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We extend the effective field theory of inflation to a general Lagrangian constructed from Arnowitt-
Deser-Misner variables that encompasses the most general interactions with up to second derivatives
of the scalar field whose background breaks temporal diffeomorphism invariance. Degeneracy con-
ditions, corresponding to 8 distinct types — only one of which corresponds to known degenerate
higher-order scalar-tensor models — provide necessary conditions for eliminating the Ostrogradsky
ghost in a covariant theory at the level of the quadratic action in unitary gauge. Novel implications
of the degenerate higher-order system for the Cauchy problem are illustrated with the phase space
portrait of an explicit inflationary example: not all field configurations lead to physical solutions
for the metric even for positive potentials; solutions are unique for a given configuration only up
to a branch choice; solutions on one branch can apparently end at nonsingular points of the metric
and their continuation on alternate branches lead to nonsingular bouncing solutions; unitary gauge
perturbations can go unstable even when degenerate terms in the Lagrangian are infinitesimal. The
attractor solution leads to an inflationary scenario where slow-roll parameters vary and running of
the tilt can be large even with no explicit features in the potential far from the end of inflation,
requiring the optimized slow-roll approach for predicting observables.

I. INTRODUCTION

Single-field scalar-tensor theories as inflationary models can be studied in a unified way in the framework of the
effective field theory (EFT) of inflation, where the timelike scalar field is treated as a clock that breaks the time
diffeomorphism invariance leaving spatial diffeomorphism invariance unbroken [1, 2]. In general, the EFT of inflation
with higher-derivative operators contains extra ghost degrees of freedom, which may or may not propagate in the
regime of validity of the EFT. To consider a regime where higher-derivative interactions also produce interesting
observable phenomenology, one needs to rely on the framework where the ghost degrees of freedom are appropriately
eliminated. Therefore, an EFT Lagrangian motivated by general ghost-free theories serve as a useful framework. In
this context, the original EFT framework has been extended in subsequent works [3—7] to include derivative operators
appearing in the Horndeski [8-13], Gleyzes-Langlois-Piazza-Vernizzi (GLPV) [14, 15] and Horava-Lifshitz [16-18]
theories.

More general theories involving additional derivative of fields typically propagate ghost degrees of freedom. The
ghosts associated with higher-order derivatives are known as the Ostrogradsky ghosts [19, 20], which makes the Hamil-
tonian unbounded due to its linear dependence on canonical momenta. Unlike the classically unbounded Hamiltonian
of the hydrogen atom, the Ostrogradsky Hamiltonian remains unbounded quantum mechanically as well [21]. To elim-
inate the ghost degrees of freedom, one needs to evade the condition of the Ostrogradsky theorem that the Lagrangian
is nondegenerate with respect to the highest-order derivatives. However, degeneracy with respect to the highest-order
derivative is necessary but not sufficient to evade the unbounded Hamiltonian [22], which is the reason why one
needs to impose a certain set of degeneracy conditions to eliminate all aspects of the Ostrogradsky ghosts [23-26].
This arguments can be also understood in a broader context in the language of constraints as a generalization of the
Ostrogradsky theorem [27].

The degeneracy conditions were applied to a construction of degenerate higher-order scalar-tensor (DHOST) theories
with quadratic [23] and cubic interactions [28] of second derivatives of a scalar field, which include the derivative of
the lapse function. The EFT description of the quadratic and cubic DHOST theories was developed in [29], where the
quadratic Lagrangian around the cosmological background was investigated. Cosmological evolution and the linear
stability analysis were also investigated [30], focusing on de Sitter attractor in a shift symmetric quadratic DHOST
model. In [29, 30], two assumptions on background dynamics were adopted: that the lapse remains unity and that
the scalar field is proportional to time coordinate. The first can be imposed as a gauge condition, and the second
should be satisfied dynamically. For general timelike scalar field evolution on a given phase space trajectory, one
needs to perform a redefinition of the scalar field to make it proportional to time, which changes all of the DHOST
coefficients (cf. [30] v2). A dynamical lapse is also taken into account in [31, 32] in the context of spatially covariant
gravity [33], where the degeneracy conditions were also studied. However, the general EFT framework of degenerate
theories including but not limited to quadratic and cubic DHOST and its application to cosmology have not been
fully investigated yet.



In this paper, generalizing our previous work [7], we develop the EFT framework of general degenerate theories, and
explore its peculiar phenomenology. This framework includes quadratic and cubic DHOST as a special subclass as well
as theories where the lapse is nondynamical, e.g. those with second-order equations of motion for the scalar field, as in
the Horndeski case, or the spatial metric in unitary gauge, as in the GLPV case. In §II, we consider the EFT action
composed of Arnowitt-Deser-Misner (ADM) geometric quantities including the acceleration and lapse derivative and
their couplings to intrinsic and extrinsic curvatures. This action includes operators appearing in covariant theories
involving the most general combination of second-order derivatives of scalar field. It also includes Lorentz-violating
theories such as Horava-Lifshitz gravity [16-18], as well as the scordatura degenerate theory [34] weakly violating
the degeneracy condition. We derive the background and quadratic actions for various degeneracy classes, which
include known DHOST cases, summarized in Appendix A. In §III, we investigate dynamics in degenerate higher-
order inflation, which we dub “D-inflation”, and clarify several novel features of degenerate models for both the
background and perturbations. We provide a detailed study of a specific model, for which the optimized slow-roll
(OSR) formalism [35] serves as a powerful tool as the EFT coefficients can exhibit variation on the several efold time
scale. In §IV, we discuss conclusions.

II. EFT OF INFLATION

In this section we adopt ADM decomposition and consider the general EFT Lagrangian allowing the most general
combination of second-order derivatives of scalar field. In §IT A, we construct the EFT Lagrangian from geometric
quantities including the acceleration and lapse derivative and their arbitrary couplings to intrinsic and extrinsic
curvatures. In §I1 B, we write down the background and quadratic Lagrangians around cosmological background. Since
vector and tensor perturbations are same as the previous work [7], in §I1C we focus on the scalar perturbations, and
reduce the quadratic Lagrangian for a specific degeneracy class. We provide the complete analysis of the construction
of degeneracy conditions in Appendix A.

A. ADM EFT Lagrangian

We work in the 3 +1 ADM decomposition of the metric
ds? = —NZ2dt? + hyj(dz* + N'dt)(da? + N7dt), (1)

where N, N?, h;j are the lapse, shift, spatial metric, respectively. We define a timelike unit vector n, = —Nt ,
orthogonal to constant ¢ surfaces, the acceleration a,, = n"n,.,, and the extrinsic curvature K,, = n,,, +n,a,, where
semicolons on indices here and throughout denote covariant derivatives with respect to g, .

For general scalar-tensor theories, we can choose so-called unitary gauge, where ¢ = ¢(¢) as long as the gradient of
the scalar field is always timelike. In unitary gauge, any Lagrangian with up to second derivatives in the field can be
expressed in terms of ADM quantities through

Pu=—V—-Xng,,
b = V=X(=Kyp + npay +nya, — Bnyn,). (2)
Here, we define 3 by
1 é N —Nig;N
f=—gn(nX),= *@+T, (3)

where X = g"¢ , ¢, = —q/.>2/]\/'2 is the kinetic term for the scalar. In particular, if we take ¢ = ¢, X = —1/N? and
then 8 measures the fractional change in the lapse along the normal

N — Nig;N

and more generally it determines the fractional change in the elapsed proper time in field coordinates and so (3)
involves ¢. In the gauge where ¢  t, é = 0 and this has been used widely for the purpose of counting the number
of degrees of freedom through the Hamiltonian analysis. However, to keep a normal perturbation analysis where
the background lapse N = 1, we use ¢ = ¢(t), and retain the ¢ term. After solving for a given trajectory ¢(t), we



can always make a field redefinition ¢ oc ¢(¢), which maintains N = 1 at the expense of redefining the scalar field
Lagrangian, but adopting this at the outset prevents a phase space analysis for background trajectories.

We seek to construct a general spatial diffeomorphism invariant EFT Lagrangian involving no more than second-
order derivatives of the scalar field which a priori contains N, K., a,, 8. So long as we consider theories involving
up to ¢, a’ and a; are the only quantities that have one spatial sub/superscript. Hence, a’ and a; always appear
together through

o'y =d'a; = h*(InN) ;(InN) ;, a=ad';. (5)

We therefore consider the Lagrangian to be a spatially diffeomorphism invariant function of these quantities
S:/d4$N\/EL(NaKijaRijvaijaﬂ;t)v (6)

generalizing [7] to allow it to depend on o' j and 3. Here R ; is the Ricci 3-tensor on the spatial slice. Higher-derivative
Lagrangians typically contain Ostrogradsky ghosts, but we shall see in the next section that for special combinations
of N,K';, R";, a';, 3 the Lagrangian only propagates one scalar and the usual two tensor degrees of freedom. Without
the of ; dependence and allowing higher-order spatial derivatives, the Lagrangian (6) reduces to the one explored in
[31, 32].

