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W e dev elop a scaling ansatz for the master equation in Dv ali, Gabadadze, P orrati cosmologies,

whic h allo ws us to solv e the equations of motion for p erturbations o� the brane during p erio ds when

the on-brane ev olution is scale-free. This allo ws us to understand the b eha vior of the gra vitational

p oten tials outside the horizon at high redshifts and close to the horizon to da y . W e con�rm that the

results of K o y ama and Maartens are v alid at scales relev an t for observ ations suc h as galaxy-ISW

correlation. A t larger scales, there is an additional suppression of the p oten tial whic h reduces the

gro wth rate ev en further and w ould strengthen the ISW e�ect.

I. INTR ODUCTION

That cosmic acceleration is a fact app ears indubitable.

Instead of an exotic new form of dark energy driving the

acceleration, it ma y b e caused b y a mo di�cation of gra v-

it y . Precise measuremen ts for gra vit y are only a v ailable

in the range of scales from a millimeter to that of the so-

lar system�w e do not ha v e an y direct prob e of Einstein

gra vit y b ey ond these b oundaries. Cosmic acceleration

ma y originate in a breakdo wn of Einstein gra vit y at dis-

tances b ey ond the range ab o v e.

Dv ali, Gabadadze and P orrati (DGP) [1] ha v e pro-

p osed a branew orld theory in whic h our univ erse is

a (3+1)-dimensional brane em b edded in an in�nite

Mink o wski bulk. Gra vit y propagates ev erywhere, but, on

the brane, an additional (3+1)-dimensional gra vitational

in teraction is induced. This allo ws for gra vitational p o-

ten tials on the brane of a (3+1)-dimensional form at

small distances to ev olv e in to (4+1)-dimensional form b e-

y ond a crosso v er scale determined b y the unkno wn energy

scale for the bulk gra vit y . The cosmological solution of

this theory w as sho wn to exhibit accelerated cosmic ex-

pansion without the aid of an exotic energy comp onen t

lik e dark energy [2][3 ].

It has already b een sho wn that the quan tum �eld the-

ory as de�ned b y the DGP mo del con tains ghost degrees

of freedom, alb eit strongly coupled [4 ][5][6][7 ][8], or ev en

violates causalit y in certain limits [9]. Ho w ev er, here w e

concen trate purely on the cosmology arising from classi-

cal ph ysics.

The equations of motion for the theory of gra vit y on

the brane, p ertinen t to the study of cosmology , do not

close o wing to the in teraction with the bulk at �rst or-

der in p erturbation theory . K o y ama and Maartens [10 ]

ha v e used a quasi-static appro ximation, v alid w ell within

the horizon, to in v estigate structure formation at smaller

scales. This solution sho ws the essen tial role that the

bulk pla ys in correcting the gra vitational p oten tials, re-

ducing the gro wth rate.

�
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In the follo wing, w e presen t a new scaling ansatz for

the master equation, allo wing us to solv e the equation

and calculate the resulting cosmological ev olution at all

scales for high redshifts, and close to the horizon to da y .

In ŸI I, w e review the linearized equations of motion for

DGP . W e presen t our scaling solution in ŸI I I and dis-

cuss its cosmological implications in ŸIV . W e study the

robustness of the scaling solution in the App endix and

discuss these results in ŸV.

I I. DGP EQUA TIONS OF MOTION

A. Bac kground

In the DGP mo del, gra vit y alone propagates in the

bulk, and the 5D gra vitational theory is complemen ted

b y an induced 4D Ricci scalar restricted to the brane.

W e assume that b oth the bulk and the brane ha v e zero

tensions, i.e. the cosmological constan ts are zero. W e

th us start o� with the basic DGP action:

S =
Z

d5x
p

� g
� (5) R

2� 2 + � (� )
� (4) R

2� 2 + L
SM

��
; (1)

a 3-brane em b edded in an empt y bulk, with all the

standard-mo del �elds lo calized on the brane at � = 0 .

