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Ultralight axions are theoretically interesting and phenomenologically rich dark sector candidates,
but they are difficult to track across cosmological timescales because of their fast oscillations. We
resolve this problem by developing a novel method to evolve them efficiently and accurately. We
first construct an exact effective fluid which at late times matches the axion but which evolves in
a simple way. We then approximate this evolution with a carefully chosen equation of state and
sound speed. With our scheme we find that we can obtain subpercent accuracy for the linear theory
suppression of axion density fluctuations relative to that of cold dark matter without tracking even
a single complete oscillation of the axion field. We use our technique to test other approximation
schemes and to provide a fitting formula for the transfer function for the matter power spectrum in
linear theory in axion models. Implementing our approach in existing cosmological axion codes is
straightforward and will help unleash the potential of high-precision next-generation experiments.

I. INTRODUCTION

Axions are hypothetical particles that might reside in
the dark sector of ΛCDM [1] and which can arise in many
different physical scenarios with a wide range of cosmo-
logically interesting masses [2–4]. For many cosmologi-
cal purposes axion particles behave simply as a classical
scalar field, with the field’s initial displacement in the
potential and mass determining their cosmological evo-
lution. While the Hubble rate H is larger than the axion
mass m, the field remains effectively frozen. Once the
Hubble rate drops below the mass the field oscillates on
a timescalem−1, redshifting like cold dark matter (CDM)
across Hubble timescales H−1.

A critical mass is therefore the Hubble rate at matter-
radiation equality Heq ∼ 10−28 eV. Lighter axions than
this behave more like dark energy [5–7] and heavier ones
more like dark matter [8–12]. Between Λ and CDM-like
limits, axions can be responsible for a wide variety of
interesting new cosmological signatures beyond ΛCDM
(see Refs. [13, 14] and references therein), for example
acting as early dark energy components [15, 16] or sourc-
ing isocurvature perturbations in the CMB [17].

One of the most important signatures of ultralight ax-
ions is that they suppress small-scale gravitational clus-
tering due to their macroscopic de Broglie wavelengths,
which occurs on the kiloparsec scale for m ∼ 10−22 eV
[18], and leads to a host of observational consequences
(see, e.g., Ref. [19] and references therein). However, it
is highly challenging to track the oscillations of these ax-
ions across a Hubble time today H−10 ' (10−33 eV)−1 in
order to make accurate theoretical predictions.

This difficulty is usually addressed with an effective
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fluid approximation (EFA) that replaces the exact Klein-
Gordon solution for the field by effectively averaging over
the axion oscillations [18, 20–22]. This approximation in-
evitably induces errors when making predictions for ob-
servables because the axion field is initially effectively
frozen and the approximate equations of state used to
evolve the effective fluid efficiently may then be insuffi-
ciently accurate. Similar difficulties arise if the Klein-
Gordon equation is instead recast as a Schrödinger equa-
tion [23–27].

Even for axions in the range 10−27 eV . m .
10−24 eV where the clustering suppression in linear
theory is testable with CMB measurements (see, e.g.,
Refs. [28, 29]) and the timescale hierarchy is less extreme,
these errors have already been shown to be significant at
the 1 ∼ 2σ level [30] for upcoming experiments like CMB-
S4 [31]. Other similar averaging approaches such as the
one proposed by Ref. [32] have been shown to suffer the
same problems [30].

For heavier axions 10−24 eV . m . 10−19 eV, where
the hierarchy is larger, the error has not yet even been
characterized. On the low-mass end these axions are best
probed by their effect on large-scale structure in existing
[33] and next-generation optical and infrared survey ex-
periments [34–36]. On the high-mass end they are sub-
ject to subgalactic tests [37, 38] and to early-time struc-
ture probes like 21cm [39–42] and the Lyman-α forest
[43]. In this regime linear theory results are necessary
as initial conditions for nonlinear simulations (see, e.g.,
Refs. [44–46]).

In this work, we develop a method to dramatically re-
duce the error made by the EFA in linear theory by both
judiciously choosing how the effective fluid (EF) is con-
structed from the exact field solution, and by improv-
ing the approximate equation of state and sound speed
used to evolve the effective fluid. In §II, we present and
validate our method at both the background §II A and
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perturbation §II B levels. In §III, we implement our ap-
proach to compute the matter power spectrum transfer
function in axion models and to quantify the error made
by a usual fluid approximation. We compare to the ap-
proach taken by AxionCAMB in Appendix A. We con-
clude in §IV.

II. METHOD

The axion field φ obeys the Klein-Gordon equation,

�φ(~x, t) = V ′(φ(~x, t)) ≈ m2φ(~x, t) , (1)

where the approximation of the axion cosine potential
with a quadratic potential V ≈ m2φ2/2 applies suffi-
ciently near the minimum.

Given that this is a wave equation with solutions that
oscillate on the mass timescale t ∼ m−1, we wish to find
a computationally tractable way to solve it across cosmo-
logical timescales H−10 to a given accuracy. We restrict
ourselves to linear theory, splitting the axion field φ(~x, t)
into a background φ(t) and linear perturbations δφ(~x, t),
and we develop a procedure for each piece separately.

Schematically, our approach is to decompose the field
φ into two auxiliary fields ϕc,s which factor out the mass
timescale oscillations starting at some switch time in the
oscillatory regime which we mark with a subscript ‘*’ and
which we parametrize by the ratio m/H∗ > 1.

For the background, we use a specific combination of
these auxiliary field variables to construct an effective
fluid with density ρefax in such a way that at late times it
approaches the true energy density of the axion ρax up
to a small matching error suppressed by (m/H∗)−3.

The effective fluid can be evolved exactly, but it has
the advantage that it does not significantly evolve on the
mass timescale. Therefore its evolution from early to
late times can be accurately approximated in a straight-
forward and computationally efficient manner with an
effective fluid approximation, yielding quantities such as
the effective fluid approximation density ρefaax which ap-
proximates its exact counterpart ρefax up to a small evo-
lution error which is also suppressed by (m/H∗)−3.

We are therefore able to approximate the late-time ax-
ion fluid by evolving efficiently only our effective fluid ap-
proximations after m/H∗. We can control the matching
and evolution errors to any desired accuracy by choosing
the switch epoch m/H∗. We develop a similar procedure
for the perturbations, where there are additional terms
associated with Jeans oscillations, and we find that a very
modest switch parameter value m/H∗ = 10 is already
sufficient to obtain subpercent accuracy for observable
quantities like the axion transfer function out to scales
where the linear power remains appreciable. The param-
eter value m/H∗ = 10 corresponds to solving less than
one oscillation of the axion field exactly, after which the
axion is evolved only in the effective fluid approximation.

A. Background

The equation of motion for the background is

φ̈+ 2
ȧ

a
φ̇+ a2m2φ = 0 , (2)

with overdots denoting derivatives with respect to the
conformal time η =

∫
dt/a. At early times m/H � 1

the field is frozen by Hubble drag and behaves like a
dark energy component to the universe’s energy budget.
As H drops below m, the field is released and oscillates
around its potential minimum, with its energy density
redshifting as cold dark matter once m/H � 1.

When the expansion rate is a power law in time, the
background (2) has an exact solution in terms of Bessel
functions (see, e.g., Ref. [7]). We can employ this solu-
tion in the radiation dominated regime, but in order to
also establish some groundwork for the analysis of pertur-
bations, which do not admit such a solution, we instead
focus on the WKB solution for the background in the
oscillatory regime. The squared frequency of the oscilla-
tor a2m2 − ä/a goes to a2m2 in radiation domination or
when m/H � 1, so the asymptotic solution is a harmonic
oscillator

φ→ C1

m1/2a3/2
cos [τ + C2] , (3)

where τ ≡ mt is a convenient time variable in the oscil-
latory regime and C1 and C2 are constants determined
by the initial conditions.

