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Lensing of the CMB by modes that are larger than the size of the survey dilates intrinsic scales
in the temperature and polarization fields and coherently shifts their observed power spectra with
respect to the ensemble or all-sky mean. The eﬀect can be simply encapsulated as a contribution to
the power spectrum covariance matrix in accordance with the lensing trispectrum or as an additional
parameter, the mean convergence in the field, for parameter estimation. It should be included for
upcoming surveys that precisely measure acoustic polarization features deep into the damping tail
at multipoles of � � 1500 with less than 10% of sky. Its omission may lead to seemingly conflicting
values for the angular scale of the sound horizon which may then provide erroneous cosmological
parameters when compared to baryon acoustic oscillation measurements.
I.

INTRODUCTION

Gravitational lensing of the CMB is rapidly becoming
both a useful tool for cosmology and a necessary component to model carefully in the statistical analysis of
temperature and polarization anisotropy [1–7]. In particular, as first detections of CMB lensing in the E and
B mode polarization power spectra become high significance measurements, it will become important to model
non-Gaussian correlations induced by lensing when characterizing their statistical errors [8, 9].
For surveys that cover a large fraction of sky, the main
contributions to non-Gaussian errors come from the fact
that the sample variance of the lensing power and the unlensed CMB fields correlate power in the observed spectra
across a wide range of multipoles [9]. However the next
generation of surveys will focus on deep polarization sensitive measurements on small patches of sky. Here lensing
by modes with wavelengths larger than the survey modify
the observed power spectrum in the sub-survey modes.
Even a small amount of super-sample lensing can produce a significant eﬀect, since all sub-survey band power
measurements covary. In particular, lensing shifts the
angular scale of the well-measured CMB acoustic peaks
out as far in multipole moment that they can be measured. We call this eﬀect super-sample covariance (SSC)
following Ref. [10] for the same eﬀect in large-scale structure [11] that similarly shifts the scale of baryon acoustic
oscillations [12]. Indeed it is also this same modulation of
small-scale anisotropy modes by long-wavelength lensing
modes that enables lensing reconstruction techniques and
squeezed bispectrum measurements of integrated-SachsWolfe eﬀect correlation with lensing [13–16].
In this paper, we study the eﬀect of lensing-induced
SSC on CMB power spectrum measurements for small
patches of sky. In §II we derive the band power covariance matrix for temperature and polarization measurements and discuss the origin of SSC in the squeezed lensing trispectrum. We give a simple criteria for when SSC
must be included in parameter estimation in §III and
discuss these results in §IV.

II.

SUPER-SAMPLE COVARIANCE

We introduce the SSC eﬀect from lensing by supersample modes for temperature band power measurements
in a finite sample in §II A. In §II B, we derive its form
directly from the temperature trispectrum and in §II C
we give the complete expressions for temperature and
polarization band power covariance.

A.

Temperature Field

We begin by considering the covariance of temperature
power spectra estimators due to lensing of the CMB in a
finite survey of angular area A. A finite survey eﬀectively
measures the underlying temperature fluctuation field T
through a mask or window
TW (θ) = T (θ)W (θ),

(1)

where W (θ) = 1 in the survey region and 0 otherwise.
As we shall review in more detail in §II B, in harmonic
space the eﬀect of the window is to convolve the fields
or correlate band powers, destroying independent information for multipoles
separated by ∆� � �W = 2π/θW
√
where θW ∼ A is the angular dimension of the survey.
There are also physical eﬀects that correlate band powers across ∆� � 2π/θW from gravitational lensing. For
simplicity, in this paper we shall work exclusively in this
wide bin limit rather than deconvolve the window which
would obscure the underlying physical eﬀects. These
come about because two widely separated bands still
jointly respond to the same modes in lensing potential.
As such the covariance matrix for power estimates Ĉ�i in
bands of width ∆�i � �W in the absence of instrument
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noise takes the form
Cov�i �j ≡ �Ĉ�i Ĉ�j � − �Ĉ�i ��Ĉ�j �
=