The constan ts � 2
and � 2

de�ne the energy scales of the

theories of gra vit y: one is Newton's constan t, � 2 = 8 pG ,

the other represen ts the energy scale of the bulk gra vit y .

As sho wn b y Dv ali et al. [1], the ratio of the t w o

scales de�nes a cross-o v er radius b ey ond whic h the four-

dimensional gra vitational theory transitions in to a �v e-

dimensional regime

r c =
� 2

2� 2 : (2)

This scale is c hosen to b e of the order of the curren t Hub-

ble length so that the acceleration of the expansion to-

da y results from the 4D to 5D transition. F or illustrativ e

purp oses, w e will tak e in our calculations r cH0 = 1 :32,

in a matter and radiation univ erse with 
 m = 0 :24
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and h = 0 :66. When comparing with L CDM, the con-

cordance set of parameters will b e used: 
 m = 0 :25,

h = 0 :72. The t w o sets of parameters represen t cos-

mologies whic h are b est �ts to sup erno v a luminosit y data

(SNLS [11 ]) and the distance to the last-scattering sur-

face (WMAP [12 ]), but assuming that the univ erse is �at.

W e discuss the �ts to these data in a companion pap er,

Song et al. [13 ].

F or the purp ose of cosmological calculations, w e w ould

lik e to reduce the �v e-dimensional branew orld to an ef-

fectiv e theory on the brane, whic h could b e studied us-

ing the usual range of four-dimensional to ols. Using a

4+1 decomp osition of the theory [14 ][15 ][16 ], w e can de-

riv e the e�ectiv e on-brane equations of motion�a set of

mo di�ed Einstein equations

G�� = 4 r 2
c f �� � E �� ; (3)

where the Greek indices range across all the dimensions,

�; � = 0 ; 1; : : : ; 4. f �� is a tensor quadratic in the 4-

dimensional Einstein and energy-momen tum tensors,

f �� �
1
12

AA �� �
1
4

A �
� A �� +

1
8

g��

�
A �� A �� �

A2

3

�
;

(4)

A �� � G�� � � 2T�� ; (5)

while E �� is the bulk W eyl tensor pro jected on to the

brane using the v ector normal to the brane, n�

E �� � C���� n� n� : (6)

It can b e sho wn that for branes with maximally-

symmetric spatial h yp ersurfaces, the pro jected W eyl ten-

sor is zero, and hence w e can �nd the mo di�ed F riedman

equation for the bac kground ev olution of the cosmology

on the brane. In the case of the �at brane, whic h is the

only one to b e considered here,

H 2 �
H
r c

=
� 2�
3

; (7)

leading to the result that, for the upp er-sign selection,

the cosmology tends to a de-Sitter phase as the matter

densit y gets diluted a w a y , p oten tially pro viding a mo del

for the observ ed acceleration [17 ]. This is the c hoice w e

will mak e henceforth.

B. Linear P erturbations

The linear scalar p erturbations to the �at metric can

b e parameterized b y

ds2 = � (1 + 2 	 )dt2 + a2(1 + 2 � )dx 2 + d y2 ; (8)

where the y direction is transv erse to the brane. In this

gauge, w e can ignore the (5� ) en tries of tensors and treat

the equations as e�ectiv ely four dimensional. The lin-

earized energy-momen tum tensor can b e written do wn

as

T 0
0 = � � (1 + � ) ; (9)

T 0
i = (1 + w)�@i q ; (10)

T i
j = � (w + c2

s � )� i
j + w�

�
@i @j �

1
3

� i
j

�
� : (11)

Here � is the densit y of the cosmological bac kground,

w � p=� is the bac kground equation of state parameter,

and c2
s = �p=�� is the sound sp eed for the pressure p er-

turbations. W e de�ne the linear scalar p erturbations to

the W eyl tensor b y

E 0
0 = � � 2�� E ; (12)

E 0
i = � 2�@i qE ; (13)

E i
j = � 2wE �

�
� E � i

j +
�

@i @j �
1
3

� i
j @2

�
� E

�
: (14)

