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Gravitational lensing of the microwave background by the intervening dark matter mainly arises
from large-angle fluctuations in the projected gravitational potential and hence offers a unique
opportunity to study the physics of the dark sector at large scales. Studies with surveys that cover
greater than a percent of the sky will require techniques that incorporate the curvature of the sky. We
lay the groundwork for these studies by deriving the full sky minimum variance quadratic estimators
of the lensing potential from the CMB temperature and polarization fields. We also present a general
technique for constructing these estimators, with harmonic space convolutions replaced by real space
products, that is appropriate for both the full sky limit and the flat sky approximation. This also
extends previous treatments to include estimators involving the temperature-polarization cross-
correlation and should be useful for next generation experiments in which most of the additional
information from polarization comes from this channel due to sensitivity limitations.

I. INTRODUCTION

Weak gravitational lensing of the microwave background anisotropies offers a unique opportunity to study the dark
matter and energy distribution at intermediate redshifts and large scales. In addition to producing modifications
in the CMB temperature and polarization power spectra [, 2], lensing of the CMB fields produces higher-order
correlations between the multipole moments |3, 4]. Quadratic combinations of the CMB fields can be used to form
estimators of the projected gravitational potential, and therefore of the projected mass [, Ifl]. The minimum variance
quadratic estimator can in principle map the projected mass on large angular scales out to multipole moments of
L ~ 102 |4, |§] and contains nearly all of the information in the higher moments of the lensed temperature field [9].
Substantially more information lies in the lensed polarization fields allowing high signal-to-noise lensing reconstruction
and extending the angular resolution out to L ~ 103 [1(].

Lensing reconstruction techniques involving the polarization fields have previously only been developed for small
surveys where the sky can be taken to be approximately flat. Since lensing is intrinsically most sensitive to the
projected potential at L < 102 or several degrees on the sky, a treatment incorporating the curvature of the sky
is desirable. In fact it is necessary for its application in removing the lensing contaminant to gravitational wave
polarization |10, [11l, [12] across large regions of the sky.

We present a concise treatment of the effect of gravitational lensing on CMB temperature and polarization harmonics
in Sect. [l We construct the full sky quadratic estimators of the lensing potential and compare their noise properties
to that for the flat sky expressions in Sect. [Tl We provide an efficient algorithm for the construction of all estimators
in Sect. [Vl We derive the flat sky limits of the estimators and draw the connection to results in [L(] in Sect. M We
summarize some useful properties of spin-weighted functions in Appendix [Al

II. CMB LENSING IN MULTIPOLE SPACE

In this section, we give a pedagogical but concise derivation of the lensing effect on the CMB temperature and
polarization fields on the sphere |13, [14]. We emphasize the connections between the formalism using spin-weighted
spherical harmonics [15] and a tensorial approach [16] which will be useful for the lensing reconstruction in the
following sections.
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The temperature perturbation is characterized by a scalar function ©(n) = AT (n)/T, whose harmonic transform
is given by

O(r) =) O"Y"(n). (1)

lm

The polarization anisotropy of the microwave background is characterized by a traceless, symmetric rank 2 tensor,
which can be represented as (e.g. [16])

Pij = +2A(M)mym; + 2 A(R)m;m;, (2)
where we have defined the complex Stokes parameters 12 A according to
AR) = Q) +iU(R). (3)

The spin projection vectors are given with respect to the measurement basis (é1, é2) by

[é1 +iéy), (4)

[N}

= = [é1—iéd], (5)

V2

and form an eigenbasis under local rotations of basis vectors (see Appendix[Al). In spherical polar coordinates, é; = €y
and é; = é,. Under a local, right-handed rotation of the basis (€1, é2) by an angle ¢, the complex Stokes parameters
+2A(R) acquire a phase eT2/%. They act as spin-2 functions, with a corresponding harmonic transform in terms of
spin-weighted spherical harmonics [1'1] given by [17]

2 A(R) =Y L AT Y (R). (6)

lm

A lens with a projected potential ¢(f2) maps the temperature and polarization anisotropies according to |2, 13, 18]

o) = O +Ve(n)
= O(n) + Vig(n)V'O(n) + O(¢°), (7)
Pij(n) = P, n+ Vo(n))

i
= Pi;(R) + Vid(R)V* Py (R) + O(¢7), (8)
where tildes denote the unlensed fields. In the case of a weak gravitational field under consideration, lensing potential
¢ is obtained by a line-of-sight projection of the gravitational potential,

L X =ns) g0 o
o(n) = 2/dnx(ns)x(n)\p(x 1) ©)

where 7 is the conformal time, 7, is the epoch of last scattering and x is the angular diameter distance in comoving
coordinates.

