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Isocurvature fluctuations, where the relative number density of particle species spatially varies,
can be generated from initially adiabatic or curvature fluctuations if the various species fall out of or
were never in thermal equilibrium. The freezing of the thermal relic dark matter abundance is one
such case, but for modes that are still outside the horizon the amplitude is highly suppressed and
originates from the small change in the local expansion rate due to the local space curvature pro-
duced by the curvature fluctuation. We establish a simple separate-universe method for calculating
this generation that applies to both freeze-in and freeze-out models, identify three critical epochs
for this process, and give general scaling behaviors for the amplitude in each case: the freezing
epoch, the kinetic decoupling epoch and matter-radiation equality. Freeze-out models are typically
dominated by spatially modulated annihilation from the latter epochs and can generate much larger
isocurvature fluctuations compared with typical freeze-in models, albeit still very small and obser-
vationally allowed by cosmic microwave background measurements. We illustrate these results with
concrete models where the dark matter interactions are vector or scalar mediated.

I. INTRODUCTION

The primordial perturbations responsible for the large
scale structure in our universe can be of two types: cur-
vature (also known as adiabatic) or isocurvature. Gener-
ically, slow-roll, single-field inflation predicts only adia-
batic perturbations, where the number density of par-
ticle species fluctuate together (e.g. [1, 2]). More in-
volved models such as multi-field inflation can generate
isocurvature modes where the relative number density of
species fluctuate as well (e.g. [3]), though these modes
are tightly constrained by cosmic microwave background
(CMB) anisotropy [4].

In principle, even if the primordial perturbations are
adiabatic, the subsequent evolution of the universe can
generate spatial fluctuations in the relative number den-
sity of species if thermal equilibrium between species is
not maintained. One such possibility involves fluctua-
tions between relic dark matter and the thermal radiation
bath [5].

Dark matter is known to make up approximately a
quarter of the energy density of the universe, however
its specific properties and the manner of its production
are yet unknown [6–8]. Two proposed mechanisms which
can produce the correct relic abundance from the ther-
mal radiation bath for a wide range of particle dark mat-
ter models are the freeze-in and freeze-out mechanisms.
In the freeze-out mechanism the dark matter begins in
thermal equilibrium with the Standard Model radiation
bath. Once interactions that produce and destroy the
dark matter become inefficient, its abundance is frozen,
leaving behind a thermal relic that is no longer in equilib-
rium. In the freeze-in mechanism, dark matter interacts
so weakly that it is never produced in equilibrium abun-
dance; instead, it builds up slowly until the production
channel is suppressed [9–11]. Freeze-in and freeze-out
represent the regimes at either end of a continuum of
phenomena depending on the strength of interactions,

but in both cases, the dark matter is out of equilibrium
at the freezing epoch and beyond.

Recent investigations in the literature have raised the
question of whether isocurvature fluctuations which arise
from the dark matter freeze-in process are observable and
ruled out by current CMB observations ([5] v1). On the
other hand, general perturbation theory and causal argu-
ments imply that any such production can only produce
isocurvature fluctuations that are suppressed on super-
horizon scales by k2, where k is the comoving wavenum-
ber [12, 13] (see also [5] v2) but these arguments leave
the exact amplitude and dynamics of the generation un-
specified.

Our goal for this paper is to quantify the amplitude and
clarify the mechanisms behind isocurvature generation
from curvature fluctuations for the general class of ther-
mal relic dark matter models. Because dark matter pro-
duction is a local process, we can calculate its local abun-
dance through the so-called separate universe formalism
in which the effects of a long-wavelength perturbation
on local small-scale observables can be absorbed into a
change in the background cosmology, or “separate uni-
verse” [14–20]. We use this separate universe approach
to examine the connection between long-wavelength spa-
tial curvature perturbations and dark matter isocurva-
ture perturbations for both freeze-in and freeze-out. Our
technique applies to any dark matter model where the
final abundance depends on the local expansion rate and
we illustrate the results for both freeze-in and freeze-out
scalar and vector mediated models.