The W eyl tensor is traceless, and hence the pressure p er-

turbation will b eha v e lik e radiation, i.e. wE = 1 =3. The

linearized P oisson and anisotrop y equations then are

k2

a2 � =
� 2�
2

2Hr c

2Hr c � 1
� +

� 2�
2

1
2Hr c � 1

� E ; (15)

� + 	 = �

2

41 +
1

2r cH
�

1 +
_H

2H 2

�
� 1

3

5 � 2�a 2w�

�
1

2r cH
�

1 +
_H

2H 2

�
� 1

� 2�
3

a2� E ; (16)

with � the como ving densit y con trast and the equiv alen t

de�nition for � E :

� = � � 3H (1 + w)q ; � E = � E � 3HqE : (17)

The equations of motion for the energy momen tum

tensor are giv en b y the conserv ation la w r � T�� = 0 sup-

plemen ted b y equations of state that de�ne the stress

�uctuations

d
dt

�
�

1 + w

�
�

k2

a2 q = � 3 _� ; (18)

_q � 3c2
sqH + c2

s
�

1 + w
�

2
3

w
1 + w

k2� = � 	 : (19)

W e ha v e here assumed adiabatic pressure �uctuations in

the m ulticomp onen t matter system c2
s = _p=_� .

On the other hand, the W eyl tensor is not separately

conserv ed and its equations of motion come from the

Bianc hi iden tit y , r � G�� = 0 , as applied to Eq. (3),

r � E �� = 4 r 2
c r � f �� : (20)
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W e can rewrite this as

_� E + (1 � 3w)H� E �
k2

a2 qE = 0 ; (21)

_qE � 3wHqE +
1
3

� E �
2
9

k2� E = S ; (22)

where the source term

S �
2r c _H
3H

2

4 � + � E

1 � 2Hr c
+

k2(w� + � E =3)

1 � 2Hr c

�
1 +

_H
2H 2

�

3

5 : (23)

Th us a non-zero W eyl tensor is una v oidably generated b y

matter p erturbations in linear theory [10 ].

In order to close the ab o v e equations, w e need the

analogue of an equation of state to relate the W eyl

anisotropic stress � E to the other comp onen ts of the W eyl

tensor � E and qE . Unlik e the relationship b et w een the

W eyl pressure and energy densit y , this relation requires

a consideration of p erturbations in the bulk.

C. Master Equation

In [18 ], Muk oh y ama sho w ed that for maximally-

symmetric �v e-dimensional space-times, linear scalar

p erturbations in the bulk can b e describ ed using a mas-

ter v ariable 
 . Since the bulk b eing considered is just

Mink o wski, and the brane is assumed �at, w e can pa-

rameterize the bac kground 5D metric b y [19 ]

ds2 = � n(y; t)2dt2 + b(y; t)2dx 2 + d y2 ; (24)

where the brane sits at y = 0 and

b = a(1 + H jyj) ; n = 1 +

 
_H

H
+ H

!

jyj : (25)

This parameterization is also v alid for branes with non-

zero curv ature pro vided that j
 k j � 1. The master v ari-

able then ob eys a h yp erb olic equation of motion:

�

 
_


nb3

! :

+
@
@y

�
n
b3

@

@y

�
�

nk2

b5 
 = 0 : (26)

W e can then express all the on-brane quan tities using

com binations of deriv ativ es of the master v ariable. In

particular, De�a y et [20 ] has sho wn that the comp onen ts

of the W eyl tensor can b e expressed as

� 2�� E = �
k4

3a5

�
�
�
y=0

; (27)

� 2�q E = �
k2

3a3

�
_
 � H


� �
�
�
y=0

; (28)

� 2�� E = �
1

2a3

 

3 •
 � 3H _
 +
k2

a2 
 �
3 _H
H

@

@y

! �
�
�
�
�
y=0

:

(29)

