Xj )
ho (%) ()i
Gi Gj d*k .
e @)W P

[S ]ij =
(37)

where P (k) is the linear power spectrum today, G; =
G(z) is the linear growth rate of the density eld and
Wi, (k) are the Fourier transforms of the windows. Note
that in a matter-dominated universeG(z) = a and so
then has the interpretation of the density eld extrapo-
lated to the presert in linear theory.

For de niteness, we will takethe windowsto be a series
of slicesin redshift at comoving glistance D; and width
D; with a sky pixel radius = A= in radiansin the
small angle approximation and a at spatial geometry:

! _sinkk Di=2J (k') Dj )
: - ik Di 1 ALY i s) .
Wi (k) = 2¢ ke D=2 oD <

(38)

For pixels smaller than A 1 ded, the density eld
is in the mildly non-linear regime [@]. Here the signal
matrix should be calculated with a numerical simulation
of structure but a simpler approximation here su ces to
extract the rough scaling. We replacein Egn. ()

GiGP(k) ! [Pn(kizi)Pn(kiz)]*™2;  (39)

where Py (k) obtained from P (k) through the scaling
relations of [@] This approximation saysthat structures
maintain the samecoherenceas in linear theory across
redshift bins.

B. Gaussian Realization

The signal matrix canthen be usedto make a Gaussian
simulation of structure. Consider the Cholesky decom-
position of the signal matrix

S =LgLL; (40)
and a vector of independert Gaussianrandom numbers
of unit varianceg, i.e. hgg'i = I. Then

s =Lsg (41)
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FIG. 1: True radial density distribution (shaded) vs. (a)
Wiener and (b) primary reconstructions, for a 4 deg? pixel
and source redshift bins with z = 0:025 extending to
Zmax = 2:5. Thin lines correspond to the ducial noise vari-
ance(n = 36 10° deg 2 and ms = 0:3), and lines of
increasing thickness correspond to noise variance a factor of
10, 100, and 1000 times lower.

is a Gaussianrealization of the correlated signal vector
since

s s'i=LgtggliLi=S (42)

Again, below the degreescale,the Gaussianapproxima-
tion beginsto break down. However astested in simula-
tions it remains a reasonableapproximation down to 10°

I B

We show a samplerealization in Fig. Ela (shaded)for a
CDM cosmologywith with parameters .= 0:3, =
0:05, = 065 h=065n=1 y =42 10°
( g = 0:92), pixel areaof 4 deg? and redshift binning of

z = 0:025. We will usethis asthe ducial cosmology
in the examplesthat follow.



C. Wiener Filter

As discussedin x |1 A, Wiener ltering minimizes the
reconstruction noise using prior knowledgeof S | the
covariance matrix of the signal. In Fig. , we compare
the Wiener reconstruction with the primary map for a
Gaussianrealization of structure and sewral choices of
the noise variance. The thinnest lines (smoothest for
Wiener, noisiest for primary) correspnd to the ducial
noisespeci cations (n = 3:6 10° deg 2 and ms = 0:3;
seex |ﬁ5) and the noisevariance decreasesy factors of
10 as the lines thicken. Note the hundredfold di erence
in noise scale between the Wiener and primary recon-
structions.

The primary reconstruction is far too noisy to recover
a visual impressionof the structure, even for wildly opti-
mistic assumptionsabout the noise. However, the noise
has a speci ¢ oscillatory structure arising from the noise
covariance (see Eqn. (@)), which is neither completely
random nor presen in the true signal. The Wiener I-
ter usesthe information in the noise covariance of the
primary reconstruction to reveal the hidden signal. For
the ducial noise speci cation, the Wiener Itered map
recovers the low order, long-wavelength features in the
density eld; it is not until a prohibitiv ely low noisevari-
anceis reated that ne-scale features of order the bin
width are recovered.

The Wiener reconstruction is useful in caseswhere a
map with well-de ned statistical properties is needed,for
examplefor cross-correlationstudieswith luminous trac-
ers of the dark matter.

D. KL Transform

In the low signal-to-noise regime, it is more quarti-
tativ ely useful to expressthe data in terms of a new
set of orthogonal basis functions that are rank ordered
by their signal-to-noiseratio. Low signal-to-noisemodes
may be eliminated from the data setallowing a near loss-
lesscompressionof the data. The pixel represetation of
thesemodesthen tells us their correspndenceto the ra-
dial density eld. This is accomplishedby the Karhunen-
Loewe transform, alsoknown asthe signal-to-noiseeigen-
mode technique (e.g. [L7).