Generically there are three epochs of interest which
determine the final isocurvature amplitude: the freezing
epoch, the kinetic decoupling epoch and matter-radation
equality. Even though in all three cases the isocurvature
generation is suppressed by k2 outside of the horizon, the
amplitudes can vary by many orders of magnitude for the
same final relic dark matter abundance. In fact typical
freeze-out models can have a much larger isocurvature
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ampitude than freeze-in models.
The structure of the paper is as follows: in §II, we

review the separate universe formalism and develop the
methodology for calculating isocurvature generation. In
§III, we describe our illustrative models for both freeze-
in and freeze-out and in §IV present our numerical re-
sults for the isocurvature perturbations in each case. We
conclude in §V with a discussion of the general predic-
tions for thermal relic dark matter and the observational
implications of the very small isocurvature modes that
result. Throughout this work we employ units where
ℏ = c = kB = 1 and the scale factor a = 1 at the present.

II. SEPARATE UNIVERSE DARK MATTER
ABUNDANCE

Since cosmological dark matter (DM) production and
annihilation is a local process, it is governed by the lo-
cal properties of the radiation bath (e.g. temperature)
and the local expansion rate, as well as the cross sections
involved in any given model. As long as the spatial mod-
ulation due to the initial curvature fluctuation is on scales
larger than the horizon, the modulation in the abundance
Y = nχ/s can be calculated locally using the so-called
“separate universe” approach. Here nχ is the dark mat-
ter number density and s is the entropy density of the
thermal bath.

In the separate universe approach, the local den-
sity perturbation δL associated with the long wave-
length curvature fluctuation ζ is reabsorbed into the lo-
cal Friedmann-Robertson-Walker parameters of the sepa-
rate universe [14, 17], explicitly constructed for radiation
domination in Ref. [19, 20], as we shall now review.

Specifically, observers in free-fall that are initially at
rest with respect to the global expansion define the syn-
chronous gauge, and in radiation domination, the density
fluctuation in Fourier space is

δL =
1

3

(
k

aH

)2

ζ ∝ a2, (1)

when the comoving wavenumber is above the horizon k ≪
aH, where the Hubble rate H = d ln a/dt. The local
radiation density of the separate universe is then

ρL = ρ(1 + δL), (2)

which in turn defines the local scale factor as

aL = a(1− δL/4) (3)

at equal synchronous times. Because dark matter pro-
duction depends crucially on the local expansion rate,
we need to know the local Hubble rate HL(aL) in the
presence of δL. Taking the time derivative of Eq. (3), we
can see that

H2
L(aL(t)) = H2(a(t))(1− δL). (4)

The local Friedmann equation associates this change with
both the local radiation density and the spatial curvature
KL associated with the curvature fluctuation:

H2
L(aL) ≡

8πGρL
3

− KL

a2L
. (5)

By comparing Eqs. (4) and (5), the local spatial curvature
induced by δL is identified as

KL

a2L
= 2H2δL, (6)

which is consistent with the perturbation to the 3D Ricci
scalar induced by the curvature fluctuation [20]. Notice
that when compared to the global universe at the same
value of the scale factor aL = a, ρL(aL) = ρ(aL) since
TL = T and the only change is that the expansion rate
differs due to the spatial curvature since

H2
L(aL) =

8πGρ(aL)

3
(1− 2δL) = H2(aL)(1− 2δL). (7)

Here and below, all variables are functions of aL unless
otherwise specified.
Likewise in local coordinates, the local entropy is con-

served sL(aL) = s(aL) ∝ a−3
L and the local temperature

evolves in the usual way given changes in the relativis-
tic degrees of freedom, so we can calculate the local DM
abundance YL by solving the usual Boltzmann system
with all local quantities (e.g. [21])1,

dYL

d ln aL
=

sL
HL

[
⟨σv⟩Y 2

eq − ⟨σv⟩eqY 2
L

]
, (8)