To explicitly relate this EFT Lagrangian to known ghost-free scalar-tensor theories, we begin with the most general
covariant Lagrangian that is at most cubic in second derivatives of the field and coupled to the metric as

Fo+ F,0¢ + BYR+ F3YaG, ¢W+ZA L® +ZBL3) (7)

i=1 =1

S = /d4x\/7

where Fj, A;, B; are general functions of ¢, X and R is the 4 dimensional Ricci scalar. The terms that are quadratic
in second derivatives are

Li? = fuud™ = ;3.22 (K"K + B2 — 20),
L — @op = 2 w2 (K 8%,
LY = (@0)6 bt = Le5(K — B),
LY = 67, 6™" 0, = & (=57,
= (9" o") = ;662, (8)
and those that are cubic are
LY — @0 = Sk + 87,
L) = (O6) ¢y d™ = ¢3< K + B)(K', K% + 62 - 2a),
R f,i( KKK + 30' K, + 3% = 30p),
L) = (09)¢" 60" = Ni (—K + 5,
L) = (C0)6% 6,060y = (K + B)a— ),
L = 6™ 0 6,0 ' = ¢5 (—K' K%, — B2 + 2a),
¢5

L5 = 668" $ipa " = o5 (—0', K%, — 6° + 208),

L§) = 646t 6,00 broc S = N7ﬁ(62—a),
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Lg? = 0p(0" 6, 8")* = 176° (—K + B),

19
Li) = (6¥6,6")* = — 3558 (9)

where we have used (2) to establish the correspondence with the ADM variables. Similarly, we can relate the coupling
to the metric using the Gauss-Codazzi relation and integration by parts to rewrite up to boundary terms (see e.g.
[3, 36])

/d4:c\/ng2(4)R = /d%\/fg F(R+ KK, — K*) -2 (Fm;f’]f( +2Fox 17 i S (BK — a)ﬂ : (10)
/ d*ay/=g WG, " = / d'z/~g lfg <KR K';R7,; ) T . 3¢;F 52 %RJr %%(K’ K7, — K?)
+ F3x ]‘f’: ((KZ K7, — K*)B + 20K — 2ainji)) ] , (11)
where
Fix = Fox + 72 (12)

While in general, the appearance of aij and ( in the Lagrangian signals an extra degree of freedom since the
lapse and shift no longer obey constraint equations, this general Lagrangian (7) contains classes that propagate only 3
degrees of freedom and avoids Ostrogradsky ghosts. First, there is the GLPV class which defines a special relationship
between the A;, B;, F; coefficients

Ay = —Ay =2Fx + XFy, Az =—-A4=2F,,
B, By F
Blz—§:§:%+XF5, —2B4 = By = 2B = —B7 = 6F%,
As = Bs = By = Byg = 0. (13)

Note that the Fy and Fj terms are also arbitrary functions of ¢, X. In the Horndeski subclass of GLPV, where the
scalar field equations themselves are explicitly second order, Fy = F5 = 0 and the remaining functions are more
typically labeled (Ga,G3, G4, Gs) = (Fo, F1, Fs, F3). Tt is easy to verify through Eqgs. (8,9,10) that this relationship
eliminates the dependence of o/j and S in the GLPV and Horndeski Lagrangians leaving the EFT Lagrangian of the

form L(N, K ij, R';;t). More generally, aij and (B can appear in a Lagrangian which still only propagates 3 degrees
of freedom if the functions A;, B;, F; satisfy a certain set of degeneracy conditions (see (40), (41) and [23, 28]). This
is the DHOST class of models. The Lagrangian (6) also includes the scordatura degenerate theory [34] with a weak
violation of the degeneracy condition.

In §ITC we generalize these degeneracy conditions to the full EFT Lagrangian (6). Since there the dependence on
« j,B is arbitrary it encompasses theories with further higher-order products of ¢, beyond (7). The Lagrangian
(6) thus can represent any fully covariant or Lorentz-violating theory involving up to second derivatives of metric
and scalar field in the unitary gauge. Furthermore in comparison to EFTs that are explicitly built to encompass
DHOST, it allows terms like SR that would only appear with different couplings between the field and the metric
than represented in (7) (cf. [23, 28, 29]).

B. Background and Quadratic Lagrangian

We next consider the expansion of the ADM EFT Lagrangian (6) to quadratic order in metric perturbations around
a spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW) background

N = ]., Ni = 0, }_lij = CL2($ij, (14)

for which

; (15)



where H = dlna/dt is the Hubble parameter. Following [7] we define the Taylor coefficients as

Ll =,
b
oL ;
- = 5]2'7
6YZJ' b CY
2L . C : _
5797y = O ¥t 508+ 8 (16)

J

where “b” denotes that the quantities are evaluated on the background, Y, Z € {N, K, R, a, 8} and the index structure
is determined by the symmetry of the background. For notational simplicity we treat scalars and traces with the
same notation; thus implicitly N*; = N, 8%, = 8 and Cyz = Cgz = 0.

We can further eliminate terms linear in 0 K = K — 3H through the identity

/d‘*NTgF(t)K = —/d49:\/jgn”F;u = /d4zﬁ£, (17)

which follows from K = n*.,, ignoring boundary terms. The Lagrangian £ = N VAL up to quadratic order in metric
perturbations becomes

. 3 ~ . .
L = NVh(C —3HCk) — VhCx + NVh(CNON + CrdR + Codor + Cpd) + % > (Cyz6YSZ + Cyz6Y";027;). (18)
Y, Z

In this form 6 K only shows up in the quadratic-order terms, and we need only its first-order perturbation. In contrast,
we expand 6R';,0a’;, 08 up to quadratic order

Y =8V 4+ 6Y 4 (19)
We note that 6, R’;, 52 R*; do not involve 6N, §N?, whereas
§a'y =0,
Saal; = aigéikéN,jéN,k,
018 = —PON + N,
828 = BON? — 26NSN — 6N'ON ;, (20)
since

n* ~ (1 —6N + (6N)?, 5N (1 — 6N)),
(InN),, ~ 0N, (1-3N), (21)

up to quadratic order. Note that for the perturbed FLRW metric, o’ j is a quadratic-order quantity. The background
equations are given by varying the action with respect to N and vh
C—3HCk +Cn — (3H + 3)Cs — C3 = 0,
C—3HCxk — Cx = 0. (22)

With the background equation and integration by parts, the quadratic Lagrangian becomes

51vh avhY) : 1, 1.
Ly =d [CR (511% 1;{ + 52R) — Cg0N < 1@[) — Cs0N'ON; + 5cw(sNQ +Ca—56"6N 0N,

B B SC . 3C . 370 .
+1 <2CN +Cyn—2BCan + B2Cps + (aaf) G a’;N) +(a Bazfﬁ)

3 ) SN? + (CﬁK(SlK + CﬁR(is)(SN

_ _ 1 - ) .
+ [(Cni = BCax )01 K + (Cxr + Cr = BCsp)ORION + 5 D D> (CrzhY0i1Z+Crz01Y[01Z])| . (23)
Y=K,RZ=K,R

This expansion can be continued to higher order for the computation of non-Gaussianity (see e.g. [37]).



C. Scalar perturbations

From the quadratic Lagrangian (23), we note that the new terms C,,Cg, Cgy are always accompanied by ¢ N, which
is a natural consequence of (20). Therefore, a*; and 3 dependencies of the Lagrangian change the dynamics of scalar
but not vector or tensor perturbations which are given explicitly in [7].

For scalar perturbations

N=1 + 5N, N1 = Z"l/), hij = a262C5¢j. (24)
Following [7], we use
6vV'h = 3a%¢,
. ) . 1
0K'; = (C— HON)d'; — ?(Sdgakaj’l/),
0%y

SR, = — 5 (51,0°C + 5% 0,0,0),
2 10
bRt = — = [(00)? — 4C0°(] ~ 5 (30)%, (25)

where the last equality for do R holds up to a total derivative, to obtain the quadratic Lagrangian in Fourier space as

1 . .. 1 . 9 k2
£2 = *Clc + CQC(SN + *Cg(sN + Cq =+ Cs—
2 2 a?

) (6N

1 2\ k2 9 k2 1 k2 9
+ 3 (CG + C7a2> EC + CgEC(SN + 5 (Cg + 010(12) 0N

+ %clls—zw + I;—zz/) ((gg + C—;(SN + %46N + cmzzC) , (26)
where
c1 = 3a®(3Ck i + éKK), Ccy = 3a3C5K, c3 = a3C55, cs = —3a°0,
cs = —4a305R, cg = 4a° 0, cr = 2a%(8Crr + ?)CN’RR)7 cs = 4a3Z,
cy = a’®, c10 = 2a°Ca, 11 = a®(Cxk + Crk), c12 = 20°(2Ckr +Cxr),  (27)
and

® =2Cy + Cnn—2BCsN + B°Cas + (Cs — Can + BCaa)"
+3H[Cs — Csn+BCps — 2(Cni — BCai) + C.BK} + SCBKH +3H?[3(Csx + Cri) + éKK},
U =Cr—3Ckr — éKR — H(3Cxr +Cxr),
= =Cnr+Cr—BCsr —Csr — H(Csr + 3Ckr + Ckr),
©=Cs — (Cyx — BCsi) + H(3Ck i + Crxc). (28)

We highlight these four combinations as they involve time derivatives or the Hubble parameter and degeneracy
conditions involving them would typically need to arise from integration by parts on the Lagrangian [see e.g. (B1)].

