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The theory of massive gravity possesses ambiguities when the spacetime metric evolves far from
the non-dynamical fiducial metric used to define it. We explicitly construct a spherically symmetric
example case where the metric evolves to a coordinate-independent determinant singularity which
does not exist in the initial conditions. Both the metric and the vierbein formulation of the theory
are ill-defined at this point. In unitary gauge, the chart of the spacetime ends at this point and
does not cover the full spacetime whereas the spherically symmetric vierbeins, or zweibeins, of
the fiducial metric become non-invertible and do not describe a valid metric. Nonetheless it is
possible to continuously join a zweibein solution on the other side of the singularity which picks
one of the degenerate solutions of the metric square root. This continuous solution is not the
choice conventionally made in the previous literature. We also show that the Stückelberg equations
of motion on the self-accelerating branch prevent solutions from evolving to a more pathological
situation in which the spacetime vierbeins lack a crucial symmetry with the fiducial vierbeins and
real square roots fail to exist.

I.

INTRODUCTION

Massive gravity is a theory with two metrics. At the
linearized level, the Fierz-Pauli theory represents five polarizations of a massive graviton propagating on a flat
fiducial background [1]. The nonlinear generalization of
this theory that preserves the absence of the sixth mode,
the Boulware-Deser ghost [2], retains the concept of a second fiducial metric [3–7]. In the simplest version which
we treat here, only the spacetime metric is dynamical
whereas the second metric is taken to be Minkowski.
When the spacetime metric evolves to a point where it
deviates far from the Minkowski fiducial metric, massive
gravity enters a new regime where potential pathologies
or ambiguities can arise.
A fixed fiducial metric breaks diffeomorphism invariance. In our case the fiducial metric is only Minkowski
for a specific choice of spacetime coordinates called unitary gauge. Its representation in a general coordinate
system is carried by the Jacobian transform, also known
as the Stückelberg fields or the vierbeins of the fiducial
metric.
Many of the novel properties of massive gravity arise
from this relationship between the fiducial metric and
the spacetime metric (e.g. [8, 9]). For example, since the
fiducial metric is static in unitary gauge, it is not generally possible to accommodate the usual homogeneous and
isotropic expanding spacetime as a solution [10, 11]. This
does not mean that the Friedmann-Robertson-Walker
(FRW) metric is incompatible with massive gravity, but
rather that in these isotropic coordinates the fiducial
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metric is not Minkowski. Or, equivalently, in the coordinate system where the fiducial metric is Minkowski,
the spacetime metric is not in its standard homogeneous
and isotropic form [12–15]. Indeed, in previous work we
showed that for any isotropic matter distribution, massive gravity admits a solution where the mass term acts
as a cosmological constant [16] (see also [17–19]).
These self-accelerating solutions have been constructed
by considering the Stückelberg fields as dynamical variables and solving the resulting system of equations [20].
In certain cases, these fields evolve to a point where the
fiducial metric in isotropic coordinates reaches a determinant singularity which is not present in the initial conditions. This singularity is coordinate invariant but manifests itself slightly differently when formulated in unitary coordinates, where the fiducial metric is Minkowski.
When working in that formulation of the theory, the
spacetime metric itself encounters this singularity and
its chart of the spacetime ends at the singular point. Another unitary chart exists on either side of the singular
point, but a single chart cannot cover the spacetime. In
fact, multiple solutions exist on the other side of the singularity. These multiple solutions are related to different
possibilities for taking the square root of the product of
the two metrics which leave the metric formulation illdefined at these points.
In this paper, we explore these issues and their possible resolution. In §II, we review the construction of
massive gravity out of the spacetime and fiducial metrics. We construct an explicit example of a solution that
encounters a determinant singularity in §III and discuss
the representation of the theory in vierbeins or zweibeins
in this spherically symmetric case. In §IV we examine the
opposite case where the curvature and coordinate singularities are in the spacetime metric. We discuss these
results in §V.
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II.

MASSIVE GRAVITY

The Boulware-Deser ghost free theory of massive gravity is given by the Lagrangian density [6]
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−g R − m
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where Mpl = (8πG)−1 is the reduced Planck mass, R is
the Ricci scalar, Σ is the so-called fiducial metric and the
Fk terms are functions of the square root matrix γ
γ µα γ αν = g µα Σαν .