Taking the harmonic transform of Eqn. (@), one readily shows that the the change to the temperature moments
5O = O — O™ are given by [19]

5O & > N eren I, (10)
LM V'm!
with Ifﬁf‘/[’”/ denoting the integral
I — /dmflm*viyyviy;”’. (11)

The integral can be performed analytically to yield

mMm/' m l LU
lLi\’4 = (_1) ( -m M m/) OELl’a (12)



with the general definition

167 +s 0 Fs

The multipole expansion for the polarization fields proceeds by noting that 1o A(n) are the spin £2 components
of the polarization tensor P;;. Since the contraction with the spin projection vectors m*'m’ projects out the spin 2
piece of a symmetric tensor, the change in the complex Stokes parameters is given by

§[2A(R)] = mimIsPy;
mimi [vk'ﬁij(m} [VE(n)]. (14)

Q

 in the above. We denote the
product m'm/V;P;; using a spin-gradient derivative D; (see Eq. [AIJ), and write the lensing contribution as

The expression for the contribution to _sA(7) is obtained by replacing m® by m

§ [+2A(R)] & D'¢(R)D;[12A(R)). (15)

This relationship was given in [13] with the shorthand convention D; — V,; corresponding to the action of covariant
derivatives on the spin components of symmetric trace free tensors given in Eqn. (BT [14, [17]. Expanding ¢ and
124 in spin-weighted spherical harmonics and evaluating the inner product of their gradients using Eqn. (AI8), we
obtain the lensing corrections

Sle2AP"] & Y Y o o AP o I (16)
LM U'm!
where we define
LI = (-1) < o M m ) I (17)

We will be interested in the lensing expressions for the rotationally invariant combinations

1
E" = 3 [+2A]" + 2 A7"], (18)
m 1 m m
B" = % [+2A7" — —2A]"], (19)

which are the curl-free (“E-mode”) and gradient-free (“B-mode”) components of the polarization field. From the
expressions () and ([[H), we find the general expression for a lensed multipole moment to be

SX[M A Y Y e (-1m ( oL ) sx FiLy [equXz’fn/ + ﬁll’LXlr’n/} ; (20)

!
e i m —m M

where X" may be multipole moments of ©, E, or B, and

1+(_1)L+l+l'
wr = —— 5
1—(—1 LA141
Bui = + (21)

ensure that the associated terms are nonzero only when L + [+ [’ is even or odd, respectively. X denotes the parity
complement of X, ie. ©=0, F=—-B, B=F.

III. QUADRATIC ESTIMATORS

Lensing of the CMB fields mixes different multipoles through the convolution (20), and therefore correlates modes
across a band determined by the power in the deflection angles [13]. The unlensed CMB fields X" are assumed to



be Gaussian and statistically isotropic, so that the statistical properties are characterized by diagonal covariances or
power spectra

(X7 XY = Sy S CFX (22)

The assumption of parity invariance implies that C’PB = C~'ZEB = 0. The lensing potential is also assumed to be
statistically isotropic so that

l(l + 1)< ¢l’ > - 6”’ mm’cl . (23)

where we have multiplied through by I(I 4+ 1) to reflect the weighting of deflection angles.
It follows then that the lensed fields on the sky X" are also statistically isotropic with power spectra

(X XY = 81 S O (24)

Since X" denotes the measured fields, the power spectra contain all sources to the variance, including detector noise.
Detector noise will be taken to be homogeneous, with power spectra given by [20]

A 2
C@@} _ © lUH1)0 /810 2
l noise TCMB ’
Ao \° >
EE _ BB _ o 1(14+1) 03w /81n 2
Ol ‘noise - Ol ‘noise - <TCMB) € ) (25)

where Ag and Ap characterize detector noise, and fpwyn is the FWHM of the beam. We employ the specifications
of a nearly ideal reference experiment, with Ag = 1uK-arcmin, Ap = v/2uK-arcmin, and fpwuy = 4’ (see [10] for
an exploration of noise properties).