The oscillating field admits a description in terms of
its energy density and pressure,

ρax ≡
1

2

(
dφ

dt

)2

+ V ,

Pax ≡
1

2

(
dφ

dt

)2

− V , (4)

which approach

a3ρax ∝ 1 +O
(

cos [2τ ]
(m
H

)−1
,
(m
H

)−2)
, (5)

a3Pax ∝ cos [2(τ + C2)] +O
(

cos [2τ ]
(m
H

)−1
,
(m
H

)−2)
where the cos[2τ ] factors here signify that the neglected
terms oscillate on the 2τ timescale; they are not meant to
imply a specific phase of the oscillations in the neglected
term.

On the cycle average, this representation of the axion
looks like pressureless matter to order O(m/H)−2, so
the usual approach to avoiding the axion’s timescale hi-
erarchy used in state-of-the-art codes like AxionCAMB
[47] is to solve the Klein-Gordon equation exactly until
the oscillations begin, with the default setting in Axion-
CAMB defining this as m/H = 3, and then compute the
axion energy density and evolve it forward as a pressure-
less fluid.
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However, this procedure inevitably chooses an arbi-
trary phase in the axion oscillation at the matching point
between the field and the fluid. Eq. (5) shows that
these oscillatory modes are large, introducing an error
∝ (m/H)−1 at the matching time. This leads to a match-
ing error in the axion density that remains today.

Moreover, accurately evolving the axion density re-
quires knowing the exact form of the O(m/H)−2 term
in Eq. (5) in order to give the fluid the appropriate
leading-order correction to the CDM-like equation of
state. While at the background level the appropriate
equation of state is straightforward to derive analytically,
at the perturbation level the situation is more compli-
cated and we would like to have an empirical method of
calibrating the appropriate fluid evolution.

In this work, we construct an effective fluid approxi-
mation in such a way as to control both the matching
errors and the evolution errors. To do so, we start from
some time τ∗ in the oscillatory regime, corresponding to
the ratio m/H∗ > 1, and write the field φ in a form which
factors out subsequent oscillations,

φ(τ) = ϕc(τ) cos [τ − τ∗] + ϕs(τ) sin [τ − τ∗] , (6)

by using two auxiliary field variables ϕc,s. This decompo-
sition is useful because if ϕc,s evolve only on the Hubble
timescale, then they can be used to compute quantities
which should look like cycle averaged versions of the ax-
ion.

To see how ϕc,s evolve, we plug the ansatz (6) back
into the equation of motion (2) and obtain an equation
of motion for ϕc,s,(

ϕ′′c + 2ϕ′s + 3
H

m
[ϕs + ϕ′c]

)
cos [τ − τ∗] +(

ϕ′′s − 2ϕ′c + 3
H

m
[−ϕc + ϕ′s]

)
sin [τ − τ∗] = 0 , (7)

which we can impose is solved by setting the two indi-
vidual terms in the parentheses to zero. Primes ′ here
and throughout denote derivatives with respect to τ . As
long as the initial conditions for ϕc,s and their derivatives
at τ∗ are chosen appropriately so that they match φ(τ∗)
and φ′(τ∗) through Eq. (6), then the ϕc,s which solve this
auxiliary equation of motion are exact representations of
the axion background.

We now use our ϕc,s variables to define effective fluid
quantities

ρefax ≡
1

2
m2

(
ϕ2
c + ϕ2

s +
ϕ′c

2

2
+
ϕ′s

2

2
− ϕcϕ′s + ϕsϕ

′
c

)
,

P ef
ax ≡

1

2
m2

(
ϕ′c

2

2
+
ϕ′s

2

2
− ϕcϕ′s + ϕsϕ

′
c

)
, (8)

which we have constructed using the Klein-Gordon equa-
tion (7) to exactly satisfy the usual form of a fluid con-
servation law (e.g. Ref. [48])

ρ̇efax = −3
ȧ

a

(
ρefax + P ef

ax

)
. (9)
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−1

0

1

F
ie

ld
×
a

3
/
2

φ

ϕc,s

10−1 1 101 102 103

m/H

0

0.5

1

D
en

si
ty
×
a

3

m/H∗m = Hρax

ρef
ax

FIG. 1. The axion field φ (upper panel, blue) is released from
Hubble drag around m ∼ H and then oscillates around its
minimum as m/H increases. At some arbitrary m/H∗ in the
oscillatory phase, we write φ in terms of auxiliary fields ϕc,s
(red and yellow curves) which factor out oscillations. These
auxiliary fields allow us to construct the effective fluid density
ρefax (lower panel, orange), which matches the axion density
ρax (blue) at late times up to a tiny matching error (inset),
which our analytic results show is imprinted at the switch time
and is proportional to (m/H∗)

−3. The evolution of ρefaxa
3 is

very small and therefore its value at late times can be accu-
rately computed from its early time value using an approxi-
mate equation of state. Variables here are scaled by the field
and its density at m/H∗ and their asymptotic behavior in
the m/H → ∞ limit, the axion mass is 10−22 eV, and its
present-day abundance is that of the dark matter. For fur-
ther discussion see §II A 1.

The definitions (8) of the effective fluid are motivated by
the notion of cycle averaging the oscillations in τ and
they can be derived by plugging the ansatz for φ (6) into
the energy density and pressure equations (4) and then
sending sin2 and cos2 terms to 1/2 and cross terms to
zero. Regardless of their approximate motivation, how-
ever, the evolution equation (9) they yield for the effec-
tive fluid density ρefax is exact. To evaluate it and close
the system requires knowing the evolution of P ef

ax through
ϕc,s using the Klein-Gordon equation.

So far we have simply recast the axion system using
different variables with no approximations, but doing so
has two advantages. First, at late times the effective fluid
density is an excellent approximation for the true axion
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density. We call a matching error any late-time differ-
ence between the two densities, and we will show this
error can be efficiently controlled. Second, ρefax does not
have significant oscillations as it evolves and therefore its
value at late times can be easily approximated by evolv-
ing its value at early times using an equation of state
wefa

ax which approximates P ef
ax/ρ

ef
ax. We label such an ap-

proximate effective fluid ρefaax , and we call any difference
between the effective fluid ρefax and the effective fluid ap-
proximation ρefaax an evolution error. We will show that
the evolution error is suppressed once wefa

ax is appropri-
ately calibrated. To the extent that both the matching
and evolution errors can be made negligible, then we no
longer need to solve the Klein-Gordon equation after τ∗
and the technique as a whole becomes extremely efficient
and accurate.

We now quantify the matching and evolution errors in
turn.

1. Matching error

We first show in Fig. 1 how a matching error appears in
practice with numerical solutions of the exact equations
of motion. In the Hubble drag regime and for the first
few oscillations, we solve the Klein-Gordon equation (2)
for the axion field φ directly. At m/H∗, chosen here to be
10, we switch to solving for the auxiliary field variables
ϕc,s using the two pieces of Eq. (7). These factor out
the φ oscillations (upper panel), and enable us to com-
pute our effective fluid density ρefax at subsequent times
exactly (lower panel). For clarity, we have scaled the
field values and densities with a3/2 and a3 to compen-
sate their asymptotic behavior and normalized the result
at m/H = 10.

The effective fluid density ρefax is an exact quantity in
the sense that it is constructed from the exact axion field
solution of the equation of motion, but at late times it
does not represent exactly the true axion density ρax, as
shown by the small difference between ρefax and the cycle-
average of ρax in the lower panel inset. This difference
does not go away as m/H →∞. It is the matching error
made by our scheme, which we will show is imprinted at
the switch time and suppressed by O(m∗/H)−3. We can
therefore make it arbitrarily small by setting the switch
time sufficiently late.