(2)

2C�2i
∂�2 C� ∂�2j C�j σκ2
δij + i i
(2�i + 1)∆�i fsky
∂ ln �i ∂ ln �j �2i �2j
�
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Here WLM is the harmonic transform of the window. Finally the sample variance of ĈLφφ in the survey area is
given in the Gaussian approximation as
2
[C φφ ]2 .
(2L + 1)fsky L

σκ2
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where CLφφ is the power spectrum of the lensing potential
φ and σκ is the rms fluctuation in the associated convergence field κ = −∇2 φ/2 in the finite survey area
1 �
L2 (L + 1)2 φφ
σκ2 = 2
|WLM |2
CL .
(3)
A
4

Covφφ,φφ
=
LL

10-5

(4)

The first term in Eq. (2) is the usual connected or
Gaussian contribution. As we shall see explicitly in the
trispectrum derivation of §II B, the fsky or survey area
factor A = 4πfsky represents the fact that within the
band ∆�i only modes separated by more than �W are
independent due to convolution by the window.
The second term is linear in CLφφ and represents the effect of the mean convergence in the field. Since the mean
convergence dilates the whole field, the power per logarithmic interval simply shifts in scale. In Eq. (2) we represent this power in the flat sky limit as �2 C� /2π. While
this approximation requires corrections for the curved sky
if � � 60, the covariance induced by the shift is much
smaller than the Gaussian variance term here and the
error in the approximation has negligible impact. For
σκ � 1, the covariance then takes the form of the second term. Following Ref. [10], we call this eﬀect a supersample covariance (SSC) since the modes involved in producing the average convergence are on scales larger than
the survey.
Since this rms convergence σκ rapidly declines with
survey area, the SSC eﬀect was omitted in the all-sky
analysis of Ref. [9]. Instead they introduced the third
term in Eq. (2) which is higher order in CLφφ to describe
the covariance produced by sampling fluctuations in the
lensing potential power rather than individual modes.
Since this response is very smooth in L, we have omitted
binning in L for notational clarity. This Gaussian sample
variance of Eq. (4), like the first term, also scales with
−1
fsky
.
Thus the relative contribution of the SSC compared
with other terms scales as σκ2 fsky and its dependence on
fsky or A is the relevant quantity to compute. For example if we consider a circular cap of polar angle θW
then
�
π
WLM =
[PL−1 (x) − PL+1 (x)]δM 0 ,
(5)
2L + 1

σκ2 fsky
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FIG. 1. Variance in the mean convergence σκ2 in a circular patch

2 itself falls nearly as white noise (blue dashed
of sky of area A. σκ
line) leaving the quantity relevant for comparing terms in the power
2f
spectrum covariance σκ
sky (black, solid line) weakly dependent on
survey area.

where PL is the Legendre polynomial with x = cos θW .
Note that
�
�
4π
1, L � �W
2
|WLM | =
,
(6)
2
A (2L + 1)
0, L � �W
M
where A = 2π(1 − x). As expected, the window function
imposes a low pass filter on the total convergence power
near the scale �W . Since CLφφ is approximately proportional to L−4 , the convergence power is nearly white and
−1
σκ2 ∝ �2W ∝ fsky
. Thus
σκ2 fsky ≈ const.

(7)

and the importance of the SSC term is very weakly dependent on the survey size. We quantify these considerations in Fig. 1 for a 6 parameter flat ΛCDM model that
best fits the Planck+WP+lensing data combination [17]:
{Ωc h2 , Ωb h2 , 100θ∗ , τ, ns , 109 As }
= {0.118, 0.0223, 1.04167, 0.0947, 0.968, 2.215}, (8)
where θ∗ is the angular size of the sound horizon which
implies h = 0.682 and we also follow the Planck analysis
in fixing Ων h2 = 6.45×10−4 for consistency with neutrino
oscillation experiments. Note that we include here only
contributions for L ≥ 2, which causes the sharp decline
in σκ2 fsky as fsky → 1.
B.