where Yeq is the DM abundance if it were in local ther-
modynamic equilibrium with the radiation bath and ⟨σv⟩
is the thermally averaged DM annihilation cross section.
⟨σv⟩eq is the annihilation cross section similarly averaged
over the actual, potentially non-equilibrium (“eq”), dark
matter phase space distribution. We shall see in our ex-
amples below that the two cross sections are typically
equal ⟨σv⟩eq ≈ ⟨σv⟩ when the dark matter is in kinetic
equilibrium with the radiation and can be simply approx-
imated otherwise. In this section we keep the methodol-
ogy general and consider these cross sections to be arbi-
trary functions of the local scale factor.
Since the fluctuation in YL due to δL is small, we can

linearize Eq. (8) in

δY (aL) ≡
YL(aL)− Y (aL)

Y (aL)
(9)

and δL to obtain

dδY
d ln aL

=
s

HY
[⟨σv⟩(δL − δY )Y

2
eq

− ⟨σv⟩eq(δL + δY )Y
2]. (10)

1 In Ref. [21], ⟨σv⟩eq is denoted as ⟨σv⟩neq and the abundance is
evolved as a function of temperature.
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Here s/HY = s(aL)/H(aL)Y (aL) with their functional
forms the same as in the global universe.

Note that in the absence of the local curvature ef-
fect of δL on the expansion rate HL(aL) → H(aL),
YL(aL) → Y (aL), and δY → 0 in spite of the finite local
density fluctuation. Physically then δY represents the
fractional change in the abundance due to the effect of
local curvature on the local expansion alone. Therefore
the only way that δY can be generated from the curva-
ture fluctuation is through this KL effect. This includes
any changes to the radiation temperature T (a) due to
entropy injection from particles annihilating away in the
bath which changes the relationship between density fluc-
tuations and temperature fluctuations and causes tran-
sient changes to the equation of state of the background
(cf. Ref. [5] v2).

We refer to the effect of δLY
2
eq in Eq. (10) as modulated

production and that of δLY
2 as modulated annihilation.

For cases where modulated production is important, we
generically expect that since the final abundance YL(∞)
involves the competition between reaction rates and the
Hubble rate, that the O(δL) change in the Hubble rate
at production will lead to

δY (a∗) = O(δL(a∗)), (11)

where a∗ is evaluated at the characteristic “freezing”
epoch where YL is sufficiently close to its final value
YL(∞). The coefficient and sign will depend on how a
larger or smaller Hubble rate affects the abundance (see
§IV). For definiteness we take a∗ to be defined by∣∣∣ ln YL(a∗)

YL(∞)

∣∣∣ = 1. (12)

After a∗, the modulated abundance δY can still change
since δL itself grows. Since Y ≫ Yeq for non-relativistic
dark matter, this mainly happens through modulated an-
nihilation where Eq. (10) can be approximated as

dδY
d ln aL

≈ − sY

H
⟨σv⟩eqδL = −nχ

H
⟨σv⟩eqδL. (13)

Here Y is nearly constant, reflecting a small annihilation
rate vs. Hubble rate nχ⟨σv⟩eq/H ≪ 1 but so long as this
decreases more slowly than δL increases, δY will continue
to change. If we assume that for some range of time, not
necessarily during radiation domination,

⟨σv⟩eq(a) ∝ ap (14)

the relevant comparison for whether late or early time
annihilation is more important during this interval is
whether

nχ⟨σv⟩eq
H

δL ∝ ap+(9w−1)/2 (15)

grows or decays, where w = P/ρ and δL ∝ (k/aH)2.
Note that here and below, we do not distinguish evalua-
tion at a vs. aL for quantities that are already first order
in δL.