In Appendix A, generalizing Ref. [29], we provide a complete analysis of the construction of degeneracy conditions
imposed on the various ¢; coefficients which we briefly summarize here. The result is 8 types of degeneracy conditions,
cases la...3c (with 3a impossible to satisfy), each of which may be realized by the ¢; or equivalently the C; coefficients
in various ways. The degeneracy conditions we derive apply for any theory involving second-order derivatives in any
form in the Lagrangian for unitary gauge (6). Since the Lagrangian (6) allows any dependence on (N, K*;, R';, o'}, 3),
or equivalently on second derivatives (2), this degeneracy conditions applies beyond the quadratic and cubic DHOST
theories. Furthermore, in general it also applies to Lorentz-violating theories.

The first condition required for the single scalar propagating degree of freedom is degeneracy in the temporal
structure of (26). Of the three possibilities, we focus on the case 1 type where the condition c3 = cp/c7 is satisfied
and the combination

C=cC+ Z—jéN, (29)



alone carries the temporal derivatives. The other two cases have the lapse N as the propagating degree of freedom and
would cause difficulties in recovering an observationally viable theory of gravity. More generally our linear degeneracy
conditions should be viewed as necessary, but not necessarily sufficient, conditions for a viable nonlinear scalar-tensor
theory of gravity.

Under this c3 = co/c? condition, the quadratic Lagrangian (26) for scalar perturbation in unitary gauge would
appear to propagate only 1 degree of freedom. This degeneracy condition applies to the scalar quadratic Lagrangian
in any theory involving second-order derivative of any form in Lagrangian in the unitary gauge (6) and includes the
DHOST models as well as the Horndeski or GLPV models where ¢, = 0 and ¢ = (.

However, the temporal degeneracy condition alone is not sufficient to guarantee that there is only a single degree
of freedom. In terms of the Euler-Lagrange equations, it only removes the fourth-order derivatives and third-order
derivatives still need to be removed to avoid unbounded Hamiltonian [22]. Furthermore, if unitary gauge defines a
foliation that corresponds to characteristic surfaces of the second degree of freedom then its dynamics are hidden from
this temporal structure. Since such a degree of freedom propagates instantaneously on this surface, it is not a Cauchy
surface upon which initial conditions can be propagated forwards in time. Hence its temporal kinetic terms vanish.
However on a noncharacteristic surface, temporal kinetic terms reappear and can possess a well-posed Cauchy problem
as discussed in detail in [38, 39]. One should therefore not take the apparent lack of an extra degree of freedom in
unitary gauge as a definitive absence (cf. [33]). Of course, the counting of degrees of freedom cannot depend on the
gauge or ADM slicing and so we expect additional degeneracy conditions that involve the spatial derivatives of the
kinetic matrix in unitary gauge.

For a 1 + 1 dimensional system of linear partial differential equations, including the plane parallel Fourier modes
considered below, one can exploit the algorithm [39] based on the Kronecker form of a matrix pencil which includes
all possible linear combinations of temporal and spatial derivatives to count degrees of freedom and find characteristic
curves in the presence of any hidden constraints (see Appendix of [39]). However for the quadratic and cubic DHOST
theories, the full covariant and nonlinear degeneracy conditions are already known. As shown in the Appendix, we can
obtain the remaining conditions for the quadratic action by demanding that the dispersion relation of remaining degree
of freedom take their normal linear form in unitary gauge. This logic also applies to the wider class of degenerate
theories that originate from a covariant action and so we retain terms that are absent in the quadratic and cubic
DHOST Lagrangian in Appendix A.

We now focus in particular on the degeneracy conditions given in (A14) in case la, as other branches may not have
phenomenologically viable theories of gravity associated with them. We emphasize though that this same procedure
can be carried out for any of the branches. In this case, the conditions on the ¢; coefficients are

& 2
= GTaTa=az= 0, c10=2csz — cex”, (30)

where & = ¢3/cq1, and these conditions imply

3C2 . - . ] 20 C2
BK BK — BK
= = - = -2 =—= o= = v, =0.
Csg S 4 O Ckk Cxk, Ckr Cxr, Cgrr 3CRR7 C Crre 202 Csr=0
(31)
This branch includes the 2N-I/Ia class of quadratic and cubic DHOST, GLPV and Horndeski theories.
Under these conditions we can simplify (26) as
1 s N 1 k%, k2 -
Lo = §Clc + (ca —c12) (6N + 50(;;( + (s — ch)ﬁgéN
1 k2 2 —c1d
+ 5 (0 + az + eri? — e4) ON? 4+ =0 (Cglc n c‘*gclxm) . (32)
The equation of motion for 1) and N yields the constraints
ON = — ¢,
C1X — C4
kjw—i (¢ —ci‘)CL—F(c —cx)k—zf—i—(c + éqx + c1@® — e42) N (33)
2V T o |l a 8~ CoT) 3 9 + C4 1 4 )

where we have assumed

0< 19| < oo, (34)



with Q = ¢14& — ¢4, which generalizes the condition 2HCk x # Cyx employed in Eq. (33) of [7] to cases where the
Lagrangian depends o';, 3. Violation of this condition makes unitary gauge perturbations ill-defined. For singular €2,
the kinetic term vanishes and hence the system is strongly coupled. On the other hand, for {2 = 0, unitary gauge itself
is ill-defined. To see this, we follow [7] and move to comoving gauge defined by the condition that for the perturbed
Einstein tensor §G%; = 0 for a general metric theory of gravity [40]. The gauge transformation from unitary gauge
to comoving gauge is characterized by the time shift T = —A/H, where A = HIN — ¢ (see Eq. (B14) of [7]). Using
(33), we have

A= g {leHe —a) + e Et HanC -0}, (35)

so that 2 = 0 makes A diverge, implying that the gauge transformation between the two gauges requires an infinite
time shift and hence is ill-defined. Note that this is not necessarily a problem if the original system of equations in

(6N, 5 , 1) possesses only regular singular points and is hence integrable without first imposing the constraint equation
(see [41] for a related discussion). Furthermore if ¢ freezes out but ¢ — ¢ continues to evolve outside the horizon, then
the two gauges will differ. We construct an explicit model where this occurs in §IIT (see [42] for a discussion of related
cases).

Note also that if cg = cgx the k2C~ term vanishes in the Euler-Lagrange equation (33) for N, and prevents the
recovery of Newtonian gravity for non-relativistic matter, as found in [29] for one of the DHOST subclasses (see
Appendix A for more details).

Substituting the constraints (33) into the Lagrangian (32) and integrating by parts give the usual Mukhanov-Sasaki
form for the quadratic Lagrangian

2 k2 .
Ly =Ac® - B<a7427 (36)

where

c1 c1(cg + ¢ax) + cq(c1d — ¢y)

A =
<72 (cr1i — cy)? ’
€L cg—cgT\  Cg
Bi=ad*| == - 2. 37
¢=a <2a2 01;1'0—04) 2 (37)

From these terms, we can define the scalar sound speed ¢? and the normalization parameter b, as

B B,
2 9 S
. = bs = . 38
63 AC, (13€H ( )

For a canonical scalar field ¢2 = b, = 1. These expressions are generalizations of Eq. (37) of [7].

III. D-INFLATION WITH TIME VARYING EFT COEFFICIENTS

In this section we consider models of degenerate higher-order inflation (D-inflation) with time varying EFT coef-
ficients, specifically in the quadratic DHOST class. In general, EFT coefficients can vary in time and one needs to
evaluate carefully the slow-roll hierarchy of all dynamical parameters, for which the generalized slow-roll approxima-
tion developed in [7] provides a systematic framework, based on the evolution of H, ey, bs and ¢4 in (38) as well as
the analogous quantities for tensors

2
b =2Cr, = éCR . (39)
KK

D-inflation provides an additional motivation for these time-varying considerations in that one might seek to construct
models where their novel features are only present during inflation and are absent thereafter where they would
otherwise impact cosmological and astrophysical observables. We construct our model in §IIT A, and elucidate the
novel features on background dynamics and evolution of perturbations in §III B and §III C, respectively.



A. D-Inflation model

As a concrete example, let us require the inflationary model to satisfy ¢ —1 = 0 and ¢—¢ = 0 at the end of inflation.
The former is the requirement for tensor sound speed to be the speed of light, imposed at least at the present epoch
by observation of gravitational waves from binary neutron star merger and its electromagnetic counterpart [43, 44].
The latter is imposed as we would like inflation to become fully canonical so that by reheating everything is as usual.
We shall see that enforcing this requirement for all perturbation quantities allows us to avoid instabilities caused by
derivative couplings [45].