Trispectrum

The SSC term in Eq. (2) can be more rigorously derived from the CMB trispectrum [18] following Ref. [10].
For simplicity, we employ the flat sky approximation in
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this section so that multipoles represent wavenumbers of
a Fourier transform. As discussed in the previous section, this should be a good approximation for band powers where the covariance is important even if the survey
itself is large enough to require a curved sky approach. In
Fourier space, the window convolves modes in the spectrum
�
d2 ��
TW (�) =
W (� − �� )T (�� ).
(9)
(2π)2
We can define an estimator of the temperature fluctuation field as
�
1
d2 �
Ĉ�i =
TW (�)TW (−�),
(10)
A �∈�i A�
where the integral is over modes in some band around �i
and A� = 2π�∆�. Its expectation value
�
�
1
d2 �
d2 � �
�Ĉ�i � =
|W (�� )|2 C|�−�� |
(11)
A �∈�i A�
(2π)2
is unbiased so long as C� has no features on scales smaller
than ∆�i since
�
d2 � �
|W (�� )|2 = A.
(12)
(2π)2

In the limit that �i � Li , we can relabel � + L1 → �, �� +
L3 → �� , and the delta function condition sets L = �12 =
−�34 . Since W 2 (θ) = W (θ), the convolution theorem
�

d2 L 1
W (L1 )W (L − L1 ) = W (L),
(2π)2

can be used to express
�
�
�
1
d2 �
d2 � �
d2 L
NG�i �j = 2
|W (L)|2
A �∈�i A� �� ∈�j A��
(2π)2
T (�, −� + L, �� , −�� − L).

T (�1 , �2 , �3 , �4 ) = C�1 C�3 C�φφ
(�12 · �1 ) (�34 · �3 ) + perm.
12
(20)
where “perm.” means all permutations of the �i . In the
relevant squeezed quadrilateral limit L � �1 , we can expand
�2 ≈ �1 −

(14)

The first term is the disconnected or Gaussian contribution of Eq. (2)
G �i �j

(2π)2 2
=
2C�i δij ,
AA�

(15)

C �2
and rewrite

A� A
A�
= 2
2
(2π)
�W

(16)

corresponding to the ∆� < �W criteria of the previous
section.
The second term comes from the trispectrum
�
�
1
d2 �
d2 ��
NG�i �j = 2
(17)
A �∈�i A� �� ∈�j A��
�
� ��
4
d2 La
W (La ) (2π)2 δ(L1234 )
2
(2π)
a=1
T (� + L1 , −� + L2 , �� + L3 , −� + L4 ).

�
∂C� �� �1 · �12
≈ C �1 −
∂ ln � ��1 �21

�12 · �2 = −�12 · �1 + �212 ,

(21)

(22)

(23)

and similarly for 1 → 3 and 2 → 4. With these replacements in Eq. (19), we obtain
NG�i �j =

as can be seen from taking A = 4πfsky . This also defines
the number of eﬀectively independent �-modes
Nmodes =

�1 · �12
�1

so that

where here and throughout �1...n = �1 + . . . �n , we can
divide the resulting covariance of the estimators into two
pieces
Cov�i �j = G�i �j + NG�i �j .

(19)

Note that the window connects multipoles that are separated by less than its fundamental mode �W and so the
covariance no longer depends only on degenerate quadrilaterals through T (�, −�, �� , −�� ) but rather squeezed
quadrilaterals of Eq. (19).
To linear order in C�φφ , the lensing trispectrum is given
by [18]

Using the fact that the power spectrum and trispectrum, or connected 4-pt function, are defined as
�T (�1 )T (�2 )� = (2π)2 δ(�12 )C�1 ,
(13)
2
�T (�1 )T (�2 )T (�3 )T (�4 )�c = (2π) δ(�1234 )T (�1 , �2 , �3 , �4 ).