If p > (1 − 9w)/2 then the modulated annihilation
will be dominated in this interval by late times and
early times otherwise. For radiation domination when
w = 1/3, the transition is for p = −1, and for matter
domination where w = 0 it is for p = 1/2. Therefore
for −1 < p < 1/2, the dominant annihilation modulation
will occur around matter-radiation equality amr and we
can solve for δY , assuming again that nχ⟨σv⟩eq/H ≪ 1
and modulated annihilation dominates over production,
to obtain

δY (a) ≈ − fmr

p+ 1
δL(amr)×

{
(a/amr)

p+1 a ≲ amr

O(1) a > amr
, (16)

where the O(1) accounts for the transition to matter
domination when modulated annihilation ceases. Here
the normalization constant fmr gives the ratio of annihi-
lation to Hubble rates at equality

fmr =
√
2
nχ⟨σv⟩eq

H

∣∣∣
amr

, (17)

where
√
2 accounts for the fact that at equality the radia-

tion contributes half the total energy density so that dur-
ing radiation domination nχ⟨σv⟩eq/H = fmr(a/amr)

p−1.
A final case that will be relevant is when p transitions

from p > −1 to a value < −1 during radiation domina-
tion, say at an epoch akd < amr. Then the modulated
annihilation contribution is given by

δY (a) ≈ − fkd
p+ 1

δL(akd)×

{
(a/akd)

p+1 a ≲ akd
O(1) a > akd

, (18)

where the normalization constant

fkd =
nχ⟨σv⟩eq

H

∣∣∣
akd

(19)

and the O(1) coefficient depends on how smoothly the
transition occurs.
In both the amr and akd dominated annihilation cases,

p = −1 is a special case where |δY | grows logarithmically
with aL up to that epoch before freezing in. In those
cases modulo the 1/(1+p) factors, Eq. (16) and Eq. (18)
give the order of magnitude up to log factors rather than
the exact value of the result for a > amr,kd and so we will
consider this special case as part of those generic scalings.
We can combine these generic expectations for the con-

tributions to δY at a∗ and annihilation at a ≫ a∗ in
Eqs. (11), (16), and (18) to determine when each dom-
inates. In either the amr and akd cases, modulated an-
nihilation dominates over production in determining δY
if

fkd,mr

(
akd,mr

a∗

)2

≫ 1, (20)

i.e. if the epochs of annihilation and production are sep-
arated by a large enough factor for the growth of δL to
overcome the small ratio of annihilation to Hubble rates.
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Finally it is interesting to note that there is in princi-
ple a difference between δY , the change in the abundance
when the local universe reaches the same scale factor or
temperature as the global universe, and the spatial fluc-
tuation of the abundance at the same synchronous time.
For cases where the modulations are dominated by early
times, at late times δY itself is frozen and the difference
in evaluation time between the two quantities is irrele-
vant. In this case the isocurvature mode is time slicing
invariant. More generally, in radiation domination where

ln aL − ln a = −δL/4 (21)

the synchronous gauge dark matter photon isocurvature
perturbation at fixed time well after electron-positron an-
nihilation is

S ≡ δ(nχ/nγ)

nχ/nγ
=

YL(aL(t))− Y (a(t))

Y (a(t))

= δY − d lnY

d ln a

δL
4
, (a ≪ amr), (22)

where the last expression can be evaluated at t to lin-
ear order in δL. The second term accounts for the gauge
dependence of adiabatic abundance fluctuations defined
from a time evolving abundance and in that sense does
not reflect a true isocurvature perturbation on its own.
Furthermore note that even for cases like ⟨σv⟩eq =const.
and more generally, the p < 1/2 modulated annihila-
tion cases of Eq. (16), S → δY when a ≫ amr. For
cases that are dominated by modulated production (see
Eq. 11) or modulated annihilation at akd (see Eq. 18),
this convergence occurs even earlier. Because of this late
time equivalence, we use δY in all cases as the measure
of isocurvature generation.

III. FREEZE-IN/OUT MODELS

To illustrate the range of possible phenomena, we con-
sider two generic dark matter particle models in which a
fermionic dark matter particle, χ interacts with standard
model fermions, f , via a vector (V ) or scalar (S) media-
tor, as described in [22]. The Feynman diagrams for DM
annihilation is shown in Fig. 1

V/S

χ

χ̄ f̄

f

FIG. 1. Feynman diagram for χ̄χ → f̄f annihilation.