If we instead consider an ensemble of CMB fields lensed by a fized deflection field, the multipole covariance acquires
off-diagonal terms of the form

(@b

- Z(_l)M (Tln n{/ _11;\4 ) fitv oL (26)

LM

lens

where the subscript indicates that we consider a fixed lensing field. f};, are weights for the different quadratic pairs
denoted by «, given by

Xab ~ba Xab ~ab
T, = safliLiy [61112L01a2 +6l1l2L012a} + o Fonn [61112L0ﬁ - 6l1l2LOﬁ} , (27)

where s, and s, are the spins of the a and b fields respectively. Specific forms for the six quadratic pairs are given in
Table [l

@ fzofug

©6 Cll oFi,L1, -|-C'l2 oFi, 11y
OF Ch 2F, i, + Olg oF1, 11, even
EE| CF PF oy Fn, + C’l2 2F1, 11y, even
OB ’LC’Z1 2Fl2Ll17 odd

EB|i [éf%mul — CPByF, 1, , 0dd
BB C’ﬁBzezul + C’ngleLlQ, even

TABLE I: Functional forms for f;},,. “Even” and “odd” indicate that the functions are non-zero only when L+ 11 +[2 is even
or odd, respectively.

Because ¢}/ is itself a zero mean field, the two-point correlations (aJ® ﬁl/) taken over the ensemble would vanish. In
a given realization, we can however construct an estimator for the deflections as a weighted sum over multipole pairs,
and find weights that minimize the variance of the estimator. We write a general weighted sum of multipole pairs as

l L
daM 2 o7 L mlbm2, 28
L mz Z <m1 ™ _M>gl1l2( Jag, by (28)

limy lama



where a;* and b} are lensed CMB fields, and « simply denotes the specific choice of a and b. The minimum variance
estimator is obtained by finding the weights g*; (L) that minimizes the Gaussian variance (doM* g}y subject to the
constraint

‘lenb Vv L + 1 ¢L (29)

The filter takes the form
Caacbb loltzb ( 1)L+l1+l2cabcab ZO;ill
CﬁanGClblelbzb - (CﬁbCl”‘;b) ’

i, (L) = (30)

with constraint ([29) satisfied with normalization

—1
A% = L(L + 1 2L + 1 {Z glllg fllle} . (31)

l1l2

Note that for a = b,

i (L) — (;flg (32)
and for C® =0 (e.g., for OB or EB),
9, (L) — Cfé:féﬁ;b (33)
The Gaussian noise covariance
@ dP ) = o pdaar [CFF + NG| (34)
is given by
Nt o AL S ) [opectish (1) + (-1 pacied, )] ). (35)
LIL+ 1)L +1) & 7hts 12 Ity 2 Jlaly

with a = (ab), f = (cd). For o = (3, the above reduces simply to Np* = A¢.
Following the treatment of the flat sky case in [L0], we form a minimum variance estimator out of the measured
quadratic pairs according to

d™ = " w (L)}, (36)

with variance
1
N o5 (37)
Zaﬁ (NL )

and weights

@ mv —1\a8

w(L) = Ny (N;H™ (38)
B

We will hereafter ignore contributions from the BB estimator, since the primordial contributions to the B-mode power
spectrum is expected to be small on scales where the lensed multipoles are employed.

We plot the noise power spectra for the five estimators, as well as the minimum variance estimator, in Fig. [,
assuming the noise properties of the reference experiment. Fig. Pl shows fractional differences between the noise in flat
sky estimators derived in [10] and the noise in full sky estimators, defined as SN¢/N¢ = (N80 _ ey /el
Because most of the information comes from multipole pairs at high multipole moments, the flat sky expressions
deviate at less than ~ 1% for L > 200, mainly in the direction of overestimating the noise.
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FIG. 1: Deflection and noise power spectra for the quadratic and minimum variance estimators, assuming the noise properties
of the reference experiment (Ae = 1pK-arcmin; Ap = \/iuK-arcmin; OrwHaM = 4’) and a fiducial ACDM cosmology with with
parameters Q. = 0.3, Q3 = 0.05, Qx = 0.65, h =0.65, n =1, 6y = 4.2 x 107° and no gravitational waves.