We quantify the matching error by studying an ex-
act power-series solution to the Klein-Gordon equation.
When the axion is a negligible component of the energy
budget and the background is externally determined as
some a(τ) ∝ τp, the auxiliary equation of motion (7)
admits solutions of the form

a3/2ϕc(τ) = C(τ) +
(
A(τ), B(τ)

)(cos [2(τ − τ∗)]
sin [2(τ − τ∗)]

)
,

(10)

a3/2ϕs(τ) = S(τ) +
(
−B(τ), A(τ)

)(cos [2(τ − τ∗)]
sin [2(τ − τ∗)]

)
,

0.0390
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∗ ) −3

∝ (m/H∗)−3/2

FIG. 2. The effective fluid density ρefax evaluated at a fixed
time, here chosen to be m/H = 103, converges as the switch
time parameterized by m/H∗ becomes larger (upper panel).
Relative to the estimated asymptotic value (inset horizontal,
dashed line), this matching error is already smaller than 0.1%
for an early switch m/H∗ = 10, with the error subsequently
decreasing as (m/H∗)

−3 as predicted by our analytics for a
tracer field (lower panel). At the level where the backreaction
of the axion on Hubble becomes important, the improvement
slows to (m/H∗)

−3/2. For further discussion see §II A 1.

where A, B, C, and S here are coefficients which evolve
only on the Hubble timescale, satisfying power series so-
lutions in (m/H)

−n
and approaching constants at late

times m/H → ∞. The coefficients A and B represent
fast oscillatory modes of ϕc,s and hence naively violate
our expectations that ϕc,s evolve only slowly, but really
they reflect a redundancy in our decomposition (6) due
to the trigonometric identities

cos(x) = cos(2x) cos(x) + sin(2x) sin(x) ,

sin(x) = sin(2x) cos(x)− cos(2x) sin(x) , (11)

which allows a remapping which sets them to zero

C +A→ C, A→ 0 ,

S +B → S, B → 0 . (12)

Given a generic matching condition at τ∗, however,
these oscillations in the auxiliary variables produce a con-
stant1 fractional offset between the effective fluid density

1 Even though the terms inherited from A and B oscillate with a
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(8) and the true density (4) at late times once they are
imprinted at τ∗. This occurs because given the remap-
ping of Eq. (12), C+A and S+B should add coherently
in the squared time average for ρax whereas Eq. (8) for
ρefax drops the cross terms. Therefore the late time ρefax
will disagree with the late time ρax due to contributions
from AC and BS. This is a matching error.

We therefore want to make the A and B modes as
small as possible. We do so by choosing an appropri-
ate matching condition at the switch time τ∗. When we
switch from the φ variable to the auxiliary ϕc,s variables,
we must provide two arbitrary additional constraints be-
yond the two exact matching conditions for φ and φ′ to
determine the four initial conditions for ϕc,s and ϕ′c,s.
We can choose these such that A and B are suppressed.
Given that we know the ϕc,s ∝ a−3/2 evolutionary form
of the C and S terms, we impose initial constraints of
the form2

ϕ′′c,s
ϕ′c,s

∣∣∣∣
∗

= −1

2

〈H〉
m

(
3− m

〈H〉3
d〈H〉2
dτ

)∣∣∣∣
∗
, (13)

which suppresses the oscillatory modes as

A

S
∼ B

C
∼ O

(
m

H∗

)−3
. (14)

Initial conditions that yield an even larger suppression of
the oscillatory modes can also be constructed3, but for
our purposes we will see that O (m/H∗)

−3
is sufficient.

With this suppression of the fast oscillatory modes of
ϕc,s, the relationship between our effective fluid variable
and the true fluid variables at late times is

ρefax = ρax ×
(

1 +O
(
m

H∗

)−3)
(m/H � 1) . (15)

This is the expected amplitude of the discrepancy be-
tween the true and effective fluids at late times that we
saw in Fig. 1. There we chose a switch time m/H∗ = 10
and the discrepancy is roughly ∼ 10−3. This matching
error can then be reduced by making m/H∗ larger and
the switch time later.

constant fractional correction to the field (Eq. (10)) as m/H →
∞, these oscillations are suppressed by an additional (m/H)−1

term in the fluid quantities Eq. (8) due to the combination of
time derivative terms.

2 〈H〉 here denotes the Hubble rate averaged over axion oscillation
cycles, a distinction only relevant when the axion is energetically
relevant at τ∗, which is beyond the limits of our analytic analysis.

3 At next order, imposing

ϕ′′c,s
∣∣
∗ =

(
−1

2

〈H〉
m

(
3− m

〈H〉3
d〈H〉2
dτ

))
×(

ϕ′c,s +

(
ϕ′c,s +

3〈H〉
2m

ϕc,s

))∣∣∣∣
∗
,

yields a suppression of order O (m/H∗)
−4.

We confirm numerically in Fig. 2 the analytically
derived (m/H∗)−3 scaling of our matching error (15).
Since the matching error must vanish as the switch time
m/H∗ → ∞, we can estimate it by checking how ρefax
evaluated at a fixed late time depends on the switch time
m/H∗. This is the upper panel, where we show the effec-
tive fluid density ρefax evaluated at a time corresponding
to m/H = 103 as a function of the switch epoch m/H∗.
As m/H∗ is taken deeper in the oscillatory regime, ρefax
converges to a value which we estimate with the horizon-
tal line — the exact value is not important. The distance
from this line for a given m/H∗ is then the matching error
which we show in the lower panel fractionally. Phrased
in terms of Fig. 1, Fig. 2 shows how the orange line in the
inset changes as a function of the switch epoch m/H∗.

Very modest switch epochs m/H∗ ∼ 10 result in a
matching error of less than 0.1%. The matching error
then improves at first as the (m/H∗)−3 power law we de-
rived in Eq. (15). As m/H∗ increases, the modulation of
the error amplitude between positive and negative oscil-
lation extrema indicates a drifting mean and eventually
the error is dominated by the secular drift rather than
an oscillatory error. In this regime the accuracy is al-
ready excellent but the error decreases at a slower rate
∝ (m/H∗)−3/2. We have confirmed numerically that this
change in convergence rate is due to the backreaction of
the axion on its own evolution through the Hubble rate,
an effect which we did not include when deriving our
analytic scalings.

This slower scaling with m/H∗ begins when the match-
ing error is already extremely small. For a fixed
present-day abundance, axions which are lighter than the
10−22 eV axion shown here will be more energetically
important at a given m/H and this convergence slow-
down would therefore become important earlier. How-
ever, CMB constraints for masses where m/H ∼ 1 at
matter-radiation equality are already powerful enough
that such axions are limited to just a small component
of the dark matter [47]. Consequently their effect on the
Hubble rate and therefore this slowdown in our accuracy
improvement is suppressed. Similarly small scale struc-
ture constraints such as the Lyman-α forest also limit
the fraction of dark matter for more intermediate-mass
axions [43].

We have now constructed an effective fluid which at
late times matches the true fluid to a very good accu-
racy. So far we have been evolving this effective fluid
exactly. We now approximate its evolution and study
the resulting evolution error.

2. Evolution error

Evolving ρefax exactly requires knowing P ef
ax exactly

through the auxiliary variables ϕc,s. These are not easier
to evolve than the usual axion field φ due to the small
2τ oscillations from the matching error. We therefore
want to approximate the effective fluid conservation law
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FIG. 3. The exact equation of state of the effective fluid
P ef
ax/ρ

ef
ax (solid) with an (m/H)−2 scaling factored out. We

choose to approximate it with wefa
ax = 3/2(m/H)−2, which is

the asymptotic behavior of P ef
ax/ρ

ef
ax in radiation domination

as can also be shown analytically. Other choices such as the
pressureless equation of state wCDM = 0 and especially the
interpolating equation of state winterp (16) are suboptimal.
The difference at late times between wefa

ax and P ef
ax/ρ

ef
ax is due

to the transition to matter domination, but is insignificant
due to the (m/H)−2 suppression. The effective fluid here is
constructed at the time m/H∗ = m/H for each point on the
solid curve. For further discussion, see §II A 2.

(9) by replacing the exact P ef
ax/ρ

ef
ax with an approximate

equation of state wefa
ax at the switch epoch defined by the

desired m/H∗.
The simplest equation of state to use would be the

pressureless value wCDM = 0. This is the fluid evolution
used in AxionCAMB, and from the leading order WKB
solution for the field, Eq. (5), we expect wCDM to make
an instantaneous error of order (m/H)−2 which will then
be integrated from the switch epoch (m/H∗) to today.
Since this is larger than our matching error O(m/H∗)−3,
we wish to find a better equation of state.