The interaction Lagrangian for the vector-mediated
scenario is:

L ⊃ gχχ̄γ
µVµχ+ gf f̄γ

µVµf, (23)

where gχ and gf represent the coupling strength of the
dark matter and the SM fermions to V , respectively and
the particles χ and V have masses mχ and mV . An
example of a specific realization of this broader model
class is the millicharged dark matter, used as the example
in [5], in which the millicharge arises from kinetic mixing
with a dark photon mediator to the SM, or from a DM
hypercharge.
From the above diagrams, one can compute the cross

section for χχ̄ annihilation from Eq. (23):

σχ̄χ→f̄f =
g2fg

2
χ

12πs
[
(s−m2

V )
2
+m2

V Γ
2
V

]
×

√
s− 4m2

f

s− 4m2
χ

(
s+ 2m2

f

) (
s+ 2m2

χ

)
, (24)

where s is the Mandelstam variable for the center-of-mass
energy squared (not to be confused with entropy s else-
where), and ΓV is the total decay width of V , which can
be neglected away from resonance when mχ ≫ mV .
The interaction Lagrangian for the scalar-mediated

scenario is:

L ⊃ λχχ̄χS + λf f̄fS, (25)

where λχ and λf are the couplings from S to χ and f
respectively. In this case, the annihilation cross section
is:

σχ̄χ→f̄f =
λ2
fλ

2
χ

16πs
[
(s−m2

S)
2
+m2

SΓ
2
S

]
×

√
s− 4m2

f

s− 4m2
χ

(s− 4m2
f )(s− 4m2

χ), (26)

wheremS is the mass of the scalar mediator and we again
neglect its decay width, ΓS . Note that there can also
be axial vector couplings (∼ γ5) for each of these inter-
actions, which can in principle change the velocity and
temperature dependence of the cross section. For sim-
plicity, we set these to zero, but our technique itself can
be used to predict isocurvature production given any such
cross section, or more generally whenever the abundance
itself can be calculated from local quantities.
For different choices of parameter values (couplings gχ,

gf , λχ, λf and masses mχ, mV , mS), these models can
lead to both freeze-in or freeze-out DM production. We
construct 4 illustrative examples, a freeze-in and freeze-
out scenario for each of the two models. For simplicity,
we consider that the mediator interacts only with the
DM and electrons (f = e). We take mχ = 100GeV
in all cases and avoid resonances (which introduce more
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complicated temperature dependence) by choosing the
mediator masses to be mV = mS = 1GeV. The coupling
parameters are then chosen to produce the observed DM
abundance

Y (∞) ≈ ρχ
mχs

∣∣∣
a=1

≈ 3.64Ωχh
2

(
eV

mχ

)
(27)

with s ≈ 7.04nγ(TCMB) and Ωχh
2 = 0.12 [8]. For freeze-

out, this requires gχ = ge = 0.1774 and λχ = λe = 0.5044
and for freeze-in, it requires gχ = ge = 2.716× 10−6 and
λχ = λe = 3.259 × 10−6. We do not claim that these
illustrative cases are fully viable DM models given direct
and indirect detection constraints (see e.g. [23]). Rather,
our aim is to illustrate the mechanisms that generate
isocurvature perturbations in a range of simple, but rep-
resentative scenarios.

For a DM annihilation cross section σ, assuming the
DM phase space is distributed according to Maxwell-
Boltzmann statistics with a temperature T , the thermally
averaged cross section is [24]

⟨σv⟩ = 1

8m4TK2
2

(
m
T

) ∫ ∞

4m2

ds σ
√
s
(
s− 4m2

)
K1

(√
s

T

)
(28)

where m is the DM mass, s is the squared center-of-mass
energy in the collisions, and Kn is the modified Bessel
function of the second kind of order n. The main prac-
tical difference between the vector and scalar-mediated
DM models is the low-temperature/velocity dependence
in the thermally averaged cross section. The asymptotic
temperature dependence of both models can easily be
found from Eqs. (24) and (26) and is summarized in
Tab. I. These scalings originate from the fact that the
vector-mediated DM has s-wave-suppressed annihilation
while the scalar-mediated model is p-wave-suppressed.