Consider the generalizedeigenmale problem,

S e= N e: (43)
With a Cholesky decomposition
N =LyLK; (44)

the generalizedeigenmale problem reducesto an ordi-
nary one

Ly'S L' [Lyel= [Liel: (45)
The eigervectorsrepresen linear combination of the data
d . If one composesthe matrix with rows represeting
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FIG. 2: Signal-to-noise ratio in the Karhunen-Loeve eigen-
modes with the sky-coverage scaled out, ( =f sy )2, calcu-
lated for 5° 5° pixels with the ducial noise variance and
redshift binning.

the eigervectors
; (46)

the new represemation of the data vector becomes
éK = RK d (47)

The important property of the Karhunen-Loewve trans-
form is that

e&ki = Re [S  + N
Skk + Nkk ;

IRk
(48)

where the the covariance matrices satisfy the important
condition

Skk = |
Nk = 1; (49)
such that the modesare uncorrelated separatelyin ead.
Furthermore, quarnti es the relativecortributions of sig-
nal and noisein the mode.

In Fig. E we show the signal-to-noiseratio per eigen-
mode '72. This ratio is scaledby the squareroot of the
fraction fg, of the sky coveredby a survey, to re ect the
increasein the signal-to-noisefor a statistical detection
with independert pixels. Here we have assumeda pixel
sizeof 5° 5° which is su cien tly small to extract most
of the information on large-scalestructure.

Note the steep decreasein the signal-to-noiseratio as
a function of the eigenmale index: the rst few eigen-
modescortain most of the information. This fact allows
a radical compressionof the data, herefrom 100binsto a
handful. Nonetheless,even though the ratio is small for
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FIG. 3: Signal-to-noise eigenmades for the v e largest eigen-
valuesin Fig. E The eigenmadesare similar to low frequency
Fourier modesin the radial direction.

essetially all of the higher eigenmales on the scale of
individual pixels (fsy 2 10 ), a survey comprising
4{400 de@ (fsy 10 *{10 2) has more than enough
signal for a statistical detection.

To understand the information stored in the higher
modes, we plot the rst few eigenmalesin redshift in
Fig. Erenormalized to have unit norm. The rst eigen-
vector simply shows the overall lensing e ciency when
integrated over the whole sourcedistribution, i.e. it has
asingle peakat a distance halfway to the median redshift
z = 1. The higher eigervectors increasethe number of
nodes with the boundary conditions that the weight is
negligible near the obsener at z = 0 and well beyond the
median redshift. They are therefore the analoguesof low
order Fourier wavevectorsin the radial direction.

Theselow order modesare sensitive to the cosmologi-
cal modelitself in that their valuesdepend on the growth
rate of structure, the volume elemen of the pixel-redshift
bins, and the distancesin the lensing e ciency. Even a
statistical measureof their rms amplitude can help con-
strain cosmology in particular the dark energy

A potential problem for this use of three-dimensional
mapping is that a cosmology is assumedboth in the
Karhunen-Loeve decomposition and in the projection
matrix itself Eqn. (E). The former problem is readily
handled in that ewven if the a priori assumption of the
signal matrix in Eqn. ( is incorrect, the Karhunen-
Loewe transform is a well-de ned linear operation on the
data. The modication comesabout in the calculation
of the covariance of the estimators in Eqn. (@). The
covariance is still diagonal in the noise but need not be
diagonal in the signal nor do its elemeris have the inter-
pretation of signal-to-noise. Still, it is calculable for the
purpose of model tting and doesnot preser a funda-
mental problem.

The secondproblem is apparertly more subtle but re-

ducesto the sameissue. Errors in our cosmologicalas-
sumptions in the projection matrix make the primary
map not correspnd precisely to a density reconstruc-
tion. Fortunately the form of the projection matrix is
similar in all cosmologies:a broad bell-shaped weighting
that peaks halfway to the source distance. Again, the
well-de ned linear operations involved allow us to pre-
dict the statistics of the primary map given a cosmology
in spite of the fact that it doesnot strictly represen the
density eld.

Of course, if the recovered cosmologydi ers greatly
from the assumedone, then the signal-to-noise eigen-
modes will becomean ine cien t represemation of the
data. The best solution to both problems is to iterate
the analysis and corverge on a ducial cosmologythat
ts the data.

V. INDIVIDUAL DARK MA TTER HALOS

Below 10° the convergence eld is dominated by indi-
vidual structures, or dark matter halos, along the line-of-
sight to the sourcegalaxies. The abundancein redshift of
such objects is well known to be exceedinglysensitive to
the growth rate of structure and hencethe dark energy
in the universe [fL§]. Identi cation and mass measure-
ment by lensing would be ideal becausethe assaiation
of luminous obsenables with the dark massof the ha-
los is always problematic. Indeed there may exist halos
that are e ectively dark [@]. Howewer, the e cacy of
a purely lensing-basedstudy is sewerely compromisedby
projection e ects [@], so three-dimensional mapping in
principle holds the key to utilizing this fundamertal test.