(2)

Specifically,
F0 (γ) = 1,
F1 (γ) = [γ],
F2 (γ) = [γ]2 − [γ 2 ],
3

(3)
2

3

F3 (γ) = [γ] − 3[γ][γ ] + 2[γ ],

F4 (γ) = [γ]4 − 6[γ]2 [γ 2 ] + 3[γ 2 ]2 + 8[γ][γ 3 ] − 6[γ 4 ],

where [ ] denotes the trace of the enclosed matrix. The
parameters of the theory are m, the graviton mass, and
βk . Not all of the latter parameters are independent since

between a general set of coordinates xµ and unitary gauge
coordinates x̃µ . When the determinant of this Jacobian
vanishes, this transformation is not invertible nor is the
fiducial metric itself invertible. As the notation suggests,
the Jacobian matrix ∂µ φa is a kind of “square root” of
the fiducial metric, suggesting that it is related to the
vierbeins of that metric. We shall use these Jacobianderived vierbeins to explore the nature of such singular
points.

III.

SINGULAR FIDUCIAL METRIC

We use the explicit solutions developed in Ref. [20] to
analyze cases where the fiducial metric evolves to a determinant singularity that was not present in the initial
conditions. In §III A, we review the construction of such
solutions and their implications for the unitary gauge
chart. In §III B, we relate this point to a degeneracy
in the possible solutions for the square root that defines
the metric formulation of massive gravity. We discuss
the vierbein formulation in §III C and apply it in §III D
to match solutions on either side of the determinant singularity.

A.

β0
β1
β2
β3
β4

= −12(1 + 2α3 + 2α4 ),
= 6(1 + 3α3 + 4α4 ),
= −2(1 + 6α3 + 12α4 ),
= 6(α3 + 4α4 ),
= −24α4 ,

(4)

leaving two remaining independent parameters {α3 , α4 }.
This theory is the nonlinear completion of the FierzPauli action where the spacetime metric is assumed to be
close to the Minkowski metric locally Σµν = ηµν . Here
we wish to examine matter configurations that evolve
the spacetime metric away from the fiducial metric in
potentially problematic ways.
The introduction of a Minkowski fiducial metric breaks
diffeomorphism invariance. Working with the theory in
this form is equivalent to choosing a preferred set of coordinates, which is known as unitary gauge, to specify the
spacetime metric. We are particularly interested in cases
where this set of coordinates does not cover the whole
spacetime. It is therefore convenient to restore diffeomorphism invariance with a set of Stückelberg fields and
represent the fiducial metric in covariant form
Σµν = ∂µ φa ∂ν φb ηab .

(5)

The Stückelberg fields φa transform as spacetime scalars.
Throughout, Greek indices denote the spacetime and are
lowered and raised with g and its inverse; Latin indices
likewise by the Minkowski metric η.
Given that if x̃a = φa then Σµν = ηµν , the matrix
∂µ φa represents the Jacobian of the coordinate transform

Zero Determinant

We focus on one particular thought example where
simple exact solutions exist [11]. Here the spacetime metric is an open FRW universe where the solution to the
modified Einstein equations for massive gravity are identical to Einstein gravity with an effective cosmological
constant for any component of true matter in the background; here and throughout, we will use the terminology
“true” matter to denote matter content that exists independently of, as opposed to an effective consequence of
the graviton mass term in Eq. (1).
In this example, the singularity occurs when an initially expanding spacetime ceases to expand and begins
to contract at a finite future time because of the presence of negative stress-energy. To construct our singularity, we can either choose the massive gravity parameters to give a negative effective cosmological constant,
e.g. α3 = −4α4 and α4 > 1/12, or introduce some more
dominant matter component with negative energy density and p/ρ < −1/3, and assume we begin with initial
conditions such that ȧ > 0 [20]. In either case the expansion turns to contraction at some point in time. Although
other examples exist where the zero determinant occurs
somewhere in space [20], we construct the example in
this way so that no pathologies exist on some initial time
surface in the expansion stage.
Specifically, the open FRW spacetime metric in
isotropic coordinates is given by
'

a(t)
ds = −dt +
1 + Kr2 /4
2

2

(2

(dr2 + r2 dΩ2 ),

(6)