One choice often used in the literature is an interpo-
lating form [15]

winterp =
1

1 + (ac/a)
3 − 1 , (16)

which approaches wCDM at late times while acting as
a dark energy-like wDE = −1 component in the drag
regime. ac is the scale factor when H = m. This form
is used, for example, in the analysis of Ref. [15] imple-
mented in the code AxiCLASS.

In the late time ac/a � 1 regime the interpo-
lating equation of state approaches 0 from below as
−(m/H)−3/2 in radiation domination. However it was
not constructed to have the correct approach to 0, and
in fact this approach has not only the wrong exponent
but also the wrong sign. It thus makes a very large evo-
lution error and for our purposes is worse than wCDM.

Instead, to find a good choice for the equation of state
we can choose to calibrate wefa

ax using the exactly com-

puted P ef
ax.

Due to the m/H∗ dependent matching error between
the effective fluid and the true axion, the exact P ef

ax de-
pends on m/H∗. Since we minimized the matching er-
ror, however, this effect is insignificant and we can find a
sufficiently good approximation for P ef

ax/ρ
ef
ax without at-

tempting to fit the m/H∗ dependence. In effect we seek
to minimize the evolution error in the absence of match-
ing error since the true equation of state for the effective
axion fluid should not depend on the matching error.

We therefore plot P ef
ax/ρ

ef
ax as a function of m/H while

minimizing the matching errors by constructing the ef-
fective fluid at m/H∗ = m/H, i.e. by constructing the
effective fluid at the time at which we wish to know the
equation of state. We show this quantity in Fig. 3, along
with our choice of approximation

wefa
ax =

3

2

(m
H

)−2
. (17)

These show excellent agreement already at m/H = 10.
The deviation at very late times is due to the eventual
transition to matter domination, but for dark-matter like
axions this occurs far in the oscillatory regime where the
equation of state is suppressed by (m/H)−2.

In fact, the result that the axion equation of state
is asymptotically (3/2)(m/H)−2 in radiation domination
can be shown directly from a second-order WKB solution
for φ (e.g. Ref. [49]) or from the exact Bessel function so-
lution. Our approach of directly fitting P ef

ax/ρ
ef
ax has the

advantage that it does not require an analytic solution
for the system. This will be useful when we turn our
attention to the perturbations, where exact solutions are
not available.

Since we now know the appropriate wefa
ax needed to

evolve the EFA, our strategy is now to choose m/H∗
large enough to reduce the matching error O(m/H∗)−3

to a desired level, compute ϕc,s and the effective fluid
density ρefax at that time, and then evolve it forward us-
ing the effective fluid conservation equation (9) with our
approximate equation of state wefa

ax . This defines ρefaax .
For a given switch epoch m/H∗, our procedure therefore
requires no additional computation time relative to the
usual switching procedure used by AxionCAMB which
constructs an effective fluid from the instantaneous ax-
ion density at m/H∗. For a given accuracy, our procedure
enables a massive improvement in computation time by
enabling much earlier switches.

We show in Fig. 4 the full end-to-end accuracy of our
scheme at the background level by computing the axion
density today for a fixed initial field displacement as a
function of the switch epoch m/H∗. In the left panel,
we compare our scheme (red) – our specially constructed
effective fluid and our appropriately chosen equation of
state – to the usual switching procedure and equation of
state wCDM = 0 used by AxionCAMB (blue). The lat-
ter approach induces large oscillations in the axion den-
sity today depending on the phase of the axion evolu-
tion picked out at m/H∗, leading to a large matching
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FIG. 4. Left: Our effective fluid approximation (red) dramatically decreases the error in the axion density today ρax|today as
compared to the usual effective fluid approximation (blue) often constructed in the literature by matching the instantaneous
energy density of the axion at the switch epoch m/H∗. The star denotes our reference solution scheme in which we switch
from solving the Klein-Gordon equation to the EFA at m/H∗ = 10 and therefore achieve subpercent accuracy at the level of
the background. Our approach also shows an accelerated convergence rate relative to the usual EFA. Right: The convergence
rate of our approach depends on the approximate equation of state we use to evolve the effective fluid, and although wCDM = 0
(orange) performs better than an interpolating winterp (16) (blue) for switches in the oscillatory regime, our choice wefa

ax (17)
(red) is so good that the matching error from Fig. 2 dominates over this evolution error. The accuracy in this figure is measured
relative to a very late switch time m/H∗ = 104. For further discussion see §II A 2.

error which converges only as (m/H∗)−1. On the other
hand, our construction of the effective fluid eliminates
the matching and evolution errors and allows even very
early switch times m/H∗ = 10 to reach better than 0.1%
accuracy. This m/H∗ = 10 choice, marked with a star,
is our reference solution scheme.

The right panel of Fig. 4 shows how our accuracy de-
pends on the equation of state we choose, highlighting the
importance of choosing the correct approximate equa-
tion of state to eliminate the evolution error. While our
choice wefa

ax = (3/2)(m/H)−2 (17) performs so well that
the dominant error of our scheme is the matching error
from Fig. 2, the choices wCDM and winterp yield much
larger errors.

∗ ∗ ∗

Our scheme for the background reaches accuracy bet-
ter than 0.1% in the final axion density with a switch to
the EFA at m/H∗ = 10 — before the axion field has even
completed a full oscillation. We did this by constructing
the effective fluid in such a way as to minimize the match-
ing error between the exact effective fluid and the true
axion at late times, and by evolving the effective fluid
approximately using a better axion equation of the state
than the ones commonly used in the literature. We now
develop a similar scheme for the axion perturbations.

B. Perturbations

The analysis of axion perturbations is more compli-
cated than the background because they are continuously

sourced by metric perturbations, and because the den-
sity perturbations have a Jeans scale below which axion
density fluctuations oscillate rather than grow. These
two effects are evident from the perturbed Klein-Gordon
equation in synchronous gauge (e.g. Ref. [50])

δ̈φ+ 2
ȧ

a
˙δφ+ (k2 + a2m2)δφ = − ḣL

2
φ̇ , (18)

which looks like the background equation (2) but for the
new k2 term and the sourcing by the time derivative of
hL, the trace of the spatial metric perturbation.

We first examine the unsourced homogeneous left-hand
side of Eq. (18) in radiation domination. The frequency
k2 + a2m2 − ä/a now implies oscillations for sufficiently
large k even after averaging over the mass induced oscilla-
tions. These correspond to acoustic or Jeans oscillations
in the effective fluid.

We can better understand the two oscillation scales by
formally extracting the mt = τ term from the argument
of the cosine when we write the WKB solution, obtaining
the leading order solution in the form

δφ ∝ cos

[
τ + k

∫
csφdη + α

]
, (19)

where α here is a phase and the sound speed for field
fluctuations is

csφ =

(
k

am

)−1√1 +

(
k

am

)2

− 1

 . (20)

Now if we expand out the cosine into cos(τ) and sin(τ)
we can see that even after averaging over the τ scale
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there remain field oscillations which are then imprinted
into the axion density perturbations.

The sound speed for field fluctuations approaches
csφ = 1 at early times k/am � 1 and csφ = k/2am at
late times k/am� 1. Since η ∝ a during radiation dom-
ination and ∝ a1/2 during matter domination, we can see
that for m � Heq the net effect of the sound speed at
late times is captured by the contributions around matter
radiation equality aeq,

k

∫ η0

0

csφdη ∝
k2

a2eqmHeq
. (21)

It is therefore useful to define the maximal Jeans scale as

kJ ≡ 31/4aeq
√
mHeq , (22)

where the numerical factor corresponds to the choice in
the literature and is based on its impact on the effective
fluid [18].