In the discrete halo case,one also hasa well-motiv ated
prior to regularize the inversion. In @ we discussa
modi ed version of the maximum entropy method. This
method is most useful in the intermediate regime where
the signal cortains individual objects embedded in the
large-scalestructure. We then describe point sourcereg-
ularization, which is the best method when there is good
reasonto believe that e ectiv ely all of the structures are
well localized and the large-scalestructure componert
can be ignored.

A. Maxim um Entrop y Metho d

The maximum ertropy method (MEM) is widely ap-
plied in situations where a noisy image is assumedto
contain both discrete objects and a di use componernt
(e.0. [@]) and hasbeenapplied to two-dimensionalweak
lensing data [@]. In this casethe noisy image is the pri-
mary mapd , the discreteobjects are dark matter halos,
and the di use componert is the large-scalestructure of
the universe. MEM involvesadding a penalty function to
the mapmaking minimization of Eqgn. (ﬂ) for the recovery
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FIG. 4: MEM reconstruction with a halo of 5 10*h M
added to a 10° 1P pixel realization of large-scalestructure
(shaded) with the ducial noise variance and redshift bin-
ning (see Fig. ﬂ) High (thick line, w = 10) and low (thin
line, wr = 3) threshold casesare shovn. The MEM solution
makes a discrete transition betweenthese stable solutions.

of an MEM lItered signal sg,

Xz
H = [[seliInl[se]i;

i=1

(50)

where the intensity | is some functional of sg that we
require to be positive. The Lagrange multiplier  trades
0 betweenminimizing ? and regularizing the solution.
It is here chosento give 2 = |, the degreesof freedom.
The main feature of MEM is that while it prefersa uni-
form solution |; =const., it doesnot additionally penal-
ize bin-to-bin uctuations as polynomial regularization
would. Henceit allows solutions with discrete objects
that occupy only one bin.

To apply MEM to our massreconstruction we needto
choosel. A natural choice would be 1+ aj[sg]; since
the density cannot uctuate to negative values. However
this prescription would still strongly disfavor placing all
of the massin a single redshift bin. To allow us more
freedomin the regularization let us take a more general
form

1+ Xx;

I [x]

X a; [Seli

thr

thr arctan (51)

The parameter  places a threshold density above
which MEM no longer penalizesthe reconstruction; it
returns the natural choicewhen , ! 1.

In Fig. Ewe show an example of the technique for the
caseof a halo embeddedin large scalestructure. For a
high - comparedwith the true density contrast of the
halo, MEM seeksto regularize the reconstructed density
in pixels and returns a smooth solution. For a , that

is lower, MEM placesa density spike at the right posi-
tion but the wrong amplitude. It favors a solution where
the neighboring bins are all underdensesincethere is no
penalty for further adding to the height of the spike.

A fundamerntal drawback of MEM s the dicult y in
assessinghe errors in the reconstruction, i.e. the reality
of the discrete objects MEM nds. Note that by con-
struction both solutions in Fig. H have exactly the same

2, and the radical change in character of the solution
is driven by the prior assumption of ¢, which setsthe
likelihood of having a comparable density spike in the
solution. Still, MEM can identify interesting regionsin
the data for further study, perhapswith the point source
method below. Conversely it provides a useful cross
ched on the robustnessof the point sourcesolutions be-
low.

B. Point Source Metho d

In regionsthat are known to be atypical of large-scale
structure | either as agged by the MEM reconstruc-
tion or simply becausethe signalin is much too large
to be generatedby large-scalestructure | it is reason-
able to assumeas a prior that the density eld is domi-
nated by a collection of discrete massiwe objects. Ironi-
cally, this form of anti-regularization of the density eld
in redshift bins is itself the most extreme regularization
of the onesconsideredhere, i.e. it has the least number
of allowed degreesof freedom. The single-obect form of
this technique hasbeenapplied to data by [g] and yields
impressiwely precise predictions of the redshift or radial
location. Whether the predictions are accurate, however,
depends on the validity of the single-object assumption
and on the regularization criteria more generally.

Let us state the criteria in a more generalform. De-
ne the penalty function on a point-source{regularized
reconstruction sy as

(
H= O Mo M (52)
1 no>ny;
where ng is the number of redshift bins occupied by
a density uctuation, and ny is a prior assumption of
the number of discrete objects (halos) the reconstruction
should have. In other words, the minimization of Eqn. (E)
is strictly over the position and density amplitude of ny
objects. The danger in this method of courseis that it
will return a best t for the ny objects even if the solu-
tion isin fact a smooth distribution or composedof some
other number of objects.