3
where the scale factor a obeys the ordinary Friedmann
equation with spatial curvature K < 0
) *2
ȧ
K
ρ + ρG
+ 2 =
2 .
a
a
3Mpl

(7)

Here ρ is the true matter density and
ρG =

1 2 2
m Mpl P0 (x0 ),
2

(8)

is the effective cosmological constant where
$
1 + 6α3 + 12α4 ± 1 + 3α3 + 9α23 − 12α4
x0 =
,
3(α3 + 4α4 )

det(∂µ φa ) = f˙g # − ġf # = 0,
(9)

and
P0 (x) = −12 − 2x(x − 6) − 12(x − 1)(x − 2)α3
− 24(x − 1)2 α4 .

(10)

In fact ρG describes the impact of massive gravity for any
isotropic distribution of matter not just that of an open
FRW spacetime [16]. The useful consequence of choosing
an open FRW spacetime is that certain solutions for the
fiducial metric are particularly simple. In terms of the
Stückelberg fields,
φ0 = f (t, r),
φi = g(t, r)

xi
,
r

(11)

one solution is
+

1
r2
+
,
−K
(1 + Kr2 /4)2
r
g(r, t) = x0 a(t)
,
1 + Kr2 /4

f (r, t) = x0 a(t)

(12)

where the fiducial metric is given by




g µα Σαν = x20 


ȧ2
−K
0
0
0


0 0 0

1 0 0 .
0 1 0
0 0 1

(13)

From this solution, it is clear that at the moment of
turnaround
det (g µα Σαν ) = det(g−1 ) det(Σ) = 0,

all frames. Moreover since ȧ > 0 on the initial hypersurface, this example shows that singularities can develop
dynamically from initial conditions that lack them.
We can examine the origin of this singularity in terms
of unitary gauge coordinates t̃ = ±f and r̃ = ±g. In this
case, the fiducial metric remains ηµν and the singularity
is shifted to the spacetime metric. Here the zero determinant is a consequence of the vanishing of the Jacobian
determinant

ȧ = 0. (14)

Since the spacetime metric has finite determinant, the
fiducial metric has a determinant zero singularity at this
moment in time everywhere in space. Although a coordinate transform can shift the appearance of the det=0
problem from the fiducial metric to the spacetime metric,
since g µα Σαν transforms as a tensor with one covariant
and one contravariant index its determinant vanishes in

(15)

and its cause is that unitary time t̃ ∝ a(t) and so “stops”
at the turnaround. This ending of unitary coordinates is
not necessarily a problem. For example it is well known
that synchronous coordinates become singular once the
initially defined freely falling trajectories cross. Even
more prosaically, the 2-sphere cannot be covered by a
single chart without encountering det=0. All this means
is that one must switch to a new set of coordinates before
these special points.
Analogously we can look beyond the det=0 point to
construct a new unitary gauge. The difference between
this case and the simple synchronous or 2-sphere examples is that the determinant singularity we are considering necessarily divides two charts that lack a common
range of validity because det=0 is a coordinate invariant.
This lack of mutual validity creates an ambiguity. There
are two choices of how to continue on the other side of
det=0: either the time coordinate continues on smoothly
as t̃ ∝ a(t) but is double valued in the full spacetime or
as t̃ ∝ −a(t) with two separate charts whose coordinates
are not smoothly joined at turnaround. This choice correspond to two possible ways to take the square root of
the matrix g µα Σαν to find γ µν as we shall see next.
B.

Square Roots

In this and other spherically symmetric examples, the
task of solving the massive gravity equation of motion
reduces to that of defining the square roots of a 2×2 matrix. It is therefore useful to recall the general properties
of the square root solutions before examining our simple
thought example.
The Cayley-Hamilton theorem states that a 2×2 matrix A satisfies
[A]A = A2 + (det A) I2 ,

(16)

where I2 is the identity matrix. Since this equation implies
2

[A] = [A2 ] + 2 det A,

(17)

it also defines A in terms of A2 . Explicitly, one chooses
the sign of the determinant
√
det A = ± det A2
(18)

4
and then defines 4 possibilities for the trace
2
√
[A] = ± [A2 ] ± 2 det A2 .

C.