IV. EFFICIENT ESTIMATORS

The quadratic estimators involve both filtering and convolution in harmonic space. It is useful in practice to
express the convolution as a product of the fields in angular space. The estimators can then be constructed using fast
harmonic transform algorithms [21,, 22]. To simplify the construction of the estimators we will assume CPP < CFF
as is appropriate for the standard cosmology. Aside from the EB estimator, derived in [10] under the flat sky
approximation, the angular space estimators involving polarization are new to this work.

Generalizing the construction in [d] for the ©O estimator, consider the fact that lensing correlates the (lensed)
temperature and polarization fields to the their (unlensed) angular gradients. We show in Appendix [A] that the
all-sky analog to the gradient operation on a spin-s field is 9; — D;. The quadratic estimator is then built out of the
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FIG. 2: Fractional differences 0 N1, /N between the noise in the flat sky and full sky estimators, calculated for the reference
experiment.



general operation on two fields X (n) and Y ()
P[X(n),Y(n)] = ~D'[X () DY (R))]. (39)
The properly normalized estimators then take the form

a
jaM _ A

d*y NS drY " (R)e® (), (40)
where
¢%®(n) = PloAe,04o6)] ,
€O () = 5 (Pl12Ar, 2Aos] + Plec]) + PloAo, 0Are]
&quzégww&&_ybd+PW®,
eEE(ﬁ)::%(PLQAE,_W4EE]+Iﬂcd),
€7 (h) = 2 (PliaAip, 2Aps] + Plec) | (1)

where cc denotes the operation with the complex conjugates of the fields and the filtered fields themselves are given
by the general prescription

Axr () =S S xp v 42
+s Xy(n)_ZOXX 1 +siy (’I’L) ( )

We omit the « = BB estimator under the assumption that the unlensed B-power is small at high multipoles.
It is straightforward to verify that all of the estimators are the same as the harmonic space ones d*¥ = d*¥ with
AT = A} except for OF. Here the weights on the multipole combination are

~OF fllle
= Il 43
Itz = cOO CEE “3)

and are slightly non-optimal. Furthermore Np #+ A, and they must be calculated separately. However a direct
calculation of the noise spectrum through Eqn. @H) shows that the differences are less than 1%, and essentially
indistinguishable from the optimal estimator (see Fig. Bl).

These estimators may therefore be used in place of a direct multipole summation for efficient lens reconstruction.
The gradient operations in Eqn. (B3 are efficiently evaluated in harmonic space since their action on spin harmonics
simply raises and lowers the spin index in accordance with Eqn. (A17).

V. FLAT-SKY APPROXIMATION

The all-sky estimators reduce to the flat sky estimators, based on Fourier harmonics of the fields in the small angle
limit. Here we explicitly show this correspondence.
The full sky harmonics in multipole space (I, m) are related to the flat sky harmonics in Fourier space I = [ cos ¢; &+

Isin ¢y by [13, 23]
4m —m ym im
):1/2l+122 Xrelmon, (44)
Rewriting Eq. ([28) using the above,

. lh 1 L
d*(L M 1M¢L mi+meo « L 1 2
0~ e e S S g (B L)

llml lzTTLQ

(201 + 1)(2l2 + 1) dor d¢2 omimady y—imada
8 \/ (2L +1) / or 27 a(l)b(lz). (45)
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FIG. 3: Fractional difference between the approximate and the optimal ©OF estimators, defined as éNr/Np = (N;PP"o —
sztimal)/sztimal‘

To go further, we can utilize the approximation [13]

ll L ZQ _ ll L l2 % COS2(¢Z2—¢)11), L—I—ll—l—lgzeven, (46)
2 0 —2 000 isin2(¢y, — d1,), L+ + 1o = odd,

with the trigonometric functions defined through the cosine and sine rules, and the 3 — j symbol on the rhs for the
odd case represents a continuation of the analytic expression for the even case