A well-de ned procedure that makes minimal use of
prior information is to identify sky pixels like to corntain
one or more massiwe objects (as described above), and to
perform a sequenceof minimizations with ny = 1;2;:::,
stopping when the 2 doesnot improve signi cantly .

In Fig. Ea, we shov an examplewith two very massive
cluster-sizedhalosat z = 0:19and z = 0:34. (The masses
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FIG. 5: Point source method. (a) Density reconstruction for
two halos of mass10™®h M ead addedto a 5° 5° pixel
realization of large-scalestructure (shaded), with the ducial
noise variance and binning (see Fig. ). Priors of ny = 1
(thin) and ny = 2 halos (thick) are compared. (b) Original
data in the convergence comparedwith the reconstructions.

are enclosedertirely within the 5° 5° pixels and their re-
spective redshift bins.) The t assumingonepoint source
returns 2 = 96 for 100 redshift bins and two parameters
| aperfectlygood t. The t yields aredshift constraint
z = 0:239 0:006that is remarkably precise,but wrong.
Going to ny = 2 doesrecover two objects in the proper
locations, with 2 = 91 for two fewer degreesof freedom.
In Fig. Eb we shaw the implied  elds plotted against
the original data. The residuals for the one-ohect t

shaw coherent structure near the true halo locations and
sothe improvemert in 2 is signi cant. Still, this exam-
ple warns against blindly interpreting the formal errors of
the t. It is actually an optimistic example becausethe
large massesand redshift separation( z = 0:15) yield a
signal much larger and much better separatedthan ex-
pected for real weak lensing measuremets.

To better distinguish between close alternativ es one
could fold in prior information. For example, one could
usethe theoretically well-understood abundanceof mas-
sive halosto determine the relativ e lik elihood of the solu-

10

tions given the recovered massesof the objects, e.g.two
halosof 5 10 h 'M may be favored over one halo
of 10** h *'M due to the predicted exponertial sup-
pressionin the number density of high masshalos. One
could also use model proles to create matched lters

acrosssmaller pixels that resole the halo. Finally, prior
information from photometric redshifts of galaxieslik ely
to be members of the cluster(s) could decide between
competing solutions [f].

VI.  DISCUSSION

We have shown that the ewlution of the shear eld
in sourceredshift contains large-scaleinformation about
the distribution of dark matter, statistical information
about its uctuations on smaller scales,and redshift lo-
calization information for massive dark matter halos on
the smallest scaleswhere the signal is large. This infor-
mation is hidden in the noise of a direct reconstruction,
and its extraction requiresmild prior assumptionsabout
the statistical properties of the density eld. Wehave ar-
guedfor an approac that beginswith alosslesdirect or
primary reconstruction that is followed by regularization
by a prior that is appropriate for the information that is
to be extracted.

In the large to intermediate scaleregime, the informa-
tion content can be distilled into signal-to-noise or KL
eigenmaleswhich e cien tly compressthe data by a fac-
tor of 10 or more. These low-order modes probe the
slow ewlution of the statistics of the density eld and
are well suited to studying the properties of the dark
energy Tomographic sensitivity to the dark energy has
beenpreviously noted in the two-point correlation of the
shearthrough the improvemern of projected measuresof
the dark energy density and equation of state for future
surveys [@]. The KL eigenmale decomposition retains
information from the higher order correlationsin the eld
[@ and also establishesa more direct, non-parametric
guanti cation of the information cortained in the data.
A full study of the cosmologicalimplications is beyond
the scope of this paper, but we believe that it will be a
promising approad for the future.

Wiener Itering in the large-scaleregime returns large
scalemaps of the density eld with well-de ned statisti-
cal properties. Theseshould be usefulin cross-correlation
studieswith luminous, biasedtracers of the dark matter
such as galaxiesand galaxy clusters [E]. With informa-
tion on the radial dimension, information on the ewlu-
tion of the bias can be recoreredwhich in turn constrains
the tracers' formation and ewolution.

In the individual halo regime, tomographic techniques
have already been successfullyapplied to data [E]. With
a well-motivated prior on the number of discrete halos
along the line of sight, the reconstruction can yield ex-
cellert localization of the object(s), in principle to a pre-
cision that is better than that in the source redshifts
themselves. Howewer the accuracy is compromised by



an incorrect assumption of the number of objects. Here
we advocate a combined approad of adding discrete ob-
jects to the t, regularizing by maximum entropy, and
employing prior information and followup.

While it is unfortunate that these prior assumptions
are necessaryfor extracting information from three-
dimensional reconstructions of the density eld, they
are generally well-motiv ated and testable. Gravitational
lensing therefore remains our most direct, assumption-
free meansof probing the distribution of the dark mat-

11

ter.
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