W e will hereafter implicitly assume ev aluation at y = 0
for the master v ariable in the on-brane equations where

no confusion migh t arise. W e can no w rewrite the Bianc hi

iden tit y in terms of the master v ariable, obtaining, after

assuming that the cosmological �uid has no anisotrop y

stress,

•
 � 3HF (H ) _


+
�

F (H )
k2

a2 +
H

K (H )r c
+

2Hr c � 1
r c

RH
�




=
2a3

k2K (H )
� 2�� ; (30)

where R expresses the deriv ativ e across the brane

R �
1

H

@

@y

�
�
�
y=0

: (31)

W e ha v e de�ned t w o new functions of the Hubble param-

eter

F (H ) �
2Hr c

�
1 + _H

3H 2

�
� 1

2Hr c � 1
; (32)

K (H ) �
2Hr c � 1

2Hr c

�
1 + _H

2H 2

�
� 1

: (33)

W ere it not for the @
=@yderiv ativ e across the brane in

R , this equation w ould b e a simple dynamic equation for


 , whic h, giv en an ev olution equation for the source � ,

could b e solv ed as a coupled equation. The role of the

master equation is to de�ne R , the relationship b et w een

@
=@yand 
 .

K o y ama and Maartens [10 ] adopted a quasi-static ap-

proac h to solv e these equations. The master equation

then implies that the gradien t

R = �
k

aH
: (34)

In the Bianc hi iden tit y the time-deriv ativ e and brane-

deriv ativ e terms are neglected compared to those of or-

der (k=aH)2
 . This quasi-static approac h leads to their

solution to whic h w e will refer henceforth as �QS�


 QS =
2a5

k4F (H )K (H )
� 2�� : (35)

This solution is equiv alen t to a closure relationship for

� E in terms of � E through Eqs. (27 ) and (29).

In the next t w o sections, w e will sho w ho w their quasi-

static solution is dynamically ac hiev ed for the p erturba-

tions shortly after horizon crossing and discuss large scale

deviations from their solution.

I I I. SCALING SOLUTION TO MASTER

EQUA TION

A. Causal Horizon

The master equation is a w a v e equation sourced b y the

como ving densit y p erturbations on the brane through the
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Bianc hi iden tit y (30 ).

Since, in appropriate co ordinates, the bulk is just

Mink o wski, the ev olution of 
 in the bulk can b e seen

as a normal propagating w a v e giv en a b oundary condi-

tion from the b eha vior on the brane. Bey ond the causal

horizon, the bulk should remain unp erturb ed. This

causal horizon m ust b e in v arian t in all co ordinizations

of the bulk; therefore w e can lo cate it b y �nding the n ull

geo desic of Eq. (24 ) , giving us the y -p osition of the hori-

zon as

� = y
hor

H = aH 2
Z a

0

d~a
~a2H (~a)2 : (36)

Before the acceleration ep o c h, this reduces to � = 1 =(2 +
3w) for a cosmology with a constan t equation of state pa-

rameter, i.e. � = 1 =3 for a radiation-only cosmology and

� = 1 =2 for a matter-only cosmology . W e are making

the assumption that the univ erse has not gone through a

p erio d of in�ation, whic h w ould ha v e mo v ed the horizon

m uc h further out. If in�ation did tak e place, it is not un-

reasonable to exp ect that an y p erturbations that existed

prior to the in�ationary phase will ha v e b een pushed far

a w a y and the bulk will start in an unp erturb ed state in

the vicinit y of the brane at the b eginning of radiation

domination, resulting in a causal horizon equiv alen t to

that of the cosmology with no in�ation.

The constancy of the horizon during the domination

of a particular �uid suggests that w e can de�ne a new

v ariable, in whic h the horizon will remain �xed at all

times, lying at x = 1

x �
yH
�

: (37)

W e can then recast the master equation in x and solv e it

as a b oundary v alue problem with the v alue of 
 at the

horizon, x = 1 , set to zero.