We can concretely implement these requirements using the EFT of a quadratic DHOST model starting with the
case la degeneracy conditions (31). Since Cxkr = Ckr = Crr = Crr = 0 in this case, the third and the fourth
conditions in (31) identically hold. From the second condition in (31) we obtain

A= —As. (40)
Plugging it into the first and fifth conditions in (31) and solving the two equations for A4 and As, we obtain

A, _ 242 1 2Fox) (243 + 4Py + XA)BFS + 2X Ay(5Fy — 8X Fox) + X2 APy — 12X FyFoy]
1 X 8X(Fy + X Ag)? ’
(245 + 4Fyx + X A3)[AA3Fy — Ay(2A, + 4F,x — 3X A3))]

8(Fs + X Ay)2 ’

Ay =

(41)

which matches Eqgs. (5.1) and (5.2) in [23]. In general a degenerate theory in this class is identified by As, A3, F» and
one can choose Fy, F; as free functions without affecting the degeneracy structure. Note that if Cgx = 0 then

2A5 +4F5x + X A3 =0, (42)

so that A; and As are no longer independent; this case corresponds to Eq. (5.3) in [23] and reproduces the GLPV
restriction for quadratic terms in (13).
Next, from (8), we obtain the tensor sound speed as

2C XA XA
2 1 &R 1 _ 2
@t Crx ! - XA 4+ XAy (43)
where we used (40) and
F—¢= Cox X243+ 4Fx + X A3) )
3Ckk +Cri 4Fy +2X (A, +34y)

For the Horndeski theory, requiring the right-hand side of (43) to vanish implies that F5 = F5(¢). Note also that the
right-hand side of (44) identically vanishes for Horndeski and GLPV theories.

We would like to choose the functions As, Az, F5 to make these two quantities (43), (44) be nonzero during inflation
and evolve to zero by the end of inflation. As a simple example, we set

X 1
F0:757V(¢)7 F1:0, F2:§, A3:0, (45)
where we work in natural units Mp) = (87G)~'/? = 1, and for which the degeneracy conditions (40), (41) yield
A2(3 48X Ay) 243
A =—A Ay =202 TOR) o p 22 46
1 25 4 (1+2XA2)2 ) 5 (1+2XA2)27 ( )
and (43), (44) read
~ 1
2 {_off Nt 4
G-1=20-0 = fyep —1=06.X) (47)

Here, we are interested in a function 6 such that it starts from finite value and evolves to zero either from the evolution
of X or an appropriate form for As(¢, X).
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Under these assumptions, the action is given by

1 7 j ‘ZBQ 452 i j
5= /d‘*:cNﬁ SR+ K] — ) + S0 = V(9) + Ay Ly (K — KK, — 26K +20)
A2 gt (3-884
72% SN2, 352 . (48)
1-285 4, N \1-28 4,

For simplicity, we will illustrate this model with Ay = const., or at least nearly so during most of the ~ 60 efolds
before the end of inflation. We shall see that in models where the field oscillates at reheating, A needs to vanish
before this point to avoid gradient or ghost instabilities. However, any late-time change does not affect large-scale
observables which are well outside the horizon at that point.

B. Background dynamics

From (48) we can calculate EFT coefficients. For instance, those which are necessary for the background equa-
tions (22) are

C= %2 —V —3HZ(1 — 24%A,),
Cx = —2H,(1 — 2¢%As),
Cn = —¢% — 12H,[H — Hy(1 — ¢*Ay)),
Cp = —6A20Hy, (49)

and those for the perturbations are

E=V=Cr=, Crx = —Cxx =1—2¢°As, Cor = —29° As,

DN | =

_ 129°A[2(1 — $°A5) H, — H]

C . . Cnk =4[(1 — 202 A2)Hy — (1 + ¢* Ag)H],
BN 254, NK = 4[(1 =207 As) Hy — (1 4 ¢" A) H|
: 24(H — Hy)?
Cnn =3(1+124,H2)¢? + 36(H — Hy)Hy — ————2— 50
NN = 3( 2 Hy)o ( v) Hy 2024, (50)
where [30]
R R L (51)
1— 24542
The background equations (22) are then given by
. . . 1.
602 Ao (Hy, — HHy) + 3(1 + 2¢% Ag)HE — §¢2 -V =0, (52)
. . . 1.
2(1 — 2% Ag)(Hy — HHy) + 5HE — 1092 Ay HE + §¢2 -V =0. (53)

Note that Ay = 0 recovers the Einstein equations in canonical inflation. While the system involves ¢ via Hp, by
virtue of the degeneracy conditions, it is equivalent to a system whose evolution is determined by initial data in a
single degree of freedom e.g. for the background, the position of the field in phase space (¢, ¢).

The first step in establishing this equivalence is to eliminate Hj, from (52) and (53) to obtain:

6(1 — 52 Ay + 60 A2V HZ — ¢?(1 4 ¢?As) — 2(1 — 5? A,)V = 0. (54)

Hence, there are two branches for Hy. In general, if A # const. we would have a term linear in Hj, but here, we
obtain simple positive and negative roots

H, :U\/¢2(1+¢2A2)—&—2(1—5(;'52A2)V7 -

6(1 — 52 Ay + 6¢*A2)
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where o = £1. Next, we choose one of the two branches of H, = Hy(¢, ¢) and take its time derivative Hy = Hy(¢, d, §).
Substituting H, = Hy(¢,¢) and Hy = Hy(¢, b, $) into (51) and either of (52) or (53), we obtain two equations for
H = H(¢, b, gb) Finally eliminating H from the two equations, we obtain an equation for ¢ = gb(gb (;S) governing the
evolution of the system from a point in phase space. From this evolution we can then define H = H (¢, qu) and other
background quantities which define the slow-roll parameters. Note that equations depend only on m?As if one rescales
time to mt. Hence, so long as m2'A2 is fixed, the relative evolution in mt is the same for various values of m with
only the amplitudes H « m and ¢ « m changing. Given the inflationary dynamics, we can check the condition (34)
for whether unitary gauge perturbations are well-defined. In our model,

Q = 6a®[—H, + > A2 (2H + 3H,)], (56)

which should be a finite value.

Even at the background level, this procedure produces novel behavior in phase space. First, not all phase space
positions are allowed, even for a positive potential, and allowed positions can evolve into or from disallowed regions.
For definiteness consider the quadratic potential V(¢) = m?¢?/2. With this potential, for both branches of Hj in
(55), H(¢, ) is singular at

14 ¢2 Ay — 994 A3 + 3¢5 A3 ' 1
b= + 9% A 9¢ 2+3¢ 2 or ﬂ:ii. (57)
m2A2(1 + 4¢2A2 — 15¢4A%) m 3m2A2

For instance, plugging % = ﬁ — 0 with an infinitesimal variable ¢ into H (¢, qb) and Taylor expanding around

6 = 0 yields
H _ asiam2ay-3/4, 1 — 32 a,q2 2 1/2
— 3 (m®Ay) 1 5™ Asp NG +O(6°), (58)

which is indeed singular at § = 0 for both ¢ = 41 branches so long as 1 — 2m2A ¢% #0. For 1 — 2m2A4,¢? > 0, the
Hubble parameter is real for the § > 0 side of the boundary, and imaginary for the é < 0 side. On the other hand
H = O(671) — +o0 on alternate sides of the ¢ values of the first case in (57).

Also, there are boundaries across which H(¢, gb) changes from real to complex value while remaining finite:

. o .
o= iﬂ M7 or ﬂ — i;, (59)
m\ —1+ 5¢2A, m 2m?2 Ay

where H,, is zero or singular respectively. For instance, pluggmg £ + 4 into H (¢, gb) and gb(gb gb) and Taylor

m \/m
expanding around ¢ = 0 yields
H  \2m?Ay¢ N 23/4(7 — 10m?Ay¢?)
m 1—2m2A29? " 3(m2A,)1/4\/1 — 2m2Ay¢?
¢ 21/4 > > \/»
— 3/4\/1—2m Asd20Vé + O(0). (60)

m2 ~ (m2Ay)

Vo + O(3),

2m2A
changes from real to complex value for both branches. Furthermore, as can be seen from the slope qﬁ/ b, the o = +1
trajectories form two halves of a parabola whose minimum intersects the boundary. Taylor expansion around another
boundary in (59) also has a similar structure.

Another interesting point is that the branches of Hy are not in general related by time reversal as they would be for
H in GR beyond the A; = const. case, where there would be terms linear in Hj, in (54). This means that for a given
initial position in the field phase space, evolution is not unique without specifying the branch choice for the metric.
This feature is shared by the class of galileon or G-inflation models as well [13, 46].