This impact can be clearly seen by evaluating the den-
sity, pressure and divergence of momentum density per-
turbations

δρax = a−2φ̇ ˙δφ+m2φδφ ,

δPax = a−2φ̇ ˙δφ−m2φδφ ,

(ρax + Pax)θax = a−2k2φ̇δφ , (23)

using the WKB solution (19) and then averaging over the
mass oscillations to find

〈δPax〉
〈δρax〉

' c2sφ , (24)

where the field sound speed plays the role of a sound
speed for the fluid and the approximation is leading order
in (m/H)−1. Under the Jeans scale, pressure fluctuations
therefore support the axion density perturbations against
gravitational collapse. Given that this suppression of ax-
ion density perturbation growth relative to CDM is the
main effect of the axion mass, we seek to quantify the
suppression out to k ∼ kJ using efficient but accurate
techniques similar to those we introduced for the back-
ground.

We follow the same procedure as for the background.
We start at some m/H∗ by splitting the axion perturba-
tion δφ into two pieces δϕc,s as

δφ(τ) = δϕc(τ) cos [τ − τ∗] + δϕs(τ) sin [τ − τ∗] . (25)

The equations of motion for δϕc,s follow from plugging
the background ansatz (6) and the perturbation ansatz
(25) into the perturbed Klein-Gordon equation (18) and
again imposing that the cosine and sine pieces are solved
separately, yielding respectively

δϕ′′c + 2δϕ′s + 3
H

m
(δϕ′c + δϕs) (26)

+
k2

a2m2
δϕc = −h

′
L

2
(ϕ′c + ϕs) ,

and

δϕ′′s − 2δϕ′c + 3
H

m
(−δϕc + δϕ′s) (27)

+
k2

a2m2
δϕs = −h

′
L

2
(ϕ′s − ϕc) .

The first line of each of these equations looks like the
background ϕc,s equations (7). The second line contains
the new k/am dependent term and the metric source.
We see that the metric source in the equation of mo-
tion is multiplied by coefficients (ϕ′c + ϕs) and (ϕ′s − ϕc).
While these background quantities evolve as a−3/2 in the
absence of background matching error, they also transfer
their fast oscillatory matching error (10) to the pertur-
bations.

We then construct from δϕc,s the effective fluid ver-
sions of the quantities in Eq. (23)

δρefax =
1

2
m2 [ϕsδϕ

′
c − ϕcδϕ′s + δϕ′cϕ

′
c + δϕ′sϕ

′
s

+ δϕs(2ϕs + ϕ′c) + δϕc(2ϕc − ϕ′s)] ,
δP ef

ax = δρefax −m2 [δϕsϕs + δϕcϕc] , (28)

(ρefax + P ef
ax)θefax =

k2m

2a
[δϕc (ϕs + ϕ′c) + δϕs (−ϕc + ϕ′s)] ,

in such a way that they satisfy the conservation equations
for the effective fluid in synchronous gauge [50]

dδρefax
dη

+ 3
ȧ

a

(
δρefax + δP ef

ax

)
= −(ρefax + P ef

ax)(θefax +
1

2
ḣL) ,[

d

dη
+ 4

ȧ

a

] (
ρefax + P ef

ax

) θefax
k2

= δP ef
ax . (29)

Just like the method for the background, the effective
fluid simply recasts the axion perturbations in different
variables with no approximations. We again call a match-
ing error the difference between δρax and δρefax at late
times when m/H � 1. Likewise since Eq. (29) are the
equations of motion for an effective fluid but require a
closure condition to define δP ef

ax, we seek to approximate
it by calibrating the equation of state for the perturba-
tions, i.e. the sound speed, so that we no longer need to
solve for the auxiliary variables after the switch. Specif-
ically, the conservation equations are equivalent in the
generalized dark matter language to effective fluid equa-
tions of motion [48]

δ̇efaax = −
(
1 + wefa

ax

)(
θefaax +

ḣL
2

)
− 3

(
c2s − wefa

ax

) ȧ
a
δefaax

− 9
(
1 + wefa

ax

) (
c2s − c2a

)( ȧ
a

)2
θefaax

k2
,

θ̇efaax = − (1− 3c2s)
ȧ

a
θefaax +

c2sk
2

1 + wax
δefaax , (30)

where δefaax ≡ δρefaax /ρ
efa
ax , the adiabatic sound speed ca is

determined by wefa
ax = P efa

ax /ρ
efa
ax as

c2a ≡
Ṗ efa
ax

ρ̇efaax

= wefa
ax −

ẇefa
ax

3(1 + wefa
ax ) ȧa

, (31)
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and c2s is the sound speed of the effective fluid in its rest
frame,

c2s ≡
δP efa

ax

δρefaax

∣∣∣∣
rest

, (32)

where the rest frame can be accessed through the gauge
transformation

η → η + θefaax /k
2 , (33)

yielding

δρefaax

∣∣
rest

= δρefaax + 3
ȧ

a
(ρefaax + P efa

ax )
θefaax

k2

∣∣∣∣
sync

,

δP efa
ax

∣∣
rest

= δP efa
ax + 3

ȧ

a
c2a(ρefaax + P efa

ax )
θefaax

k2

∣∣∣∣
sync

. (34)

For notational simplicity, we have dropped the “efa”
marker on c2s here and restore it below where confusion
might arise. Just as in the background case, we call the
error induced by employing the effective fluid approxi-
mation to close the system with wefa

ax and c2s an evolution
error. Again we analyze the matching and evolution er-
rors in turn.

1. error

In the absence of the Jeans oscillations and the met-
ric sourcing described above, the perturbation equations
take the same form as the background equations. We
therefore choose the same matching conditions (13) as
the background

δϕ′′c,s
δϕ′c,s

∣∣∣∣
∗

= −1

2

〈H〉
m

(
3− m

〈H〉3
d〈H〉2
dτ

)∣∣∣∣
∗
, (35)

and quantify the additional error induced by the new
effects.

Let us first understand the additional effect of Jeans
oscillations on the matching error in the absence of met-
ric sourcing. In this case the WKB solution (19) holds
and we can take a background solution with no matching
error A = B = 0 to assess the additional matching er-
ror produced by Eq. (35). As with the background these
take a form dictated by the trigonometric identities (11)
and we can solve for their amplitudes δA, δB given the
matching conditions (35). From these we infer an ad-
ditional matching error from the Jeans oscillations that
does not diminish with time and scales with the matching
epoch as

(δρefax − δρax)

δρax
⊃ 3

16

(m
H

)−1( k

am

)2
∣∣∣∣∣
∗
× phase , (36)

for k/am|∗ . 1. Here “phase” designates an O(1) coeffi-
cient that depends on the phase of the oscillations in the
background and perturbations at m/H∗.
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FIG. 5. Without metric sourcing, the effective fluid density
perturbation δρefax (top panel, orange) makes a small k/am|∗-
dependent matching error (bottom panel, red) relative to
the true axion density δρax (top panel, blue dashed) at late
times. We fix here the switch epoch m/H∗ = 10 so that
the k-independent m/H∗ contribution to the error can be
subtracted out. Each point thus represents the error for a
different k-mode. Using the WKB approximation we find in
Eq. (36) that this error goes as 3/16×(m/H)−1×(k/(am))2|∗
times a phase factor (bottom panel, green dashed), which is
confirmed by the numeric solution (neglecting metric sourc-
ing). Poles in the error are due simply to zero-crossings of the
density perturbation as seen in the top panel. Metric sourcing
further reduces this error in practice. For further discussion
see §II B 1.

We confirm this analytic result for the Jeans-induced
additional matching error in Fig. 5 by solving the system
numerically with metric sourcing turned off by hand. We
quantify the matching error in the same way we did for
the background. Since it must vanish for a very late
switch m/H∗ � 1, we can compute it by comparing δρefax
from an early switch, here m/H∗ = 10, to a much later
switch. We change (k/am)|∗ by changing k. By keep-
ing m/H∗ fixed, we can subtract off the non-k depen-
dent piece of the matching error and we find that the
k-dependent error agrees well with the analytic result
(36).

Notice that for m/H∗ = 10 this error remains O(10−3)
even for scales that have already undergone a couple of
Jeans oscillations and hence are at most comparable to
the O(m/H∗)3 errors we induce in their absence. Poles
in the error are due only to zero crossings of the density
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perturbations (top panel) and do not reflect an increase
in the absolute error of our scheme. We shall see that on
these scales the final transfer function has already been
so suppressed relative to CDM that higher accuracy is
not required in practice.