Model High T Low T

Vector-mediated ⟨σv⟩ ∝ T−2 ⟨σv⟩ ∝ const

Scalar-mediated ⟨σv⟩ ∝ T−2 ⟨σv⟩ ∝ T

TABLE I. Asymptotic temperature dependence of the ther-
mally averaged cross section for each model.

We apply these thermally averaged cross sections to
Eq. (10) by taking for the production term

⟨σv⟩(a) = ⟨σv⟩(a(T )) (29)

with the thermal bath temperature given by conservation
of entropy through s(a) = (2π2/45) g⋆,sT

3 ∝ a−3, where
g⋆,s is the usual effective number of relativistic degrees
of freedom in entropy [25–27].

For the annihilation term, kinetic decoupling affects
the evolution of ⟨σv⟩eq(a). A DM particle undergoing
freeze-out is initially both in chemical and kinetic equi-
librium, while for freeze-in, it is never in chemical equi-
librium, and possibly never in kinetic equilibrium. In

both cases, even after number-changing production and
annihilation reactions stop, there are typically also scat-
tering reactions that may keep Tχ = T via momentum
transfer. In practice, for freeze-out models, we assume
that the DM has the same temperature as the radiation
bath until momentum transfer effectively ceases and it
kinetically decouples [21]:

⟨σv⟩eq(a) = ⟨σv⟩(a(Tχ)) (30)

with

Tχ(a) ≈

{
T T > Tkd

Tkd (a/akd)
−2 T < Tkd

. (31)

The scaling for T < Tkd comes from the fact that af-
ter kinetic decoupling, particle momenta always redshift
as a−1 and the dark matter is assumed to be non-
relativistic. Notice that in terms of our scaling solu-
tions in the previous section where in Eq. (14) we pa-
rameterized ⟨σv⟩eq ∝ ap, this scaling is equivalent to
⟨σv⟩eq ∝ T−p

χ before kinetic decoupling (except when g⋆,s

changes) and ⟨σv⟩eq ∝ T
−p/2
χ after, when the dark mat-

ter is non-relativistic. Notice that for the scalar-mediated
case this makes the low temperature scaling change from
p = −1 to p = −2 across akd (cf. Eq. 18). For illus-
trative purposes, we simply set the temperature of dark
matter kinetic decoupling to be Tkd = 10−4mχ [28] but
it should be considered an adjustable quantity that can
be calculated in a given model from the momentum ex-
change rate. The accuracy of this sort of prescription for
⟨σv⟩eq has been tested in Ref. [21, 29].
For freeze-in models, we are typically in a region of

parameter space where annihilation is never important
which we check by monitoring the contribution of the
maximal annihilation case where ⟨σv⟩eq(a) = ⟨σv⟩(a)
and testing Eq. (20).
In each case, we illustrate the generation of isocurva-

ture from curvature with a k-mode that is near the hori-
zon at matter radiation equality: kmr = amrHmr. For
this mode when a ≲ amr

δL
ζ

=
2

3

(
a

amr

)2

, (32)

and we correspondingly compute δY /ζ, which is the
quantity that is observationally constrained (see §V).
Other modes that are superhorizon scaled during the rele-
vant modulation epoch simply differ in the normalization
through Eq. (1).
For simplicity we ignore the matter contribution to the

expansion rate as well as as well as any annihilation prod-
ucts, even though we compute up to a = amr, by taking
ρ = (π2/15) g⋆T

4, where g⋆ is the effective number of rel-
ativistic degrees of freedom in energy density. For each
of these models, we first numerically solve Eq. (8) for
the background and then solve Eq. (10) for δY with δL
normalized for the mode kmr in Eq. (32).
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1 TeV 1 GeV 1 MeV 1 keV 1 eV

T

10−11

10−10

10−9

〈 σv〉
 [
G

eV
−

2
]