B. Scaling Ansatz

The second b oundary condition needed to solv e the

master equation is the b eha vior of the master v ariable

on the brane. During ep o c hs when the source remains

scale-free and the Bianc hi dynamics also do not c hange,

one w ould exp ect that the master v ariable also ob eys

a scaling ansatz on the brane 
 jy=0 = Aap ; where A
and p are constan ts. Lik ewise, during suc h ep o c hs w e

exp ect the master v ariable in the bulk to reac h a stable

solution in the v ariable x , the distance in units of the

causal horizon, for a giv en w a v en um b er k=aH .

W e therefore prop ose a new ansatz for the solution to

the master equation (26):


 = A(p)apG(x) : (38)

With this assumption, the master equation (26 ) b ecomes

the ordinary di�eren tial equation

d2G
dx2 +

�
4h2 + h(2p � 1) + 2 h0

2h(1 + x� (1 + 2 h))
�

1 + 2p
2(1 + x� )

�
h + h2 + h0

h(1 + x� (1 + h))

�
�

dG
dx

+
�

hp(2p � 5) � 2h0p
4h2(1 + x� )

+
3p

2(1 + x� )2 �

�
(1 + 2 h)(h(4h + 2 p � 1) + 2 h0)p

4h2(1 + x� (1 + 2 h))
+

(1 + h)(h + h2 + h0)p
h2(1 + (1 + h)x� )

�
�

k
aH

� 2 (1 + (1 + h)x� )2

(1 + x� )3(1 + x� (1 + 2 h))

!

� 2G = 0 ;

(39)

where the primes denote di�eren tiation with resp ect

to ln a�the new time co ordinate whic h will b e used

henceforth�and h � H 0=H . In deriving the ab o v e, w e

ha v e neglected time deriv ativ es of p and � : the scaling

ansatz is not exp ected to b e v alid when p is not a con-

stan t, i.e. during times when the cosmology is undergoing

a c hange from the domination of one �uid to another. In

addition, strictly sp eaking, G is actually a function of

b oth x and k=aH , ev en in the scaling limit. W e ha v e

therefore also assumed that k=aH is a constan t, whic h is

v alid in the k = 0 limit. As w e explain later, as k=aH
approac hes unit y , where its time-deriv ativ es migh t im-

pact the solution signi�can tly , the c haracter of Eq. (39 )

c hanges and terms whic h do not in v olv e the deriv ativ es

of k=aH dominate.

Note that, pro vided w is constan t, one of the denomi-

nators in Eq. (39 ) can b e re-expressed as

1 + x� (1 + 2 h) = 1 � x : (40)

Th us the equation has a regular singular p oin t x = 1 ,

exactly at the causal horizon. This is not a co ordinate

singularit y (all the en tries of the metric are regular there),

but is a re�ection of the junction b et w een p erturb ed and

unp erturb ed space-times.

Supplying H , p as a function of the scale factor is

enough to solv e this ODE as a b oundary-v alue problem,

requiring that G(x) b e 1 on the brane and 0 at x = 1 .

This in turn giv es the v alue of R as

R =
1
�

dG
dx

�
�
x =0

Gjx =0
; (41)
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and closes the ev olution equations for the p erturbations

on the brane.

W e will henceforth refer to this solution as the dynam-

ical scaling or just scaling solution and use the acron ym

�DS�.

C. Iterativ e Solution

In practice, one do es not kno w the scaling index p a pri-

ori and, moreo v er, it can c hange during the ev olution of

a k mo de as the master v ariable lea v es one scaling regime

and en ters another. W e therefore solv e for p iterativ ely

b y demanding consistency with the Bianc hi iden tit y .