(19)

For cases where [A] %= 0, this leads to 4 solutions for the
square root of A2 . When det A = 0 two pairs of these
solutions become degenerate. When [A] = 0,
√
A2 = ∓ det A2 I2 ,
(20)
and there is a continuum of solutions
*
)
α β
A=
γ −α

The metric formulation of massive gravity has an
equivalent vierbein formulation [22–26]. Here there are
two vierbeins, one for each metric. We define the respective inverse vierbeins with a Minkowski tetrad metric
gµν = ηab E aµ E bν ,
Σµν = ηab Laµ Lbν ,

(21)

(22)

Now let us consider the implications for massive gravity. As a shorthand, we will explicitly only consider the
2×2 time-radius block of matrices since the angular components are trivial. Choosing initial conditions on some
time slice corresponds to choosing one of the 4 solutions
for the square root of g−1 Σ. The Friedmann dynamics
then evolve the metrics to a point where the determinant
vanishes. Two solutions then become degenerate and we
need a rule for how to continue the solutions past this
point. In our thought example, the two possibilities are


ȧ
±√
0
γ ± = x0 
(23)
−K
0
1
and so coincide at ȧ = 0.
A common convention in the literature [10, 14, 21] is to
keep det[γ] > 0 or equivalently to define positive definite
square roots. This corresponds to taking γ = γ + for
ȧ > 0 and γ = γ − for ȧ < 0. In the Stückelberg field
equations this is enforced by using a sign parameter
µ = sgn(f˙g # − ġf # )

(24)

(25)

which effectively takes the absolute value of the Stückelberg determinant. This has the benefit that given a positive trace and determinant of g−1 Σ, the square root matrix γ is always real with a 2D trace that never vanishes.
For the opposite choice it is not guaranteed and indeed
in our thought example the solution evolves to [γ] = 0
where an infinite number of solutions exist. Beyond this
point, it is not even obvious that [γ] and the square root
will remain real (see §IV A).
If we treat the Stückelberg fields as physical fields and
not as mathematical devices, the det>0 choice is unnatural: it introduces a cusp at the det=0 point. This suggests that framing the underlying theory directly in terms
of vierbeins, which we shall see are closely related to the
Stückelberg Jacobian, may help to resolve this ambiguity.

E aµ ebµ = δ ab ,

eaµ E aν = δ µν ,

Laµ *bµ = δ ab ,

*aµ Laν = δ µν .

(27)

Note that if we keep the convention that indices are raised
and lowered by the spacetime metric then Eq. (26) implies E aµ = eaµ . We attempt though to avoid potential
notational ambiguities associated with raising and lowering. For example when using matrix notation we define
e ≡ eaµ and explicitly write the matrix inverse of the
fiducial metric as [Σ−1 ]µν %= Σµν . Thus
g µν = η ab eaµ ebν ,
3 −1 4µν
Σ
= η ab *aµ *bν .

(28)

eaµ Lbµ = ebµ Laµ ,

(29)

Massive gravity can be formulated in terms of vierbeins
as the dynamical variables, obviating the need to take
explicit square roots of matrices when finding solutions
[22, 24, 25, 27]. The relationship between the solutions of
one or the other is established as follows. If the vierbeins
satisfy the symmetry condition

then there is a real square root γ µν ,
γ µα γ αν = g µα Σαν ,

(30)

γ µν = eaµ Laν ,

(31)

γ µα γ αν = η ac η bd eaµ Lcα ebα Ldν
= η ac η bd eaµ Lbα ecα Ldν
= η ab eaµ ebα ηcd Lcα Ldν
= g µα Σαν .

(32)

given by

to define the determinant as
det[γ] ∝ µ(f˙g # − ġf # ),

(26)

and the vierbeins as the dual or inverses

subject to the constraint
√
α2 + βγ = ∓ det A2 .

Vierbeins

since

The square root also satisfies the symmetry condition
Σµα γ αν = Laµ Laα ebα Lbν
= Laµ Lbα eaα Lbν
= Σνα γ αµ .