Next let us consider the effect of metric sourcing on
the perturbations assuming that the Jeans corrections
are small k/am � 1. The metric perturbations satisfy
the Einstein momentum and Poisson equations in syn-
chronous gauge

η̇T =
1

2
a2 (ρ+ P )

v

k
,

−k2ηT +
1

2

ȧ

a
ḣL =

1

2
a2δρ , (37)

where ηT is the curvature perturbation. hL and ηT
are initialized in the superhorizon radiation-dominated
regime and are determined by radiation perturbations
which take their usual form (see, e.g., Refs. [51, 52]). In
this work, we include massless neutrinos in the radiation
component as a perfect fluid, neglecting their anisotropic
stress and so during radiation domination

ḣL ∝
{
a (superhorizon) ,

a−1 (subhorizon) .
(38)

When combined with the scaling of field fluctuations in
the background φ ∝ a−3/2, these sources then continu-
ously generate field perturbations through Eq. (18) that
scale as

δφ ∝
{
a1/2 (superhorizon) ,

a−3/2 ln(τ) (subhorizon) .
(39)

where the ln(τ) term corresponds to the familiar loga-
rithmic growth of matter density fluctuations during ra-
diation domination.

This metric sourcing has two types of effects on the
matching error. First it alters the optimal matching
coefficient so that Eq. (35) no longer produces the full
(m/H∗)−3 suppression of errors as it does in the back-
ground. However, the metric sourcing continues after the
matching and so to the extent that it dominates the final
field perturbation, the perturbation matching error itself
goes away. In the superhorizon limit for matching, the
strong growth of the field fluctuation implies a substan-
tial mitigation of perturbation matching errors whereas
in the subhorizon limit this mitigation is only logarith-
mic. This mitigation also applies to the matching error
from the Jeans term, Eq. (36). In radiation domination
we have

k

aH

∣∣∣∣
∗
∼ k

kJ

(
m

H∗

)1/2

, (40)

such that for the highest k ∼ kJ modes that we are in-
terested in and for m/H∗ ∼ 10, the switch occurs just
under the horizon and the mitigation for these modes is
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FIG. 6. With metric sourcing, δρefax for k = kJ evaluated
at a fixed time m/H = 103 is already ∼ 0.1% converged as
a function of the switch epoch even for early switch epochs
m/H∗ ∼ 10. The convergence rate is slower than the simple
O(m/H∗)

−3 estimate we derived analytically in the k → 0,
H � H∗, ρax → 0 limit. For further discussion see §II B 1.

between power law and logarithmic. For much smaller
k � kJ modes the power law mitigation makes the per-
turbation matching error entirely irrelevant.

Second, even if these perturbation matching errors
from Eq. (35) go away due to sourcing, any background
matching error will regenerate an error through the
h′Lϕs,c terms in the perturbation equations of motion
Eqs. (26) and (27), leaving an unavoidable O(m/H∗)−3

fractional error in ρefax at the end.
In Fig. 6, we estimate the full matching error for

the largest wavenumber of interest k = kJ , and hence
the largest matching error, numerically. This mode has
k/am ∼ 0.5 at m/H∗ = 10. We estimate the matching
error using the same procedure we used for the back-
ground in Fig. 2: we track convergence of the effective
fluid δρef evaluated at a fixed time m/H = 103 as the
switch epoch m/H∗ is taken later and later.

The perturbation matching error for m/H∗ = 10 is
slightly larger than ∼ 0.1%, which is marginally larger
than the background error. Our error improves as m/H∗
and k/am|∗ become insignificant, though significantly
more slowly than (m/H∗)−3 mainly due to the Jeans
scale O(k/am|∗) effects described above.

The overdensity δefax and the velocity perturbation θefax
involve dividing these perturbed effective fluid quanti-
ties by the background effective fluid quantities ρefax and
ρefax+P ef

ax. Since our scheme is more accurate for the back-
ground than for the perturbations, the matching errors
we have studied here are the dominant matching errors
in δefax and θefax. However, in the k → 0 limit the matching
errors for the perturbations and the background become
identical and the errors are in phase, such that the errors
cancel in δefax and θefax which become more accurate than
their separate components.
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FIG. 7. Left: The effective fluid sound speed δP ef
ax/δρ

ef
ax in the k → 0 limit, multiplied by (m/H)2. The result in the rest

frame (red) extracts the amplitude of the leading order (m/H)2 term in the fluid sound speed, which we use to improve the
field-derived csφ when we construct the effective fluid approximation c2s,efa. Right: The effective fluid sound speed δP ef

ax/δρ
ef
ax

for k = kJ , multiplied by the leading order scaling (k/am)−2. Our effective fluid approximation c2s,efa is a good approximation

for δP ef
ax/δρ

ef
ax in the rest frame. In both figures, the effective fluid is constructed at the time m/H∗ = m/H for each point on

the solid curves. For further discussion see §II B 2.

2. Evolution error

Just as in the case of the background, we want to ap-
proximate the effective fluid conservation law (30) by re-
placing δP ef

ax/δρ
ef
ax|rest (32) with an approximate equation

of state c2s,efa.

At late times the sound speed goes to zero, but it
should have corrections for finite k/am and (m/H)−1.
The leading order k/am type corrections are encapsu-
lated by the field sound speed c2sφ (20). In the absence of

metric sourcing and the k/am type oscillations, the lead-
ing order (m/H)−1 type corrections would be the same
as the background wax ∼ 3/2(m/H)−2. However we find
a deviation from this behavior.

In the left panel of Fig. 7, we plot the exact δP ef
ax/δρ

ef
ax

for a very large-scale mode k � kJ . For such a mode,
k/am type effects are negligible at late times m/H & 1
and so the field sound speed csφ goes to zero, but
(m/H)−1 effects can still be significant. We can solve
our auxiliary Klein-Gordon equations (26) and (27) for
our δϕc,s auxiliary variables, compute δρef and δP ef in
synchronous gauge, and then use the gauge transforma-
tions Eq. (34) to access their values in the effective fluid
rest frame, from which we can compute the sound speed.
Just as in the case of the background we do not attempt
to fit the m/H∗ dependent piece of the sound speed and
therefore we minimize it by setting m/H∗ = m/H for
each time in the figure.

By doing so we can see directly that the effective sound
speed is not zero as k/am → 0 but instead exhibits a
O(m/H)−2 type correction as we expected. However the
coefficient of this (m/H)−2 term is ∼ 5/4 rather than ∼
3/2 as might have been naively guessed from the study of

the background. This shows a key benefit of our effective
fluid approach – it enables us to self-calibrate the effective
fluid approximation more effectively than we might have
been able to with analytics alone.

We therefore choose the EFA sound speed

c2s,efa = c2sφ +
5

4

H2

m2
, (41)

which encompasses the leading order k/am and (m/H)−1

corrections to the asymptotic limit c2s → 0.
In the right panel of Fig. 7, we show that our EFA

sound speed is a good approximation for the sound speed
of the effective fluid for a large k-mode k = kJ . While
the asymptotic behavior is set by the (k/am)2 behavior
of the field sound speed c2sφ, at m/H = 10 both pieces
of our EFA sound speed are important to successfully
approximate cs. While there is a small difference between
the effective fluid sound speed and our approximation
c2s,efa at m/H = 10, the sound speed is relatively small

at this stage (∼ 0.05) which suppresses the effect of this
small error on the density perturbations.