We take an example parameter set based on the following rough estimation. Proceeding backwards from the end of
inflation on the o = 41 branch when the field approaches the origin (¢, ¢/m) = (0,0), we see that since D-inflation
effects for the background scale as ¢2As,, the background field behaves close to the canonical model with ey &~ 2 /b2
and gb/ m &~ /2/3 on the slow-roll attractor. Thus for the canonical phase to last at least ~ 60 efolds, we require
¢ =~ 15 to be in the canonical phase. This phase is bounded at some maximum |¢| by encountering the first of

Therefore, for A, > 0 and 1 —2m?A3¢2 > 0, approaching the boundary % = \/j from the positive & side, H(¢, ¢)
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FIG. 1. Phase space portrait of the D-inflation model (48) with V' = m?¢?/2 and m? A, = 0.002 and branches o = +1 (left),
o = —1 (right). Shown are: general trajectories (blue arrows where H? > 0); main attractor trajectory (black) starting from
60 efolds before the end of inflation; regions with H > 0 (yellow), ez > 0 (blue) or both (green); curves with H singular (solid
red) or changing from real to complex (dashed red). The attractor trajectory inevitably crosses into a region where eg < 0
while spiraling around the origin after the end of inflation.

the boundaries (57) where H is singular. For small ¢/m this occurs at ¢ ~ +(m2A;)~'/2, and hence we require
|m2A2¢?| < 1 or m?>As < 1/15%. Thus, as an example, we set m? Ay = 0.002.

The phase space portrait for this set of parameters is depicted in Fig. 1 for both branches. Singularities in H
from (57) (red solid lines) separate the phase space into disconnected regions with regions where H > 0 (yellow),
ex > 0 (blue) or both (green) shaded. Trajectories (blue arrows) flowing from the boundary given by the first of
the conditions in (57) (curved solid red) with ez > 0 begin at H = 400, whereas with e < 0 begin in a collapsing
phase with H — —oo at the boundary but then bounces without a curvature singularity when H = 0 and becomes
an expanding phase H > 0 too rapidly to be resolved in Fig. 1. The same is true for trajectories flowing into the
boundaries but with reversed signs for H. Trajectories flowing from the boundary given by the second of the conditions
n (57) (horizontal solid red) originate from H = 400, whereas H is complex on the other side of the boundary.

From Fig. 1, we see several other novel features of this model. First, physical solutions do not exist for all possible
initial phase space points: there are regions where no real solution of H exists on either branch. This occurs outside
the boundaries (59) (dashed red, no trajectories), e.g. ¢ = ¢/m = 20.

Furthermore, some trajectories in the upper and lower disconnected regions of Fig. 1 appear to end at boundaries
across which H becomes complex by satisfying either the first (dashed red curves) or the second condition (horizontal
dashed red lines) in (59). Note that at these boundaries H is finite so that they do not represent curvature singularities.
In these cases, as mentioned below (60), the trajectories actually sharply turn so as to be tangent to the boundary at
intersection. At intersection, the two branches become degenerate and so solutions continue on the opposite branch,
forming a parabola around this point. In other words, trajectories staring on one branch bounce off the boundary
into the opposite branch so as to never enter the phase space region where only complex solutions exist. Additionally,
near this bounce the contracting solution H < 0 bounces to expansion H > 0 as well. This nonsingular bounce
is generally accompanied by a ghost or gradient instability in the scalar or tensor sector of unitary gauge. On the
other hand, the condition (34) for the well-definedness of unitary gauge perturbations is itself violated around bounce
solutions where the field transits a region where {2 = 0 or +00. In these cases, a covariant treatment or full numerical
solution is required to assess perturbation pathologies (see also [41]). For instance, on the second boundary of (59)
where Hy diverges at finite H, 0 = +o0o. Note that at this boundary, H, and the original higher-order equations of
motion (52), (53) appear discontinuous between the branches but when reduced to a second-order system, the two
branches of é(qb, ¢) join. This property is unique to degenerate models. Finally, there is also a novel feature that
some trajectories have the field roll up hill, but we shall see that in general these regions are associated with ghost or
gradient instability as well.

On the other hand, the trajectories in the central region of Fig. 1 for ¢ = +1 are similar to the canonical ones. Also
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25

FIG. 2. Phase space regions for the o = +1 branch where bserr/c2 > 0 (yellow), c¢2 > 0 (blue), or both (green), with general
trajectories (blue arrows) and attractor trajectory (black curve). The attractor trajectory inevitably crosses into a regime of
gradient instability when spiraling around the origin (see also Taylor expansions (63) and Fig. 3).

as in GR, trajectories start or end on singularities (solid red curves), albeit here at finite field values. This region
also exhibits an attractor solution which is visually apparent from the converging flows in Fig. 2. To isolate this
trajectory we numerically integrate the reduced evolution equation ¢ = ¢(¢,¢). For the initial condition, we adopt
(o, gb/m) = (20.3,—6) at t = 0, which is close to the intersection of the singularity and the attractor and rapidly
evolves onto the attractor. The numerical solution ¢ = ¢(t) on the attractor (black curve, the left panel of Fig. 1) is
shown for the 60 efolds before the end of inflation. Time ¢ is converted to efolds N by plugging the numerical solution
¢ = ¢(t) into the equation H = H (¢, ¢) and numerically integrating it. We place the zero point of efolds at the end of
inflation, i.e. ey = 1 at ' = 0. Note that N = 0 at (¢, ¢/m) ~ (1.0,—0.71) and N = —60 at (¢, d/m) ~ (20, —3.5).
During inflation on the attractor unitary gauge perturbations are well-defined since Q given in (56) is finite and
nonzero.

After inflation when N > 0, the attractor trajectory spirals around the origin and inevitably crosses into a region
of non-canonical behavior where ey < 0. We shall see next that this region is associated with gradient instabilities.

C. Perturbations

The central region of Fig. 1, with its attractor solution on the o = 41 branch, provides a potentially viable
inflationary regime and we therefore focus on it for the perturbation analysis. From the EFT coefficients (49), (50)
and their time derivatives, we can construct by, cs, by, ¢; and their associated slow-roll parameters. First, the tensor
sector is simple. From (39), by = 1 and ¢? = (1 — 2¢?A2)~! and hence the stability condition b; > 0 and ¢? > 0 for
the present case is satisfied if [¢/m| < (2m2Ay)~1/2 & 16 as it is in the central region.

The scalar sector, parameterized by bs and c,, is more complicated. Their explicit forms are too cumbersome to
provide here, but straightforward to obtain. In Fig. 2, we show the regions where egbs/c? > 0 (yellow), ¢2 > 0 (blue),
or both (green, instability free) near the attractor of the central region. Note that in our example these are invariant
for (¢, qb) — (-0, —(b) so we only display the lower right quadrant. The attractor itself (black line) remains in the
stable region from the end of inflation to ~ 60 efolds prior, but approaching it especially from small velocities may
require crossing from a region of gradient instability.

At reheating, trajectories spiral around the origin and cross ¢ = 0. Here the field will inevitably enter into an
unstable regime as we can analytically check as follows. For both branches of H, and a general potential, the Taylor
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FIG. 3. Behavior of ¢ (solid black) and bsegr/c? (dashed blue) and as a function of ¢/m near the origin at fixed ¢ = —0.3. At

q5 =0, ¢2 = +00 when approached from alternate sides. Similar behaviors can be observed for ¢ = 0.3. There exists gradient
instability near the origin, while no ghost instability.

expansions of H,/H and H around gb = 0 are given by

H = O'\/Z |:]. —0a1A2¢3+O(q52)] 5
v ¢? ”
- oY 1+ 2 o).

H= A;V [a% + 80a1q3 + (9((1)2)] ,
. . .2 .
Hy = _A;V0a1¢ -5 + 0(6%), (61)

where a1 = ,/%%. Note that the Taylor expansion of Hy does not include odd powers of qb since in our model

Hp in (55) is a function of $2. The leading order behavior of H is a constant as ¢ — 0 which vanishes if Ay — 0. In
our model, this is a positive constant so unlike a canonical field ey < 0 as ¢ — 0 as shown in Fig. 1.
Using (61), we can expand the sound speed and normalization as

o (H - Hy)(4H + Hy) — Hy

lim ¢

o0 ° 6(H — Hy)? !
20 .
= -1+ 0(4)],
s [1+0()]
lim bSEH _ 6(H—Hb)2
$s0 €2 H}? ’
= 6074367 [1+ 0()] . (62)

The normalization bsep /c? remains positive but approaches zero as qb — 0, while ¢? diverges in amplitude. Notice
that this divergence occurs even as Ay — 0, despite the fact that ¢ = 1 for Ay = 0, which indicates a discontinuous
limit. For the potential V(¢) = m?¢?/2,

2 1 — Aym?¢? .
lim ¢ = — SZT;TW{HO(M' (63)

Therefore, for both branches, near the origin where 1 — Aym?¢? > 0 is satisfied, the sign of ¢? is determined by
#/¢. Hence, for 0 = +1 branch, ¢2 — —oo at the first and third quadrants and ¢ — +oo in the second and fourth

quadrants, where the attractor originates. In the former, ¢ < 0 occurs only in a small neighborhood around (i) =0
as shown in Fig. 3.
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FIG. 4. Variation of eg, bs,c2, and corresponding slow-roll parameters 81, &s1, 01 along the attractor.

Furthermore, from (56),

i & = b= o[ [1+ 067, (69

and hence exactly at the origin (¢, ¢) = (0,0) of our model, the condition (34) is violated with Q = 0 and the unitary
gauge becomes ill-defined.

To avoid gradient instability and unitary gauge being ill-defined, we can relax the assumption that Ay = const.
and choose As(¢p, X) — 0 at the origin. Provided this occurs only for |¢|,|¢/m| < 1, the dynamics of perturbations
during inflation will not be affected.