(33)

In the other direction, given a real square root that
satisfies Eq. (33) the inverse construction
ebµ ≡ γ µν *bν

(34)
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is a vierbein of the spacetime metric

bian
L−t = (∂µ φa )−1
√
√


4 − Kr2 −K
−Kr
−
1  4 + Kr2 ȧ

a
=
,

−Kr 4 − Kr2
4
x0
−
4 + Kr2 ȧ
4a

η ab eaµ ebν = γ µα [Σ−1 ]αβ γ νβ
= [Σ−1 ]µγ Σγδ γ δα [Σ−1 ]αβ γ νβ
= [Σ−1 ]µγ Σαδ γ δγ [Σ−1 ]αβ γ νβ
= [Σ−1 ]µγ γ δγ γ νδ
= [Σ−1 ]µγ g νδ Σδγ
= g µν .

(35)

For the block diagonal 2×2 case that we consider below,
it is easy to see that the additional symmetry condition
Eq. (33) is an automatic consequence of a square root
of the form in Eq. (16) where [γ] %= 0. In these cases,
each real square root yields a vierbein satisfying Eq. (29)
by virtue of Eq. (32). For the special case of the trace
singularity [γ] = 0, not all of the infinite number of possible real square roots γ satisfy this symmetry though it
is straightforward to pick one that does.
We can use the definition of the Stückelberg fields from
Eq. (5) to relate them to the inverse vierbeins of the
fiducial metric:
L

a

a

µ

= ±∂µ φ .

(36)

Note that in unitary gauge Laµ = ±δ aµ . In this representation, the only dynamical variables are those associated
with the spacetime vierbeins. However, this does not automatically solve the det[Σ] = 0 problem. It is still the
case that the vierbein formulation is not defined here as
the inverse vierbein is not itself invertible. On the other
hand, one can demand that the dynamical variables remain continuous across the transition.

D.

Zweibeins

In our spherically symmetric thought example the relevant part of the vierbein is the 2×2 time-radius block
or zweibein. Strictly speaking, since our Stückelberg
basis was originally defined in Cartesian coordinates in
Eq. (11), this involves a local rotation of the tetrad
basis which we leave implicit for notational simplicity.
Note that local, spacetime dependent rotations as well
as boosts are allowed as transformations on the vierbeins
to bring them into symmetric form while leaving η invariant (see also §IV A).
Given each of the possible square root solutions, we
can construct the associated symmetric vierbein solution
from Eq. (30) by inverting the Stückelberg Jacobian. We
can choose the preferred solution as the one where the
vierbeins are smooth across the det=0 singularity.
In our thought example, the inverse Stückelberg Jaco-

(37)

and we start in the expanding phase with


ȧ
√
+
0
 , ȧ > 0.
γ + = x0 
−K
0
1

(38)

On the other side of the turnaround,


√
4 − Kr2
−Kr
−
±



+ Kr2
a
eaµ =  4√
,
 4 −Kr 4 − Kr2 
∓
4 + Kr2
4a

(40)

Note that we choose a positive overall sign as the double
valued correspondence in Eq. (36) is the same irrelevant
overall sign ambiguity of the square root. Using e =
L−t γ t , we obtain


√
−Kr
4 − Kr2
−




Kr2
a
(39)
eaµ =  4 +
 , ȧ > 0.
√
 4 −Kr 4 − Kr2 
−
4 + Kr2
4a

ȧ < 0,

with ± corresponding to the zweibein constructed out
of γ ± from Eq. (23) respectively. Thus the spacetime
zweibein is only continuous if the square root solution
is taken to be γ + . Recall that this is the solution where
the determinant changes sign at ȧ = 0. Thus the positive
definite square root prescription of the metric approach
is not supported by the vierbein approach. Furthermore,
the zweibein remains continuous even when [γ + ] = 0
where there are an infinite number of solutions to the
matrix square root. Beyond this point, the square root
remains real on this solution.
Note that these results are more general than our particular thought example. Continuity of the Stückelberg
fields – or their derivatives, the fiducial vierbeins – and
of the spacetime vierbeins implies that the matrix square
root should not be defined with a µ term in Eq. (25)
that enforces an absolute value prescription for the square
root as is commonly done in the literature (see also [28]).
Moreover, a real square root is guaranteed by the Stückelberg equations of motion (see also [22]). For any isotropic
self-accelerating solution,
det γ
+ x0
(41)
x0
√
(see [20] Eq. 16 where X = [γ], W = det γ). The
reality of the Stückelberg Jacobian and the square root
[γ] =

6
construction of Eq. (16) then enforces reality. This result applies not only to different massive gravity parameters and global cosmological solutions but also to any
isotropic distribution of matter, including black hole solutions; we will consider these in the next section.
IV.