The pole in the right-hand panel of Fig. 7 corresponds
to a zero crossing in the effective fluid density pertur-
bation δρefax in synchronous gauge (see the yellow line in
Fig. 8). The gauge transformation to reach the effec-
tive fluid rest frame is highly oscillatory and therefore
the density in that gauge δρefax|rest (34) also has a nearby
zero. The synchronous gauge pressure perturbation δP ef

ax

oscillates and therefore the sound speed in synchronous
gauge δP ef

ax/δρ
ef
ax has a pole. In the rest frame, how-

ever, δP ef
ax|rest does not oscillate and instead has a sin-

gle zero crossing at nearly, but not exactly, the same
time as δρefax|rest. This indicates that δP ef

ax|rest has a very
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FIG. 8. Our reference solution scheme for the axion pertur-
bations. At early times m/H < m/H∗ = 10, we solve the
exact (solid lines) Klein-Gordon equations of motion for the
axion field. We then switch to the EFA (dashed lines), with
our auxiliary variables providing matching conditions at the
switch. These matching conditions allow the EFA to effec-
tively act as a cycle-averaged axion and thus match the true
axion at late times. Evolution in the EFA is performed with
our optimized equation of state and sound speed. At late
times, axion perturbations are unsuppressed relative to CDM
on large scales (purple) but suppressed when k ∼ kJ (yellow).
The scale k1/2 (red) is defined by δax/δCDM(k1/2) ≡ 1/2 at
late times. Complete axion transfer functions are shown in
Fig. 11, and for further discussion see §II B 2.

small component which is not proportional to δρefax|rest
and therefore cannot be exactly modeled by a sound
speed (see Eq. (32)). This transient component scales
as (H/m)(k/am)2 and is small enough that it does not
significantly impact the evolution of the perturbations of
interest.

With the EFA sound speed now appropriately defined,
we finally have a complete effective fluid approximation
for the axion. We summarize it in Fig. 8 for a range
of relevant k. This figure is the perturbation parallel
to the bottom panel of the background Fig. 1. After
solving for the usual Klein-Gordon equation for the axion
field perturbation in the Hubble drag m . H regime, we
switch to the EFA at m/H∗ = 10.

Before the switch, we compute and show the true axion
density perturbation δax. After the switch, we compute
and show the effective fluid approximation for the den-
sity perturbation δefaax . These are discontinuous at the
switch time because the effective fluid approximation is
constructed to match the true axion at late times, rather
than at the matching point.

After evolving to late times in the EFA, the large-scale
mode k → 0 shows no suppression of the axion perturba-
tions δax relative to the CDM overdensity δCDM. For the
Jeans scale k = kJ , on the other hand, the suppression
is significant.

We define the mode k1/2 where the axion density per-
turbation today relative to CDM reaches one half, since
this mode represents a point where the suppression is
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FIG. 9. For a mode k1/2 where the matter power spectrum
yields half its CDM value, we show our technique’s total error
as a function of our switch time parameter m/H∗ for various
choices of the EFA equation of state c2s, computed by com-
paring to a late switch time m/H∗ = 2× 103. Using the field
sound speed csφ (20) or the sound speed cs,HN (42) of Hwang
& Noh (2009) [53], our approach makes a few percent error
for a switch time m/H∗ = 10. Our EFA sound speed (41)
resolves the bulk of this error and enables us to achieve a
subpercent error with a switch time of m/H∗ = 10, marked
by a star. For further discussion see §II B 2.

substantial, but the linear theory power remains appre-
ciable and therefore represents a convenient location to
benchmark accuracy. This is a slightly larger scale than
the Jeans scale, with k1/2 ' 0.54 kJ for a 10−22 eV axion.

We test the full accuracy of our scheme at k1/2 in
Fig. 9, including the matching errors from §II B 1 and
the evolution errors induced by replacing c2s with c2s,efa.

We evaluate δefaax at late times (k/am = 10−4) and check
its dependence on the switch time m/H∗. We see that
with our choice of EFA sound speed we already reach a
subpercent accuracy at m/H∗ = 10 for k1/2.

If we had used only the field sound speed csφ (20) to ap-
proximate the effective fluid sound speed, we would have
made a much larger evolution error of several percent.
An alternative sound speed often used in the literature
is derived in Hwang & Noh (2009) [53],

c2s,HN '
k2

4a2m2 + k2
, (42)

which though it has the same limits as our field sound
speed csφ differs at order k/am. It also does not include
the O(m/H)−2 correction of our c2s,efa, and therefore as
shown in Fig. 9 its error properties are similar to those
of csφ, leading to a much larger evolution error than our
c2s,efa.

We show in Fig. 10 that the choice of switch epoch
m/H∗ = 10 yields sufficient accuracy throughout the
range of scales k and axion masses m in which we are
interested by comparing the axion density perturbation
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FIG. 10. Our effective fluid procedure accurately tracks the
decline of the axion power spectrum relative to CDM as a
function of scale k for all relevant masses (top panel), with
our reference m/H∗ = 10 scheme (solid lines) visually indis-
tinguishable from a more accurate result which uses a very
late switch time m/H∗ = 1000 (dashed lines). The fractional
difference in the bottom panel represents the accuracy of our
reference scheme, with the pole here simply due to the node
in the transfer function. The horizontal axis is scaled by k1/2,
the mass-dependent scale defined by δax/δCDM(k1/2) ≡ 1/2.
For further discussion see §II B 2.

δax computed with a late switch m/H∗ = 1000 to our
reference m/H∗ = 10 scheme. To show different mass
axions with on the same axes, we scale the horizontal
axis by the mass-dependent k1/2.

The accuracy of our choice m/H∗ = 10, shown in the
bottom panel, is well behaved as a function of k at a
fixed mass. The pole here corresponds to the node in
the density perturbation, as shown in the top panel –
the absolute error remains small throughout. As a func-
tion of mass at fixed k/k1/2, we see that our accuracy
increases for heavier axions and decreases for lighter ax-
ions. This reflects that all our scalings are tuned to work
best when the switches occur deep in radiation domina-
tion. Nonetheless for the half-amplitude mode k1/2 our
parameter choice m/H∗ = 10 yields subpercent accuracy
for all masses shown.

III. RESULTS

We now use our solution scheme to compute the axion
transfer function relative to CDM of the same density
today,

Trel(k) ≡ δρax(k, a = 1)

δρCDM(k, a = 1)
, (43)

for scales and axion masses of observational interest. We
set m/H∗ = 10 which is both computationally fast and
reaches subpercent accuracy at the half-amplitude scale
k1/2 as we detailed in §II. In practice, we cease the com-
putation when radiation is 0.1% of the energy density of
matter rather than at a = 1, since for all k of interest
k/am is then sufficiently close to zero that Trel no longer
evolves.

We compare our approach to a naive fluid approxi-
mation which solves the fluid equations (9) and (30) at
all times while approximating the equation of state and
sound speed with the interpolating form winterp (16) and
the field csφ (20). This procedure is similar to the one
used by Ref. [15] and implemented in AxiCLASS with
the sound speed cs,HN (42). We allow the naive fluid ap-
proach to use the true ac when evaluating winterp rather
than implement an iterative approximation for it.

Our approach is no more computationally expensive
than the naive calculation because with our switch to the
EFA at m/H∗ = 10 we bypass the computationally trou-
blesome axion oscillations (see Fig. 1). Nonetheless our
scheme is significantly more accurate. In Appendix A,
we show that the solution scheme used by AxionCAMB
yields similar results to the naive fluid approximation we
focus on here.

We show Trel in Fig. 11 for a range of relevant axion
masses. Our approach and the naive fluid approxima-
tion agree qualitatively that axions suppress small-scale
clustering relative to CDM. In detail, however, the naive
fluid approximation slightly but systematically underes-
timates the suppression scale of the power spectrum.

In Fig. 12, we quantify the error in Trel made by the
naive fluid approximation at the half-amplitude point
k1/2, as a function of axion mass. The naive fluid ap-

proximation makes a ∼ 4% error for a 10−21 eV axion
and becomes less accurate at lower masses. At 10−24 eV
it makes a nearly 10% error.

While the error made by the naive fluid approximation
is significant, it may appear to be smaller than the order
unity errors we might have have expected based on ex-
trapolating the scalings we showed in Fig. 4 and Fig. 9
backwards to a switch epoch m/H � 1.