1/2
o by L\ _ (e (4)! {(z — 20)!(L = 20)1( — 21! a7)
000 (E—ta) (& =) (§—1)! (1 +1)! ’
where l =1, + I + 1.
Furthermore in the limit l1,lo, L > 1,
1
B [LIL+1)+l(a+1)— L1 +1)]~=L-1y (48)
and so we may absorb the geometric factors in ;Fj, 11, as
L+ 1)L+ 1)20+1) ({14 15 L =
sF ~ sF . 49
L Ll \/ = 00 0 I Ll (49)
with
1, s=0,
sFiiri, = L-la X cos2(éy, —é1,), s=2,L+11+ Il =even,
isin2(¢y, — ¢r,), s=2,L+1 +1s=o0dd,
(50)
The approximations for f7;, and gj;, (L) can likewise be written as
o N CL+1)2L+1)2l+1) (14 1o L\ =
fllle ~ 47T O O O fllLl27
o QL+1)2L+1)2la+1) (13 1o LY _o
9111, (L) =~ \/ I 00 0 91,1, (L), (51)
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where fﬁ Lis and ai, (L) are defined as the unbarred quantities with ;F, ;, replaced by SF'll Li,- We also list two
relations which will prove useful:

ll ZQ L ll l2 L 4 / AT (A Mo [ ~ M~
= dnY, "' (n)Y,"*(n)Y, , 52
o D) .
ezl-n ~ Tﬂ- Z ,L-m}/lme—zmqﬁl ) (53)
Using Eq. (&) to rewrite Eq. (@), and applying relations (&2) and &3), the estimator becomes

d°(L) ~ Az 2:%%00¢@h+4xm2+”
111

VLIL+1)2L+1) & Ax
dor dpa  [l1laL / Ny @

a1 11)b(l dnetitltL)n 4

x / 2 27 (27T)3a( 1)b(l2) ne (54)

Taking 11,12, L > 1, the above reduces to

Ag d?ly o
I Wgzlb (L)a(l)b(l2), la=L-1 (55)

d*(L) =~
with git; (L) corresponding to the filters I, (11,12) in [10]. The normalization A¢ reduces to the flat sky expression in
L0] in a similar fashion, by using the approximations (&]l) to relate the full sky quantities to trigonometric functions
on the flat sky.

It is simple to show that the efficient all-sky estimator in Eqn. () reduces to efficient flat sky estimators with the
replacements D; — 9; in Eqn. (8d) and the spherical harmonic transform in Eqn. @) with a Fourier transform. Under
the assumption of C’lB B« C'lEE , they again reproduce the properties of the minimum variance quadratic estimators
in Eqn. (B8) and allow fast Fourier transform techniques to be employed in their construction.

VI. DISCUSSION

Counterintuitively, the gravitational lensing of the CMB temperature and polarization fields is a small scale mani-
festation of the very large scale properties of the intervening mass distribution. It therefore requires very challenging,
high angular resolution (< 10") but wide-field surveys (> few degrees) to exploit. We have provided expressions for
quadratic estimators of the lensing potential valid on the entire sky, as well as the expected noise covariances for
the estimators. As expected, on small angular scales (L > 100), the flat sky approximations differ from the full sky
expressions by less than ~ 1%, indicating that the flat sky approximations is adequate. This regime is however not
where the signal-to-noise peaks.

We have also provided a practical means of implementing these estimators using fast harmonic transforms, either
with spherical harmonics or Fourier harmonics, to perform the required harmonic convolutions and filtering. We
have shown that even the approximate OF estimator has a noise performance that is essentially indistinguishable
from optimal. These techniques should provide a means to study the impact of real world issues such as finite-field,
inhomogeneous noise, and foregrounds on the science of CMB lensing.
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APPENDIX A: TENSOR REPRESENTATION OF SPIN WEIGHTED FUNCTIONS

We clarify the relation between spin-s functions and tensor quantities on the sphere, and derive the relation between
spin raising and lowering operators and covariant derivatives on the sphere.
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Suppose we construct an orthonormal basis (é1(72), é2(n2)) at each point on the sphere. We define a local rotation
as a right-handed rotation of the basis vectors (€, é3) by an angle v, so that the new basis vectors (éy/,éz/) are
related to the original vectors by the transformation