Freeze-out: vector mediator

10−11

10−7

10−3

Y
=
n
χ
/s

Yeq

10−15 10−13 10−11 10−9 10−7 10−5

a

10−28

10−23

10−18

10−13

|δ
Y
|/
ζ δL/

ζ

a∗ amr

Numerical

Analytic

FIG. 2. Isocurvature production for the vector mediated
freeze-out case where modulated annihilation around matter-
radiation equality dominates. Top panel: thermally averaged
annihilation cross section ⟨σv⟩, which reaches a constant at
low T or large scale factor a. Middle panel: dark matter
abundance Y in the background, which follows the equilib-
rium abundance Yeq before freezing out at a∗. Bottom panel:
isocurvature vs. curvature fraction δY /ζ (negative definite)
for the horizon wavenumber at matter-radiation equality amr,
which grows from a freeze-out value O(δL(a∗)/ζ) (dotted line)
linearly in a until amr matching the analytic solution (dashed
line, Eq. (16)).

IV. MODEL RESULTS

In this section, we present the results for isocurva-
ture generation from curvature fluctuations for the il-
lustrative models described in §III. We start with the
vector-mediated freeze-out model in Fig. 2. Here ⟨σv⟩
approaches a constant at low velocities and tempera-
tures, as shown in the top panel, so that kinetic de-
coupling does not change annihilation at late times. In
this case freezeout as defined by Eq. (12) occurs at
a∗ = 3.1 × 10−14 as shown in the middle panel. At
this epoch δY (a∗) = −0.58 δL(a∗) validating the expec-
tations of Eq. (11). The sign of the modulation is nega-
tive since δL > 0 decreases the local Hubble rate and al-
lows annihilation to continue locally later than the in the
background. On the other hand, since the cross section
reaches a constant (p = 0), modulated annihilation con-
tinues after a∗. In fact the analytic solution from Eq. (16)

1 PeV 1 TeV 1 GeV 1 MeV 1 keV 1 eV

T

10−31

10−22

10−13

〈 σv〉
 [
G

eV
−

2
]

Freeze-out: scalar mediator

Freeze-in: vector mediator

Freeze-in: scalar mediator

〈
σv
〉
eq

10−11

10−7

10−3

Y
=
n
χ
/
s

Yeq

10−17 10−14 10−11 10−8 10−5

a

10−27

10−25

10−23

10−21

10−19

|δ
Y
|/
ζ

δ L
/ζ

a∗a∗a∗ akd amr

FIG. 3. Isocurvature production for cases where modulation
occurs before matter radiation equality (freeze-out scalar me-
diator, freeze-in scalar and vector mediator). Labels are as
in Fig. 2. For the freeze-in cases, production ceases around
a∗ with the final δY /ζ = O(δL(a∗)/ζ) (positive definite). For
the freeze-out scalar mediated case, modulated annihilation
grows logarithmically until kinetic decoupling akd and freezes
into a negative definite value thereafter.

δY (a) = −(a/amr)fmrδL(amr) agrees very closely with
the numerical calculation in this regime as also shown
in the dashed black line in Fig. 2. Therefore somewhat
counterintuitively, the main effect of modulated freeze-
out in this case occurs much much later than the nominal
freezeout epoch a∗ due to the growth of density pertur-
bations outside the horizon.

We contrast this with the 3 other cases where δY ap-
proaches a constant well before matter-radiation equal-
ity as shown in Fig. 3. In this class, we first consider
the scalar-mediated freeze-out case. Here the annihila-
tion cross section is velocity-dependent at low tempera-
tures and kinetic decoupling affects how quickly ⟨σv⟩eq
decreases and thus when modulated annihilation stops.
Here we take kinetic decoupling to occur at T = 10MeV
or akd = 1.7×10−11. Notice that at a < akd, p = −1 and
|δY | grows logarithmically. Once a > akd, p = −2 and
modulated annihilation freezes out, here to a constant
level δY (∞) = −8.5fkdδL(akd) validating the expected
scaling (i.e. Eq. (18) without the (1 + p)−1 factor).