SINGULAR SPACETIME METRIC

Let us also consider cases where the spacetime metric carries singularities while the fiducial metric is wellbehaved. To construct such examples, it is simplest to
start from unitary gauge where the fiducial metric is
Minkowski and look for spherically symmetric solutions
for the spacetime metric. We begin in §IV A with a discussion of why potential new pathologies are related to
interchanging the roles of space and time between the
metrics and then show they do not appear in practice for
black hole solutions in the self-accelerating background
in §IV B.
A.

Space, Time and Imaginary Roots

It is again instructive to begin by analyzing some general properties of matrix square roots and zweibeins.
Since the fiducial metric is Minkowski in unitary gauge
g−1 Σ = et η e η,
and given a general zweibein
)
*
A B
µ
ea =
,
C D

(42)

(43)

we can determine when pathologies in the square root
can occur.
A determinant singularity would occur when AD =
BC, which is the analogue of the coordinate type singularity discussed in the previous section but moved from
the fiducial zweibein to the spacetime zweibein. The
zweibein formulation raises the possibility of a different type of problem related to off-diagonal dominant
zweibeins. Through Eq. (19), we can see that all square
roots of g−1 Σ fail to be real if both

would be required and both a real square root and symmetric zweibein exists is given by A = −D, B = +A and
C = 0 for any |+| < 1.
In the cases where the real square root ceases to exist, the sense of time and radius between the spacetime
metric and fiducial metrics are flipped. For example if
A = D = 0 and B = C + + = 1 then the 2×2 block of the
inverse metric is
*
)
(1 − +)2 0
−1
,
(46)
g =
0
−1
and hence
g−1 η =

and the trace is non-zero. Note that these are the same
conditions that forbid us from writing the zweibein in
Eq. (43) as
e = Λẽ,

(45)

where Λ is a Lorentz transformation and ẽ satisfies the
symmetry condition of Eq. (29), η ẽ = (η ẽ)t . This generalizes the argument of Ref. [25] to determinant changing non-orthochronous and improper Lorentz transformations. A simple example where these transformations

*

.

(47)

and a real square root fails to exist.
If this type of solution can be achieved dynamically
in massive gravity then it would represent a more severe
type of pathology than the coordinate one encountered in
the previous section. However Eq. (41) would imply that
this pathology is prevented by the Stückelberg equations
of motion on the self-accelerating solution. The key to
this resolution is that the coordinate system where the
fiducial metric is Minkowski is not necessarily the one for
which space and time exchange roles at the horizon.

B.

(44)

−(1 − +)2 0
0
−1

Note that strictly speaking for + = 0 there are an infinite
number of real square roots involving the [γ] = 0 singularity, but for any finite + → 0 the roots cease to exist
(cf. [25], Eq. 7.5). These cases quantify what it means
for the spacetime metric to be so far from the fiducial
metric as to break the theory.
This is exactly the type of situation that would be encountered in the Schwarzschild metric inside the horizon
where space flows inevitably into the singularity. Given
an inverse metric g 00 = (p − 1)−1 and g rr = −(p − 1)
where p = 2M/r, the corresponding zweibein is


√
p−1
0
5
 , p > 1,
1
(48)
e aµ = 
0
p−1

(A + D)2 < (B + C)2 ,
(A − D)2 < (B − C)2 ,

)

Schwarzschild de Sitter Case

The simplest example which manifests some of these
properties is the static SdS metric with no vector mode
in the background [12, 13, 29]. In unitary gauge, using
the notation of Ref. [20],
ds2 = −

g2 2
1 − p 2 1 + p 2 2p
df
+
dg
+
df
dg
+
dΩ (49)
x20
x20
x20
x20

where
p=

2M
H 2g2
,
+
g
x20

(50)
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with M as the Schwarzschild mass term and H 2 =
P0 (x0 )m2 /6 by virtue of the self-accelerating effective
cosmological constant (see Eq. 9). Recall here that unitary time t̃ = f and radial coordinate r̃ = g. Crucially,
this chart differs from the standard SdS chart in that
none of the metric elements diverge at the Schwarzschild
horizon but g̃00 can still vanish.
In this case the fiducial metric is Minkowski and therefore
1+p p
−p 1 − p

g̃−1 Σ = x20 
0
0
0
0


0
0
1
0


0
0
.
0
1

(51)