= cospé; —sinyeés,
€y = siné; + cosés. (A1)

o
=
|

A function ,f(n) is said to carry a spin-weight s if, under the rotation ([ATl), the function transforms as sf(n) —
e~ %% f(n). This convention conforms to [15], and defines rotations in a sense opposite to that in [17, 24].
We define vectors m and mm with respect to the basis (€1, é;) according to

1

m = ——[é] +iés], A2
\/5[1 2] (A2)
1

m = ——[é1 —iég], A3
\/5[1 2] (A3)

which have the property that
m-m = m-m=0,
m-m = 1. (Ad)

Given a vector field ©(n), it can easily be shown that the quantities v - m and v - m transform as spin 1 and —1
objects, respectively, so that m and 1 act as spin projection vectors. More generally, given a rank-s tensor 75, . ., the
quantity 75, ,,,ismil ---m? transforms as a spin-s object, since under the rotation (@A), each factor of m' contributes
a phase e %Y.

The spin-s functions s f(7) therefore also provide a complete basis for the totally symmetric trace-free portion of a
rank-s tensor

Tiy.iy = sf(R)My, ---my 4+ s f(R)my, - -my, (A5)

where the trace-free condition refers to the vanishing under contraction of any two indices in the tensor. For example,
the polarization tensor can be written as

Pij = +2A(’fl)mimj + ,QA(ﬁ)mimj. (Aﬁ)
Covariant differentiation of such a tensor is related to the raising and lowering of the spin weight [17]:

Viliy . i, = [Oksf(R)] My -y, + o f(R)V ey, -+ -y )
+ [8k_sf(ﬁ)] m;, - My, + _sf(’fL)V(kmil Sy (A7)

We evaluate the covariant derivatives V;m; etc. explicitly in the spherical basis with coordinates (6, ¢), yielding

Vemg = Vgm, =0,
)
Vemy = —=cosb,
pltto \/5
1
V,m, = —=sinfcosb, (A8)

V2

with those for m given as complex conjugates of the above. Using these, it can be shown that

mjvimj' = mjVimj =0,
mjvi’ﬁlj = —mjVZ-mj = Ji, (Ag)
where
Jo =0, Jg =icosb, (A10)

in spherical coordinates. The covariant derivative of T}, ;, is therefore given by

s

Vil . i. = [Di s f(R)] M, -y, + [Dy s f(R)]my, - my, (Al1)
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where we define the spin-dependent gradient operator as

A covariant derivative V; operating on the spin-s piece of a tensor is equivalent to a gradient operation D; on its
spin-s weighted representation. As an example, the components of the covariant derivative of the polarization tensor

m'mIV, P, = Dipl2A(R)],
m'mIV, P, = Dyl 2A(R)]. (A13)

The gradient operator Dy, is related to spin raising and lowering operators. Using the expressions (A1) and
expressing the operator Dy, in the (m,m) basis, we obtain the desired relations

1
V2

By virtue of the rotational properties of (m, 1), the ladder operators & and [5, defined by |11, 24]

Dilof()] = ——= {[dF ()] s + 3£ () mi (A14)

el 9L 2 P
Dsf(0,0) = —sin®0 [% +zcsc6‘%] sin™* 65 f(6, v), (A15)
dsf(0,0) = —sin®0 9 iesc0 2| s £(0,9) (A16)
s ’ ae 690 S ) Y

raise and lower the spin weight by 1. For example, the gradient operation on the spin-s spherical harmonic yields

DY = _% ([(z — )1+ s+ DV Y — [+ 8) (1 — s + 1)]1/25,1Ylmmi) . (A17)
Note that the inner product of two gradients
(D' o A o fo()] = 5 { o LA o) + o o ()] B ()]} (A18)

leaves the total spin-weight of the product unchanged.
Inverting the relation [(AT4)), we obtain the ladder operators in the tensor representation

3sf(’ﬁ/) = —\V2mimi .. 'mistTil...i57 (A19)
3_sf(ﬁ) = —V2mimi .. 'mistTil...i57 (A20)

for s > 0, and with m®» replaced by m®* for s < 0. This relationship was first proven in [17], albeit with a different
sign convention.
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