Finally we consider the vector and scalar freeze-in
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cases. In both cases, the modulated annihilation term
is irrelevant as is whether the produced dark matter is
kinetically decoupled. The whole effect therefore comes
from modulated production and the isocurvature mode
reaches a constant δY (∞) = 6.2 δL(a∗) for vector medi-
ated and 8.0 δL(a∗) for scalar mediated cases. Notice first
that the sign of δY /δL is positive and opposite to that of
freeze-out because a smaller local Hubble rate means that
production continues to occur at a later time than in the
background. Also, since the cross section decreases at low
temperature in the scalar case, to match the same final
abundance a∗ and hence δY itself is smaller. Otherwise
the two freeze-in cases behave very similarly despite the
difference in the temperature scaling of the cross section,
unlike the corresponding freeze-out cases.

V. DISCUSSION

Our separate universe methodology provides a simple
means of determining the isocurvature production from
a curvature fluctuation ζ for any model where the cosmo-
logical expansion rate affects the final dark matter abun-
dance, including generic freeze-out and freeze-in cases.
One merely needs to recalculate the abundance using the
local rather than global background. In this method, it is
the change due to ζ of the local expansion rate from the
space curvature contribution to the Friedmann equation
that modulates the abundance, not the change to the lo-
cal density of the plasma, though we use this fluctuation
δL to parameterize the results.
For a typical model, there are three important epochs

in this process: a∗ when the freezing of the background
abundance occurs, akd when the annihilation rate can
change relative to the Hubble rate due to kinetic decou-
pling of the dark matter, and amr when matter domi-
nates the Hubble rate and changes its scaling relative to
the annihilation rate. In typical freeze-in models, annihi-
lation is never important and so the isocurvature ampli-
tude scales as δY ∼ δL(a∗), and is fully correlated with
the curvature ζ. For freeze-out models, modulated anni-
hilation can occur at a ≫ a∗ due to the growth of den-
sity perturbations. For cases where the annihilation rate
drops sufficiently due to kinetic decoupling this leaves
δY ∼ −f(akd)δL(akd) which is fully anti-correlated with
ζ, where the annihilation to Hubble rate f is evaluated
at akd. For cases like a constant thermally averaged an-
nihilation cross-section, modulated annihilation contin-
ues to grow until amr and the anticorrelation scales as
δY ∼ −f(amr)δL(amr). In fact it is these cases where the
isocurvature generation is largest and its size increases
with increasing annihilation rate f(amr) ∝ m−1

χ for a

fixed relic mass density.
In all of these cases, which we have illustrated using

concrete scalar and vector mediated dark matter mod-
els, the relative amplitude of the correlated or anticorre-
lated isocurvature mode to the curvature mode is highly
suppressed on scales relevant for the CMB as long as
a∗ ≪ amr due to the either the smallness of the superhori-
zon density perturbation at that time or the smallness of
the annihilation rate after that time. A generic model
therefore will easily evade CMB bounds from Planck
which constrain a primordial δY = S from inflation to
(S/ζ)2 < 10−3 at 95% CL [4] for fully correlated fluc-
tuations of the same spectrum. This case behaves simi-
larly to our freeze-in and scalar mediated freeze-out in
that the isocurvature fluctuation is frozen in at early
times but has a different k-spectrum due to the fact that
δL ∝ (k/aH)2ζ. In principle constraints on such a spec-
trum place an independent bound on how close a∗ can be
to amr and how much annihilation can occur near recom-
bination but other more direct bounds on these quantities
are generally much stronger in typical models (e.g. [30]).
For the freeze-out vector mediated case, the isocurva-

ture modes themselves grow until matter radiation equal-
ity and would impact observable CMB modes in a differ-
ent way that is beyond the scope of the separate universe
approximation since the relevant modes are subhorizon
at recombination and annihilation products can change
the ionization. Even in this case, we can infer from the
smallness of δY /ζ that such models generically predict
signals that are well below cosmic variance limits for the
CMB.
More generally, our methodology provides a model-

independent means of determining the generation of
isocurvature from curvature that is as simple as deter-
mining the background dark matter abundance itself
and moreover illuminates the amplitude and the relevant
scales in this process.

Note added after completion: Some aspects of this
work are mirrored in the independent work of [31]
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