Finally we can examine the evolution of bs and ¢? along the attractor during inflation. In Fig. 4 we show variation
of €x,bs,c2, and corresponding slow-roll parameters [7]

ldlnegyg _ dlInby dlnc,

0= §W—€H, §o1 = W’ Os1 = W’

(65)
along the attractor. They are defined based on the quadratic action (36) for (f , but as we mentioned above in our
model ¢ — ¢ evolves to zero so In A% = In Ag after inflation. Notice that while all remain perturbative, o4 in particular

can become moderately large around N' ~ —60 and moreover evolves on the several efold time scale.
Such cases can be treated in the optimized slow-roll (OSR) formalism [7, 35], where the slow-roll (SR) result for

the curvature power spectrum after inflation when E =(

mazl - ( 1 ) (66)

8m2bgcseq

is corrected by the slow-roll parameters

7

lnA2zlnA‘ ——eH— 51—5081

3o, (67)

and evaluated at freezeout where k || j?/ dN¢s/aH =~ e, contrary to k [ /Sf dNcs/aH =1 in the SR approximation.
These approximations are compared in Fig. 5 for the same k, where kg is the mode that freezes out at N' = —60
in OSR. Here we additionally choose m = 107° to fix the normalization of H in Planck units and hence that of Ag
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FIG. 5. The curvature power spectrum In Ag evaluated under the improved OSR approximation (67) (solid black) compared
with the SR approximation (dashed blue). ko represents the mode that freezes out in the OSR approximation at A/ = —60.

to be roughly compatible with observations. Notice that there is a significant running of the tilt pivoting around
k/ky ~ 10* or N' ~ —50 despite being far from the end of inflation and containing no features in the potential there.
In this region, the OSR and SR results differ in shape and OSR itself breaks down as an approximation for some
N < —60 where the corrections become order unity. The OSR approximation thus extends the regime of validity
for the calculation into the range —60 < A < —50, which is relevant for the CMB, and is useful in observationally
constraining D-inflation. We leave such a study and the construction of an observationally viable model to a future
work.

IV. CONCLUSION

In this work, we developed the EFT of inflation for a general Lagrangian constructed from ADM variables, which
encompasses the most general interactions with up to second derivatives of a scalar field whose background sponta-
neously breaks temporal diffeomorphism symmetry. The Ostrogradsky ghost usually implied by such higher-order
terms is eliminated by degeneracy conditions, leading to degenerate higher-order (or D-)inflation. We identify 8 types
of degeneracy conditions, one of which corresponds to known DHOST models. For the other cases, which include
curvature couplings not considered in DHOST, we provide necessary conditions for a covariant scalar-tensor theory
based on the dispersion relation of the quadratic action and leave a full assessment of their viability to future work.

Higher-order theories imply equations of motions that are higher than second order in the scalar field and typically
lead to an ill-posed Cauchy problem. The degeneracy conditions, which involve the metric as well, restores a well-
defined forwards or backwards evolution from initial field and field derivative data on a Cauchy surface but with novel
features.

We illustrate these features with an explicit example of D-inflation. First, not all field configurations lead to physical
solutions for the metric as illustrated by values where all solutions for the Hubble parameter become complex even for
positive potentials and timelike field gradients. Second, evolution is only uniquely defined up to a branch choice since
the same field configurations lead to distinct expansion histories that are not related by time reversal as they would
be in GR. This feature is present in Horndeski theory as well. Third, trajectories can sharply turn to avoid phase
space regions where real solutions fail to exist leading to highly complicated phase space portraits where contraction
can turn to expansion without encountering a curvature singularity. These bouncing solutions generally traverse
regions of ghost or gradient instabilities in unitary gauge but also cross coordinate singularities in defining its metric
perturbations (see also [41]). Finally, perturbations can go unstable even in the limit that the additional degenerate
terms in the Lagrangian are infinitesimal. In our example this occurs for curvature perturbations in the simplest
model of constant, but arbitrarily small, higher-order coefficients during reheating when the inflaton oscillates around
the minimum of its potential.

Our D-inflation model also has novel phenomenology. While the model possesses an attractor which leads to nearly
scale invariant fluctuations across a sufficient number of efolds of inflation, it also can produce substantial running of
the tilt on CMB scales despite having no features in the potential there and being far from the end of inflation. In
this case, EFT coefficients vary on the several efold timescale and require an approach that goes beyond the usual
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slow-roll formalism. We show that corrections captured by the optimized slow-roll approach extends the validity of
predictions into the large running regime of interest and should be useful in observational tests of the D-inflation
scenario.
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Appendix A: Degeneracy Conditions

We can determine the necessary conditions for degeneracy by examining the high k or high frequency limit of the
quadratic Lagrangian. We can then find the number of propagating modes and their dispersion relation by assuming
solutions of the form u(z,t) = u(k)e! @) where u = (6N, ¢, )T [29].

In the limit, we can neglect evolution on the Hubble time scale of the background and the EFT coeflicients up
to corrections of order (k/aH)?, which as we detail below is sufficient to establish degeneracy conditions for most
solutions and easily supplemented in the remaining ones. The quadratic Lagrangian (26) for scalars can be then
written as

1
Lo = iuTKu, (A1)
with the kinetic matrix
2 K2 2 ; K2 K2 cco k? | ca K2
cg +w?cg + cr0= wcy +iw (C4+C5af2>+08a—2 —wF oz + Sz
_ R 2 2 2 4 . 2 4
K= w202 — W <C4 + 055—2> + 08’;—2 w201 + 06’;—2 + 672—4 —zw%% + 012’;—4 . (AQ)
; o k? ; K2 K* E*
i WG gz T Cizga €11 gx

For nontrivial solutions of the equation of motion Ku = 0 to exist, we require det K = 0, which can be written as
k\* k\° k\° k\! k\°
frot + {fz () +fs () + f4} w® + f5 () +fo () + fr () =0, (A3)
a a a a a

fi=- (il - 011) (c1e3 — Cg),

where

9
fa = csleren — ciy) — 36307 - §0205012 — cEen,
fa= %6(0103 —c3) — (% - cll) (c1c10 — 2¢008 + c3c6 — 2¢4C5),
fa= (%1 - 011) (c2 — ¢c1c9),

fs = cio(crerr — ciy),

_ 2 1, 2 2
fo = co(crenn — i) + cocroc11 — 50407 + 50408012 — CgC11,
2

fr=cs <09011 - ;) . (A4)

In general, this is a fourth order system for w representing two propagating modes. To remove the second propagating
mode in unitary gauge, we demand f; = 0, for which there are several possibilities:

1. ¢z = c3/c1 or equivalently Cgp = 3C§ x/(3Ckxk + Cri). The kinetic terms organize into a single term for
¢ =(+ (c2/c1)dN, which is the propagating degree of freedom.
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2. ¢1 = ¢o = 0 or equivalently 3Cxx +Crx = Csx = 0. The kinetic term for ¢ vanishes and N is the propagating
degree of freedom.

3. c11 = ¢1/9 or equivalently Cxx = 0. The constraint equation for 1 eliminates the kinetic term for ¢ and §N is
again the propagating degree of freedom.

Below we shall consider each case in Appendix A 1, A2, A 3, respectively.

Furthermore, retaining a higher order in spatial derivatives (or k) compared with temporal derivatives (or w) in a
fully covariant theory corresponds to the reappearance of the second mode when changing the gauge. Therefore to
find covariant degeneracy conditions, we seek solutions of Eq. (A3) that correspond to a normal dispersion relation

w? = c2k%. The possible cases are:

a. fufr #0, others =0 = fyw? + fr(k/a)? = 0.
b. fafs # 0, others =0 = faw? + fs(k/a)? = 0.
c. fofs #0, others =0 = fow? + fs(k/a)? = 0.

There are several caveats regarding this technique that need to be borne in mind. Since we neglect Hubble scale
evolution, we work in the limit w >> H and since the ¢; coefficients generically carry a mass dimension M;" for some n;
and can vary on the Hubble time scale we assume ¢;/¢; ~ H < M; as well. Whereas the former condition corresponds
to csk/aH > 1 for a linear dispersion relation, the latter need not necessarily be small in practice. Since we are mainly
interested in this technique for deriving degeneracy conditions and the form of the dispersion relation, rather than
the exact coefficients in the dispersion relation, this technique suffices. The exception is when (csk/aH)~?2 corrections
spoil the form of the dispersion relation at csk/aH > 1. This can occur in the “a” case through corrections to fo
and f5 which can then dominate over the terms from f; and f7 which form the desired linear dispersion relation. For
the “b” case these corrections can change the coefficients but not the leading order form and for the “c” case, the
corrections from the other terms are entirely negligible for csk/aH > 1. We therefore further check for supplemental
degeneracy conditions in the “a” or f; f7 # 0 case. Note that since the coefficients in the dispersion relation can also
change in the “a” and “b” cases from those given by this static technique, the full quadratic Lagrangian should be
used to check for ghost and gradient instabilities in those cases.