The determinant of this matrix is x80 and so in spite of the
spacetime singularities, this leads to a well-defined square
root throughout the static spacetime. Likewise spacetime
scalars associated with g−1 Σ remain finite except at the
origin. For the relevant 2×2 submatrix, the det>0 square
root is
)
*
1 + p/2 p/2
,
(52)
γ̃ = x0
−p/2 1 − p/2
and the zweibein is
ẽaµ

= x0

)

1 + p/2 −p/2
p/2 1 − p/2

*

.

(53)

Neither of these quantities exhibit problems at the
Schwarzschild horizon.
On the other hand, the static SdS spacetime encounters another coordinate singularity at the cosmological
horizon of the observer at the origin. Here we take the
Schwarzschild mass M = 0 and transform to the expanding de Sitter coordinates in isotropic gauge
ds2 = −dt2 + a2 (t)(dr2 + r2 dΩ2 ),

(54)

with the relations
6
6(
'
6 1+z 6
x0
6
6 ,
f (r, t) =
Ht − z + ln 6
H
1 − z2 6
g(r, t) = x0 a(t)r,

(55)

where z = aHr. Here we have continued the solution
beyond the coordinate singularity of the SdS chart at
the cosmological horizon z = 1. Note that there is a
missing absolute value in Eq. (40) of Ref. [20], where it
was also shown that these Stückelberg fields solve the
massive gravity equations for the full range 0 < r < ∞.
We can calculate the vierbeins for this case in two
ways: first, by direct calculation in isotropic coordinates starting from the det>0 solution at z * 1, since
det(g−1 Σ) = x80 across the full spacetime; or more simply
by noticing that the spacetime index of the unitary gauge
vierbein transforms as a spacetime tensor. Furthermore,

the symmetry condition in Eq. (29) is spacetime coordinate invariant. Either procedure yields

e aµ




z(z − 2)
2
+
z(z
−
2)

1 
a

,
=


2 − 2z
2 + z(z − 2)
z(z − 2)
a

(56)

where z = aHr. The spacetime zweibein has a pole in
its amplitude at the cosmological horizon since the tetrad
basis is aligned with null directions in the spacetime as a
manifestation of the coordinate singularity of the static
SdS chart.
V.

DISCUSSION

We have shown that massive gravity with a nondynamical fiducial metric allows the spacetime metric to
evolve far enough away from the fiducial metric so as
to encounter a determinant singularity from non-singular
initial conditions. At this singularity both the metric and
vierbein formulation of the theory become ill-defined. In
the metric version, a single unitary chart of the spacetime
fails to cover the spacetime. At the singularity, there are
multiple solutions of the metric square root and correspondingly multiple unitary charts on the other side of
the singularity. Likewise, in the vierbein formulation, the
fiducial vierbeins become non-invertible at this point.
On the other hand both the vierbein and Stückelberg
formulations suggest that that this singularity is coordinate related rather than a more fundamental problem.
Using the vierbein formulation we have shown that the
dynamical object, the spacetime vierbein, remains continuous across the singularity for one choice of how to
continue the unitary chart. For this choice, the determinant is allowed to switch signs, in contradiction to a
common convention in the literature that maintains the
square roots should remain positive definite [10, 21].
A more fundamental problem would occur if the spacetime metric could evolve to a point where real square
roots or symmetry between the spacetime and fiducial
vierbeins cease to exist. We have shown that these points
occur when the sense of space and time in the spacetime
metric flip, e.g. at the horizon of a black hole. On the
other hand we have shown that on the self-accelerating
branch, the theory can accommodate any symmetric distribution of matter, even that leading to the formation
of a black hole. The resolution of this apparent paradox is that the coordinates for which the fiducial metric
is Minkowski are not the standard Schwarzschild coordinates. While these examples do not resolve all the potential pathologies of massive gravity (see e.g. [29–34]) they
do indicate that the theory is more robust than might
naively be expected.
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