(18)

∂�2i C�i ∂�2j C�j σκ2
,
∂ ln �i ∂ ln �j �2i �2j

(24)

d2 L L4 φφ
C |W (L)|2 ,
(2π)2 4 L

(25)

where
σκ2

1
= 2
A

�

which is the flat-sky limit of Eq. (3). Thus the trispectrum to linear order in CLφφ yields the SSC term of
Eq. (2). Because this term vanishes for all-sky measurements where L → 0 , or more properly becomes indistinguishable from a change in the background cosmology,
Ref. [9] found that the dominant term is higher order in
CLφφ . Here we consider the SSC eﬀect for smaller survey
fields.
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C.

Polarization

III.

The full covariance matrix of temperature and E, B
polarization power spectra takes a similar form
X,Y Z
CovW
≡ �Ĉ�Wi X Ĉ�Yj Z � − �Ĉ�Wi X ��Ĉ�Yj Z �
� i �j
X,Y Z
X,Y Z
= GW
+ NGW
,
� i �j
� i �j

(26)

where {W, X, Y, Z} ∈ {T, E, B}. The Gaussian contribution is
C�Wi Y C�XZ
+ C�Wi Z C�XY
i
i
δij ,
(2�i + 1)∆�i fsky

X,Y Z
GW
=
�i �j

(27)

where C�T T = C� , and the SSC or linear in CLφφ term is
X,Y Z
NGW
=
�i � j

∂�2i C�Wi X ∂�2j C�Yj Z σκ2
+ O(CLφφ )2 . (28)
∂ ln �i ∂ ln �j �2i �2j

For the cases involving T T , EE, and T E, this expression
can be directly derived from the leading order trispectrum [14, 19] in the same way as in the previous section. For BB from lensing, the contribution is higher
than leading order since C�BB is itself O(CLφφ ). Its form
can be inferred from the fact that the average convergence in the field lenses CMB polarization that is itself
lensed into B modes by small scale perturbations. This
logic parallels that of the refinement [15, 16] of lensing
reconstruction estimators [13, 20] where terms that are
higher order in lensing are accounted for by replacing
the unlensed CMB power spectra with the lensed CMB
power spectra.
For completeness, we include the O(CLφφ )2 terms introduced in Ref. [9]. For the BB power spectrum,
NGBB,BB
= ... +
�i �j

� ∂C�BB
i

L

+

�
L

∂CLẼ Ẽ

Ẽ,Ẽ Ẽ
CovẼ
LL

∂C�BB
j
∂CLẼ Ẽ

� ∂C�BB
i

L

+

∂CLẼ Ẽ

� ∂C�BB
i

L

∂CLφφ

Ẽ,Ỹ Z̃
CovẼ
LL

Covφφ,φφ
LL

(29)

∂C�Yj Z

∂CLỸ Z̃

∂C�Yj Z
∂CLφφ

,

(30)

and for {W, X} ∈ {T, E} as well
X,Y Z
NGW
= ... +
�i �j

� ∂C�W X
i

L

∂CLφφ

Covφφ,φφ
LL

∂C�Yj Z
∂CLφφ

Ĉ�XY (p; κ) = C�XY (p) −

.

(31)

The impact of these other terms on parameter estimation
was addressed in Ref. [9] and so we focus on that of the
SSC term next.

∂�2 ClXY (p) κ̄
,
∂ ln �
�2

(32)

which is subject to a Gaussian prior given σκ2 .
To determine whether the SSC eﬀect is important to
include for any cosmological parameter set, it is suﬃcient
to test its impact on an artificial fully-degenerate parameter p = s that also dilates scales in the power spectra
C�XY (s) = C̄�XY +

∂�2 C̄lXY s
.
∂ ln � �2

(33)