We now consider the various kinetic structures 1, 2,3 and their degeneracy conditions under a, b, ¢ respectively. We
treat “la” in more detail as it serves both as an example of the technique and includes the known DHOST models.

1. c3 = cg/cl Case

Plugging c3 = c3/c; to (A4) we have f; = 0 and reduced forms for fo 7 which imply there is a single propagating
degree of freedom

(=C+ Z—jéN (A5)

in unitary gauge. The degeneracy classes a, b, c where this degree of freedom obeys a linear dispersion relation for
csk/aH > 1 are defined by the pair of f coefficients that remain non-zero. Therefore in each case, we have 5
degeneracy conditions between the various EFT coefficients represented by ¢; in the static limit. Case la can have
supplementary degeneracy conditions beyond the static limit as discussed above.

a. First, let us consider the case fyf7 # 0 and all other f’s zero. Requiring first that f5 = 0 leads to two branches
¢y = crcyy or c10 =0, (A6)

For each case, fo = f3 = fg = 0 should be satisfied. While in general f3 = 0 has two branches, since f; # 0
implies ¢11 # ¢1/9, only one solution remains

cfclo = 2¢1(cacs + cac5) — c%ce. (A7)

Also, fo =0 yields

02

1 2
cgcu + 50307 + gchsclg = 6—2(07011 — 0%2), (A8)
1
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and fg = 0 yields

1 2
69(07611 — 0%2) + cgC10C11 — cgcll - 56307 + 50408012 =0. (Ag)

These are the degeneracy conditions for the static, high & limit.

More generally, this “1a” case is subject to corrections which require supplementary degeneracy conditions as
described above. Using only the first condition c3 = ¢3/c1, the quadratic Lagrangian (26) reduces to

1 = . E2\ + 1 2\ k2 - 2\ k%~
Lo = 501C2 + (64 — T+ 05(12> (ON + 3 (Cﬁ + 07(12) (72(2 + <08 — cgT — C7Qja2> ECCSN
2

- msN)] . (AL0)

1 /. - k2 2k4 9 1 k4 2 k2 Cl * Cq — Clilﬂ k
t3 <09 tlo g torw a4> ON* + icllgdj + ajlb [3C + T(;N ten g

where x = cp/cp and

59 =9+ é4$ + Cli2 - C4’i3,

¢10 = c10 + (é5 — 2Hes — 2c8)x + cex? — csi. (A11)

Potentially problematic terms are those where the fields have time derivatives and the coefficients carry additional
factors of k?/a®. In the static limit, these terms are arranged to cancel, but beyond the static limit the
time-variation of the coeflicients breaks this degeneracy relation and changes the dispersion relation even for

csk/aH > 1. The only term of this form is ¢5(k/a)2C6N. Therefore c5 = 0 is sufficient as a supplemental
degeneracy condition to ensure a linear dispersion relation for the the single propagating degree of freedom (.
This condition may be generalized to nonvanishing c; but would then involve tuning between c5, a and the other
¢; coefficients. Due to the appearance of the scale factor a in the generalized degeneracy condition this tuning
is unlikely to be preserved in a fully covariant scalar-tensor theory. We therefore take c5 = 0 and the complete
set of degeneracy conditions for case la has two branches

2 2
. Ca 2 2 2 2 9c3 2
i) c3= = €1y = €7C11, C€1C10 = 2¢1Cacs — C5C,  CHC7 = 6—(07011 —¢s),
1 1
2 > 1z, 2 —0 —0 A12
co(crerr — ¢y) + Ccc10€11 — CgC11 — gcacr + geacscz =0, s =0, (A12)
2 2
.. 2 2 2 9c3 2
i) e3=-—=, c10=0, 2cicacg —c5c6=0, c3c7=—=(crc11 — ciy),
C1 C1
2 2 Lo 2 =0 =0 A13
co(crenn — i) + cocroci — CgCi1 — §C4C7 + 56408012 =0, ¢=0U ( )

With this complete set of degeneracy conditions, one can explicitly verify that the Euler-Lagrange equations
that result from Eq. (A10) describe a single propagating degree of freedom ¢ with a linear dispersion relation
at csk/aH > 1.

While the degeneracy conditions in Eq. (A12) or (A13) are complete, they allow for a variety of ways that the
EFT coefficients can satisfy them. To make the connection with DHOST models, we can further examine these
explicit solutions. For instance, for la-i we can have

2 2
c 2c1cac8 — C5¢
2 1C2C8 2C6
c3=—, G=cg=cn=c2=0, cpo=—"73—"—, (A14)
€1 cy
or
2 2
c CoC cs5e
2 2C6 2C6
c3=—=, cs=cr=c12=0, cg=——, c10=—"5, (A15)
c1 C1 1
and for la-ii
2 2 2 2
c 2c1c c c cycr — 3cge + cicrc
2 1C8 1 12 (cacr 8C12) 1C7Cy
cg=—, c=c0=0, ¢= , Cl1=—+—=, = : (A16)

c1 Co 9 ' ¢ c1c2
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Models where ¢;; = 0 on the (A15) branch are also members of the (A14) branch. On the other hand the
conditions cg = cacg/c1, ¢10 = 0 (c19 = c3c6/c3, c5 = 0) must be satisfied for any model on the (A15) branch,
including those that are part of the (A14) branch. As pointed out by Ref. [29], this presents a problem if one
wants to recover Newtonian gravity for non-relativistic matter. Since these conditions and c¢7 = 0 zero out the
k2CSN and k*0N? terms in (A10), the Euler-Lagrange equation for 6 NV which usually provides a source to the
Poisson equation through the matter density is absent on this branch. Instead the k2C~ term in its equation of

motion comes from its own Euler-Lagrange equation and has a source in matter pressure. For this reason, in the
main text we focus on the (A14) branch. This branch also includes the 2N-I/Ia class of DHOST models [29].

The case la-i with (A14) or (A15) corresponds to DHOST class I or II, respectively, and the latter was known
to suffer from gradient instability. On the other hand, the case la-ii with (A16) is not included in DHOST

theories, as it requires ¢; # 0, namely 8Cgrg + 3Crr # 0, which can originate from the existence of the quadratic
curvature terms in the covariant Lagrangian.

. Next, we consider f3fg # 0 and all other f’s zero. By following the same procedure as in case la, we obtain the
following four sets of degeneracy conditions

2
c
. 2 2 2 2
i) c3 = Pt ciy = C7C11, cy =c9g =0, 9cic11 + 6cacscin + caer = 0,
1
C% 2 0421 2 2
1) c3 = o cls = crc11, ¢ =0, cg = o 9csci1 + 6cacsciz + caer =0,
1 1
2 2
) 2 2 9c3 2
i) ez = o o= 0, cs =cg =0, 9cic11 + 6eacsera + c5er = 0—(07611 —cls),
1 1
2 2 2
. ) 4 2 2 9c3 2
iv) 3=, Cl0= 0, ce =0, cg = e 9cic11 + Geacsera + c5er = 6—(07011 —ciy). (A7)
1 1 1

In this case, corrections beyond the static approximation can change the coefficients of the dispersion relation
at ¢sk/aH > 1 but not the form and so these provide the complete conditions.

Note that the above branch is not included in DHOST theories. While (A14) and (A15) should satisfy c3 = ¢3 /¢,
cs = c¢r = c12 = 0, ¢190 = (2¢109¢8 — 0306)/0%, the above branch satisfies the degeneracy without requiring
¢s,C7,c12 to be vanishing. By definition ¢7 and c¢j2 are nonvanishing in the presence of quadratic curvature

terms, whereas cs is nonvanishing if Lagrangian includes terms such as ((4)R + D(;S) . Also, i) and i) does not
require any condition on ¢jg, and 4i7) and v) requires a different condition ¢;9 = 0 which can be satisfied with
2c1cac8 — i # 0 as cg does not appear in the degeneracy conditions and hence is a free parameter.

. Finally, we consider fsfs # 0 and all other f’s zero. This leads to six possible cases

2
3 - 02 . - - C1 2
i) e3=-—, ca=cy=0, 11 = —, CeC10 = Cg,
C1 9
2
. Cy C1Cg CaCg
i) c3=—=, cg=c9=0, 6= —, clo=—,
C1 C2 C1
cg CZ c1 3cac1a
ZZ’L) Cc3 = —, Ce = Oa Cg = —, 11 = —, g = )
C1 C1 9 C1
2 2 2
) _ _ 0 o G _ 2(cacg + cycs) o Ci 9 2 1
i) c3=-—=, c=0,c9=—, o= ———", ¢3¢ = —(crenn — ¢1y) +ca | sescia — —cacr |,
C1 C1 C1 C1 3 9
2
c5 c1 9 1 9 2 1
v) c3=—=, ¢=0¢c1=—, cricg = cg | —c1cr —cig | +cq | segerz — —eqcr | =0,
1 9 9 3 9
2 2 2
. _ o o ~ (c1c8 — 3cqcr2) A
U’L) 3=—, C=—,C1= -, CCio=—"""3 - ( 18)
c1 c1 9 ci

Again, note that this branch is not included in DHOST theories as the DHOST conditions ¢3 = ¢3/c1, ¢5 =
cr =c12 =0, c10 = (2c1c208 — c3cg)/c3 are not satisfied in general. Clearly, the conditions i), i) do not include
¢, C7, C12; the condition 4ii) does not include c¢s, ¢7, ¢1p; the condition v) does not include ¢, ¢1p; and the
condition vi) does not include ¢s5, ¢7. Also, the condition iv) as well as i), ii), vi) require different conditions
on c¢19 which do not coincide with the DHOST condition in general.
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2. c1 =cy =0 Case

In case 2, ¢c; = ¢ = 0 and the kinetic term for ¢ vanishes leaving f; = 0 and dN as the propagating degree of
freedom. Since models where § N and not ( is propagating are unlikely to recover Newtonian gravity, we include this
case for completeness and pedagogical interest.

a. Let us begin with the case fyf7 # 0 and all other f’s zero. In this case we must again check for corrections to the
dispersion relation beyond the static limit. Using only the condition ¢; = ¢y = 0, the quadratic Lagrangian (26)
reduces to

1 . k2N .
Lo = 7035N2 +lecs+e5— | (ON
2 a?