In fact, for a fixed axion field displacement the naive
fluid approximation at the level of the background does
make an order unity error in the axion density today, as
we would expect from Fig. 4. However, since we have
normalized the density today to that of dark matter and
allowed the initial axion field displacement to float, this
error is factored out of our results here. Nonetheless if
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detailed error characterization). The naive fluid approach (blue) has no significant computational advantage over our approach
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FIG. 12. The fractional error in the relative axion/CDM
transfer function Trel made by the naive fluid approximation
at the half amplitude point k1/2. The naive fluid approx-
imation makes a systematic error of several percent which
increases at low mass. For further discussion see §III.

one wishes to relate the axion initial conditions to the fi-
nal density, the naive fluid approximation makes an order
unity error.

Likewise at the level of the perturbations, our analysis
of evolution errors from the sound speed and matching
errors in the presence of Jeans oscillations might seem to
imply an even larger discrepancy for both the naive fluid
approximation and AxionCAMB (see App. A), which
switches at m/H∗ = 3, but these are mitigated by metric

sourcing as discussed in §II B 1.
For convenient comparison to our results and to en-

able their use in initializing nonlinear simulations, we
construct a fitting function to our EFA results which de-
scribes the suppression of the axion transfer function rela-
tive to CDM before the first node of the transfer function,
described by the empirical form4

Trel(k) ' sin(xn)

xn(1 +Bx6−n)
, (44)

where

x ≡ A k

kJ
, kJ = 9m

1/2
22 , (45)

with m22 ≡ m/10−22 eV. The power law index n = 5/2
is mass-independent, while A and B run with the mass
as

A = 2.22m
1/25−1/1000 ln(m22)
22 ,

B = 0.16m
−1/20
22 . (46)

In Fig. 13, we show how this fitting function repro-
duces our EFA results for axions of mass m = 10−21 eV.
The fitting function is designed to be accurate at the

4 This improves on the form given in Ref. [18], where in particular
the asymptotic suppression was given as k−8 instead of k−6 due
to fitting the differences in form in the intermediate region.
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FIG. 13. A comparison of our fitting function to our EFA
for a 10−21 eV axion. The fitting function is designed to
be fractionally accurate at better than the percent level up
to roughly the half amplitude scale k1/2 for axions masses

between 10−24 eV and 10−21 eV. Larger fractional errors
are made on smaller scales and especially after the first node
induced by the Jeans suppression. For further discussion see
§III.

10−2 level relative to CDM and hence fractionally accu-
rate at the percent level only up to approximately the
half-amplitude point k1/2, with larger fractional errors
once the axions are Jeans suppressed. In terms of mass,
the fitting functions were constructed using the transfer
function for axions of mass 10−24 eV ≤ m ≤ 10−21 eV.

We do not seek a higher level of accuracy in fitting
Trel since the omission of baryons and neutrinos already
makes an error at this level at k1/2, which we have verified
using a full Einstein-Boltzmann code by varying them in
the naive fluid approximation. The even larger effect
of the two on the axion transfer function itself can be
restored by multiplying Trel with the full CDM transfer
function. The remaining relative error reflects only the
simplicity of our code rather than any limitation in our
axion solution scheme developed in §II, and can easily be
rectified by implementing our scheme in a more complete
code such as CAMB or CLASS.

Because the error made by the naive fluid approxima-
tion at k . k1/2 causes a shift in the suppression scale
of the power spectrum, the error can be interpreted as a
shift in effective axion mass. In Fig. 14, we show that the
error in the naive fluid approximation is comparable to
a 3% shift in the axion mass. Thus for accurate percent
level cosmological constraints the naive fluid approxima-
tion is not suitable and the approach presented in this
work should be preferred to it.
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FIG. 14. For m = 10−22 eV, the naive fluid approximation’s
error at the half-amplitude point k1/2 is comparable to a 3%
shift in the axion mass. For further discussion see §III.

IV. CONCLUSION

As next-generation cosmological experiments provide
precision tests of the ultralight axion dark matter hy-
pothesis and the more general string axiverse idea that
ultralight axions should be plentiful, the accuracy of the-
oretical predictions in these models must increase in par-
allel.

These scalar fields induce a new evolution timescale
beyond the Hubble rate in the cosmological system asso-
ciated with their mass. This timescale hierarchy can be
challenging to solve, and existing approximation schemes
for solutions induce errors which are poorly understood
and can be large relative to the precision of cosmological
data.

In this work we have developed a solution procedure
for ultralight axions which enables a dramatic reduction
in the computation time required to obtain their cos-
mological observables, as well as an improved theoretical
understanding of magnitude and sources of the remaining
error. We can achieve subpercent accuracy in observables
without having to track even a single full oscillation of
the axion field. We can achieve even higher accuracy,
at the expense of an increased computation time, by in-
creasing our switch-time parameter m/H∗ later and later
into the oscillatory regime.

Our scheme involves matching the axion field to an ef-
fective fluid so that they agree at the late times at which
observations are made rather than the early times at
which the matching is performed. We then approximate
the evolution of the effective fluid rather than solving it
exactly using an internally calibrated equation of state
and sound speed. It is these two improvements over the
existing approaches which enable our massive improve-
ment in accuracy.

Using our new approach, we were able to quantify the
accuracy of existing techniques used in the literature such
as the naive approximation which uses fluid equations at
all times or the more advanced approach used by Ax-
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ionCAMB. We showed that these induce errors of sev-
eral percent or more in density fluctuations relative to an
equivalent CDM system today on scales where they are
still relatively large, resembling a small mis-scaling of the
transfer function with max.

Ref. [30] already showed that these errors will be signif-
icant for CMB-S4 constraints on axions in the mass range
10−27 eV . max . 10−24 eV, an issue which can be di-
rectly resolved by our approach once it is implemented
in a complete Boltzmann solver. For heavier axions, ob-
servational tests are in the nonlinear regime and our re-
sults provide the linear theory power spectrum before it
is processed by nonlinear physics. Since some nonlinear
effects can be highly sensitive to the axion mass (see, e.g.,
Ref. [54]), rectifying the mis-scaling of the linear theory
transfer function with mass using our approach may then
be important for self-consistent analysis of nonlinear ob-
servations.

Existing approaches can also lead to order unity errors
in relating initial axion parameters to final parameters
today, and therefore our results can be of use to studies
which require proper understanding of, e.g., the axion
misalignment angle.

We provided fitting functions for our results, and our
procedure is also simple to implement. Relative to the
typical approach used in codes like AxionCAMB, our
scheme involves just changing the initial conditions used
to match to a fluid approximation using Eqs. (6), (8),
(13) for the background and Eqs. (25), (28), (35) for the
perturbations, and improving the equation of state using
(17) and the sound speed using (41). Doing so in pub-
lic codes will help unleash the full constraining power
of precision cosmology on these fascinating dark sector
candidates.
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Appendix A: AxionCAMB

In the main text, we compared our EFA to a naive
approach which solves the fluid equations at all times
with rough approximations for the equation of state and
sound speed. In this appendix we show that the approach
implemented in the AxionCAMB code yields similar re-
sults to the naive fluid approach.
AxionCAMB [47] is a version of the CAMB [55]

Boltzmann solver which has been modified to include
axions. We do not show direct comparisons with Ax-
ionCAMB since our code does not include the cosmo-
logical effects of baryons and neutrinos on the matter
power spectrum. Instead, we reproduce the axion solu-
tion scheme that AxionCAMB uses and implement it
in our own more simplistic code.

At the background level, AxionCAMB solves exact
equations until the onset of axion oscillations at a time
aosc defined by

m/H|aosc ≡ 3 . (A1)

After that time, the axion density is evolved in an EFA
with wax = 0.

For the perturbations, at early times a < aosc the fluid
equation is solved with c2s = 1 and the exact c2a. Once
a > aosc, c

2
s takes the Hwang & Noh EFA form (42),

while c2a is set to zero.
We implement this AxionCAMB-like approach in our

code and in Fig. 15 show that it yields results which
are very similar to the naive fluid approximation results
presented in the main text. In particular it shows the
same several-percent level error at k1/2.
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