If for a given experiment σs < σκ then κ̄ should in principle be marginalized in the analysis or SSC included in
the covariance. Here C̄�XY represents some fixed fiducial power spectrum which we take to be the Planck
best fit model described in §II A. It is interesting to note
that if the inflationary power spectrum contains features
of width ∆� which are finer than the acoustic spacing
�W < ∆� � 300, then the impact of SSC can be greatly
enhanced [21].
We can estimate σs with the Fisher technique. For an
arbitrary set of parameters p, σp2µ = (F−1 )µµ where the
Fisher matrix
Fµν =

where tildes denote the unlensed power spectrum and its
covariance follows the Gaussian prescription of Eq. (27).
Here and below “. . .” denotes the linear SSC term of
Eq. (28). For W X = BB and {Y, Z} ∈ {T, E},
Z
NGBB,Y
= ... +
�i �j

A simple way to assess the impact of the SSC eﬀect is
to consider it as part of the signal rather than the noise.
As noise, SSC introduces a covariance because the whole
power spectrum dilates with the average convergence in
the field κ̄ whose variance σκ2 makes band powers covary
field-to-field. As signal, κ̄ is simply added to the cosmological parameters p in the likelihood analysis of an
individual field

� �

ij W X,Y Z

∂C�BB
∂C�BB
j
φφ,φφ
i
Cov
,
LL
∂CLφφ
∂CLφφ

SIGNAL VS. NOISE

∂C�Wi X � W X,Y Z �−1 ∂C�Yj Z
G �i �j
.
∂pµ
∂pν

(34)

Here we specialize to a single parameter s and the Gaussian covariance of Eq. (27). This is the Gaussian sample
variance limit.
In Fig. 2, we show the quantity σs2 fsky in the limit of
bins that are much finer than the acoustic scale ∆� � 300
summed out to �i ≤ �max . This should be compared
with σκ2 fsky which we also show for comparison for the
range of 400 ≤ A(deg2 ) ≤ 4000 and a circular patch
from Fig. 1. Note that for sample variance limited measurements of all power spectra, the two cross between
1200 � �max � 1600. Thus the SSC eﬀect should be
modeled for surveys which are sample variance limited
to at least these multipoles.
We also show in Fig. 2 the individual contributions for
each type of spectrum. The measurement of s mainly
reflects the EE and T E power spectra given the more
prominent acoustic features in these spectra. For the T T
spectrum alone, this crossing point is pushed to �max �
2800 and a real survey is likely to be foreground limited
before this point. For the BB spectrum there is negligible
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impact even for sample variance limited measurements
given its smooth form.
To further make these considerations concrete we can
include instrument noise N�XY by replacing in the Gaussian covariance of Eq. (27)
(35)

where
N�T T =

2
1 EE
1
N� = N�BB = ∆2T e�(�+1)θFWHM /8 ln 2 , (36)
2
2

with all other N�XY = 0. Here ∆T is the noise level in
µK-radians and θFWHM is the full-width half-max of the
beam in radians. We also restrict the bands to �max ≤
2000, 3000 beyond which the primary anisotropy may be
too diﬃcult to extract from foregrounds and secondaries.
In Tab. I, we show that for a typical second generation
(2G) and third generation (3G) survey, the SSC variance
σκ2 exceeds σs2 by a factor of 2-3 for �max = 2000 − 3000.
This indicates that the SSC eﬀect should be included in
the analysis of these surveys.
While σκ2 /σs2 determines whether SSC is important at
all, its impact on physical cosmological parameters depends on whether or not the given parameter is degenerate with a pure shift s. We can use the Fisher technique
to study the SSC impact on parameter estimation by appending κ̄ to these parameters and adding a prior
prior
Fµν
= σκ−2 δκ̄,µ δκ̄,ν .