1 k2 EYN k2 1 k2 9

+ 5 <06a2 + C7a4) C + Cg;C(SN + § (Cg + Cloa2) ON
1 kK, cy k2 I

+5en gi/) + (3@26N + Clng . (A19)

Here, again, the problematic term is ¢5(k/ a)QédN , and hence we impose ¢5 = 0 as a supplemental degeneracy

condition.

Requiring fo = f3 = f5 = fg = 0 leads to four possible cases

Z) ci=c2=0, c5=rc10=0, c3 =0, 909(6%2 — 67011) + 903611 + CZC7 — bcycgeio =0,
ZZ) Cl = Cy = 07 Cy = C10 = 6%2 — C7C11 = O7 Ce = 0, 96?5611 —+ 8267 — 60468612 = O,

1) c1=c3=0, c¢5= C%Q —c7c11 =0, c3 =0, 9cgciocin — 90%(:11 — 0307 + 6c4cgcio =0,

w) c=c=0, c5= 0?2 —cre; =0, cg =0, 903011 + 0?107 — 6eacgern = 0. (A20)

b. Next we consider the case f3fs # 0 and all other f’s zero. Requiring fy, = fr = 0 under f3 = ¢11(c3c6—2c4c5) # 0
allows ¢4 = cg = 0 only. By further requiring fo = f5 = 0, we obtain three possible cases

. 2 2

’L) Cl = Cy = 0, Cq4 = C9g = 0, C10 — 03(07611 — 612) — C5C11 = 0,

- 2

1) c1 =co =0, g =c9g =0, cs = iy — c7c11 = 0,

’LZZ) Cl = Cy = 0, Cq4 = C9g = 0, C11 = C12 = 0. (A21)

c. Finally, we consider faf5 # 0 and all other f’s zero. This leads to five possible cases

i) c1 =co =0, cy =cg =0, c3 =0, C6C10 — Cg =0,

ZZ) Cl = C2 = O, Cq4 = Cg = 0, Ce = O7 011(66010 - 052;) = O,

) c1=cy =0, 4 =c9g =0, c11 =0,

i) c1 =co =0, ¢y =cg=0, co(crery — 1) — caerr = 0,

’U) Cl = Cy = 0, Cg = C11 = 0, 9090%2 + 0207 — 60468012 =0. (A22)

3. c11 =c1/9 Case

Finally we consider the case 3 where ¢;; = ¢1/9. Here the Euler-Lagrange equation for ¢ provides a contribution
that cancels the kinetic term for ¢, and 6N is again the propagating degree of freedom. As in case 2, this case is
unlikely to provide viable theories of gravity. While generally we expect 5 static degeneracy conditions, in this case
there are fewer since some of the f terms are identically zero once other degeneracy conditions are applied.

a. The f4f7 # 0 branch does not exist since ¢;; = ¢;/9 implies f4 = 0.
b. Next, for f3fs # 0, requiring that additionally fo = f5 = fr = 0 leads to two possible cases

. ! 2 _ c1¢2 + 6cgescra + 9ezcds B
i) €11 = -, ¢y = cicg, cr = p— ) c1p =0,
163 — Co

2 2

. c1 9 cicg + 6cacsera + 9csciy

1) c11 = 9 ¢ = cic9, cr = p— , c1c5 + 3cgcia = 0. (A23)
163 — Co
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c. Finally f5f5 # 0 leads to two possible cases

. G 2 2 2 2
Z) C11 = 5, Cy = C1Cyg, Cy = C1C3, 01(06010 - Cs) + 6cacgcia — 9egeiy = 0,
2 2
.. C1 66408612 — C1Cg — C4C7
1) 11 = —, ce =0, cg = — 5 . (A24)
9 cicr — 9ciy

Appendix B: Relationship to literature

Our approach is most similar to Ref. [29] and in this Appendix we make the explicit connection to that work and
discuss the differences. First some of the terms in Ref. [29] take a superficially different form that is related to ours
through integration by parts. Up to a total derivative

. L 3 B - - -
N\/ECKRéKJZéRZ ~ % l(CKR + HCKR) ({:QE(SR-‘F 52R> 4+ CrgrOROK + HCxkrONOR]| (Bl)

and hence we can rewrite our quadratic Lagrangian (23) in the form of Eq. (1.2) of [29] expose the difference between
the two

5Ly ~ —a®Cy [6N (51\/E> - 5Ni5N,11

Cl3
3 : 1 5 15 i i 1~
+a CﬁRélRéN + §CRR51R + §CRR61RJ»(51R1- + (Cxr + §CKR 0KNLR| . <B2)

The quadratic Lagrangian (23) thus contains terms that differ from Eq. (1.2) of [29]. Since the first term in (B2) has
0N or 6N ;, it is nonvanishing only for scalar perturbations. For scalar perturbation, it can be expressed up to a total
derivative as

a3 a?

: o
—a®Cs l(SN <51\/E> + 6Ni6N7i1 ~ —a®Cs <3g - M) SN
= —a’Cs(6K + 3HSN)SN, (B3)

which can be absorbed into the ap and ax terms in Eq. (1.2) of [29]. On the other hand, the third line of (B2) is
not considered in [29] as these terms have derivatives higher than second order in total. If we assume these terms are
vanishing by imposing

B 1-
Csr =Crr =Crr =CkgRr + §CKR =0, (B4)

we have ¢5 = ¢; = ¢12 = 0 in (27). These conditions hold in the la degeneracy subclasses defined by Eq. (A14) and
(A15). Ref. [29] considered only these cases. They furthermore assume ¢ « t and so their

_ 9
v=-%p (B5)

vanishes in the background ¥V = 0 or 8 = 0 in our notation. Generalizing this does not change the functional form
of their Lagrangian, just the mapping between the scalar field and ADM representations and so we retain 8 # 0
in the correspondences below. Note that if a field redefinition ¢ o t(¢) is performed instead after solving for the
background ¢(t), which alternately reestablishes the generality of their expressions, then the DHOST coefficients must
correspondingly be redefined (cf. [30] v2).

In summary, in the subclass of (B4), the quadratic Lagrangian (23) for scalar perturbation takes the same functional
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form as Eq. (1.2) of [29] with the correspondence

M? = Ckg,
1 2 2 (a®Cg)  (a®Can)"  (a®BCpp)
1e%% H2Crr ( Cn +CnN—28Csn + 5°Csp + e pE + e 6HCg |,
_ Cnx—BCsr —Cp
ap = =
2HCk i
2Cr +Cxr + HCkr
o = = - ]-7
Crkk
2(Cnr+Cr) + HCkr
g = 5 - 17
Crxk
3 (Ckk )
or=—(=——+1],
t 2 (CKK
C
/81 = *'ﬁK )
20k K
C
62 = ~ﬁB )
Crkk
2C,,
B3 ==—. (B6)
Crkk

Equivalently, the inverse correspondence between notations for the subclass (B4) is given by

2
a 3¢ = —6M2(1 +ar), a3co =6M?*B1, a3c3=M?By, a 3cio=M?Bs, a 3cin = —§M2aL, (B7)

and
L 3 2
0= —30 = —2HM*(1+ ap + ar),
1 1
U= za_ch = §M2(1 + ar),
1 1
2= za_:a(:g = §M2(1 +an),
®=a""cog = H* M’ — 6(1 4+ ar) — 12ap] + 6a° (a*>M>Hp, )" . (B8)

with c5, ¢7, ¢12 vanishing in this class.
With these relations we can also translate the degeneracy conditions Eqgs. (2.15), (2.16) of [29]:

Cr: ap=0, Bo=-68], B3=-2812(14an)+pBi(l+ar)], (B9)
2 2
CH : ﬁl :—(1+04L)1—:_ZI;7 522—6(1+04L)m, 5322%, (BIO)

into our notation to confirm that their C; and Cyy correspond to (A14) and (A15), respectively. The Lagrangian for
¢ in (36) is equivalent to Eq. (4.8) of [29] for C;.
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