(37)

The impact of SSC can be determined by comparing the
change in parameter errors upon marginalizing κ̄ vs fixing
κ̄ = 0.
In the ΛCDM parameter space defined by the parameters in Eq. (8), only the angular size of the sound horizon
θ∗ is nearly degenerate with s and hence only its variance
degrades significantly. In Tab. I we quantify this degradation as
R θ∗ ≡

2
σln
�θ∗
σ2 �

ln θ∗ κ̄=0

≤1+

σκ2
.
σs2

(38)

The inequality follows from the fact that at low � the
power spectrum is not dominated by acoustic features
and more importantly, at high � lensing eﬀects enter so
2
2
that σln
θ∗ ≥ σs . Even so, the degradation in the variance of θ∗ is Rθ∗ ∼ 2 − 3 for the 2G and 3G experiments.
We have also conducted this test using the covariance
approach by adding only the SSC term of Eq. (28) to
the Gaussian error and omitting κ̄ as a parameter. This
method obtains nearly identical results for the degrada2
tion in σln
θ∗ .
For estimation purposes, it is useful to note that given
the degeneracy between ln θ∗ and κ this degradation factor is to good approximation
R θ∗ ≈ 1 +

σκ2
�
.
2
�
σln
θ∗ κ̄=0

(39)

BB

ms2 fsky

C�XY → C�XY + N�XY ,

10-6

10-7

TT
TE

400deg2
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mg2 fsky
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All
1000
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FIG. 2. Gaussian sample variance limited constraints on a parameter s that dilates the CMB power spectra similar to ln θ∗ in the
acoustic regime. When the expected variance σs2 is comparable to
2 , the SSC
or smaller that of the mean convergence in the field σκ
eﬀect should be included in the analysis. For a wide range of sky
2f
coverage 400 ≤ A(deg2 ) ≤ 4000, σκ
sky is within the shaded band
indicating that SSC is important for such measurements if they are
sample variance limited to at least �max ∼ 1200 − 1600.

For example, this expression approximates values in
Tab. I at the 1% level.
We can use this approximation to estimate the SSC
eﬀect for the Planck data. Taking the smallest patch of
sky fsky = 0.37 from which the power spectrum is measured to maximize the SSC eﬀect and crudely assuming
a circular patch, we obtain σκ ∼ 7 × 10−5 . This should
be compared with the quoted precision on the acoustic
scale σln θ∗ = 5.8 × 10−4 . We thus conclude that the SSC
eﬀect is unimportant for the analysis of the Planck data.
On the other hand, its omission in the 2G and 3G cases
may lead to seemingly discrepant results for θ∗ when compared with either Planck results or with each other. Discrepant results on θ∗ have little impact on CMB measurements of fundamental parameters through the distance to
recombination due to uncertainties in the physical scale
of the sound horizon. For example, the errors on the
Hubble constant in a flat ΛCDM model are dominated
by errors on Ωc h2 not θ∗ . However they may lead to erroneous results when compared to measurements of the
same scale through baryon acoustic oscillations.

IV.

DISCUSSION

We have explored the eﬀect of CMB lensing by super
sample modes on power spectra measurements within a
finite sky sample. The resulting field-to-field fluctuations
in the mean convergence dilates the intrinsic scales in the
survey and coherently shifts the measured power spectra
with respect to the ensemble or all-sky mean. The eﬀect

6
∆T θFWHM
A
(µK� ) (arcmin) (deg2 )
2G 12
1�
500
3G 3.5
1�
2500

1+σκ2 /σs2 (�max )
2000
3000
2.7
3.5
2.8
4.1

Rθ∗ (�max )
2000 3000
2.4 2.6
2.5 3.0

TABLE I. Relative importance of SSC for example experimental
2 /σ 2 gives the maximal degradation in varispecifications. 1 + σκ
s
ance for a parameter that is degenerate with the shift due to lensing
whereas Rθ∗ gives the same for the angular size of the sound horizon.

multipoles of � � 1500 with less than ∼ 10% of sky. If
this eﬀect is omitted in the analysis then diﬀerent surveys
may measure seemingly conflicting values for the angular
scale of the sound horizon θ∗ any one of which may then
provide erroneous fundamental cosmological parameters
when compared to external measurements of the same
standard ruler from baryon acoustic oscillations.
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