T o determine the zeroth-order solution for p, w e sub-

stitute the ansatz Eq. (38 ) in to Eq. (30 ) to obtain

A(p) =
2a3� p

k2K (H )H 2[J (H ) + F (H )(k=aH)2 ]� 2�� ; (42)

J (H ) = p[p + h � 3F (H )] +
1

K (H )Hr c
+

2Hr c � 1
Hr c

R :

Before the acceleration ep o c h, when the expansion is

dominated b y a single �uid, J (H ) and F (H ) are constan t,

while K (H ) is a simple p o w er la w in a. W e therefore set

p = p(0)
, the zeroth order solution for k=aH � 1

p(0) = 3 +
d ln[�� (0) =(K (H )H 2)]

d ln a
: (43)

Note that this de�nition allo ws transitions b et w een scal-

ing regimes where w c hanges. W e shall see that the solu-

tions for R b ecome indep enden t of p for k=aH � 1 and

so w e use this as the zeroth order solution for all mo des,

b oth sup er- and subhorizon.

Finally w e need a zeroth order solution for � (0)
. Mo des

of in terest to large-scale cosmological tests are sup erhori-

zon during radiation domination and en ter the horizon

either during matter domination or the curren t acceler-

ation ep o c h. Before the acceleration ep o c h and in the

absence of anisotropic stress, these mo des ob ey [21 ]

� (0) /
D 3 + 2

9 D 2 � 8
9 D � 16

9 + 16
9

p
D + 1

D(D + 1)
; (44)

where D � a=a
eq

. In order to obtain the zeroth-order

solution for p(0)
w e assume that the gro wth prescrib ed

b y equation Eq. (44) con tin ues un til to da y (see Fig. 1 ).

Giv en this, w e solv e the master equation Eq. (39 ) to

obtain the o�-brane gradien t, R , and then dynamically

solv e the Bianc hi iden tit y Eq. (30 ) coupled to the cosmol-

ogy , for the particular mo de. Once the dynamic ev olu-

tion for the �rst-order solution 
 (1)
is obtained, w e can

iterativ ely impro v e our estimation of p b y n umerically

calculating

p( i ) =
d ln 
 ( i )

d ln a
(45)

and rep eating the ab o v e prescription. W e �nd in the next

section that this pro cedure con v erges quic kly and alters

the v alue of p only when p is not a constan t, as exp ected.

W e displa y the e�ects of the iteration on p in Fig. 1 .

-6 -4 -2 0 2
1

2

3

4

5

6

7

loga

p

 

 

Naive p (0)

Iterated p (i)

FIG. 1: V alue of exp onen t p in the scaling solution 
 jy =0 / ap

for sup erhorizon mo des, plotted as a function of the scale fac-

tor. The p(0)
calculation assumes that the densit y p erturba-

tion � follo ws Eq. (44) at all times. The p( i )
result is the

output of an iterativ e pro cess, where p is used to calculate R
and hence the ev olution of 
 whic h is in turn used to deriv e

a correction to p.

IV. COSMOLOGICAL IMPLICA TIONS

A. Limiting Cases and Numerical Solutions

The ev olution of the master v ariable exhibits sev-

eral distinct phases that are distinguished b y the on-

brane scaling ev olution: that during radiation domina-

tion, matter domination and the de-Sitter acceleration

phase b oth inside and outside the horizon. The scaling

of the Bianc hi iden tit y Eq. (30) determines the v alue of p
at a particular scale factor, while the solution to the mas-

ter equation Eq. (39 ) determines the o�-brane gradien t

R . T o b etter understand the nature of the solution and

ho w it impacts p erturbation ev olution, w e will compare

the analytic exp ectations to the full n umerical results in

the v arious phases.

1. Sup erhorizon Mo des

During radiation domination, Hr c � 1, H 0=H =
� 2 + a=2a

eq

and F (H ) = 1 =3. The particular com-

bination in the denominator of K (H ) causes the �rst-

order con tribution of H 0=H to cancel, lea ving us with
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FIG. 2: Ev olution of ratio of o�-brane gradien t to master

v ariable, R , as de�ned in Eq. (31 ), for a selection of mo des.

On sup erhorizon scales, R is constan t whenev er p is a con-

stan t. Once the mo de en ters the horizon it rapidly approac hes

R = � k=aH . As the univ erse en ters the de-Sitter phase, the

mo des again lea v e the horizon and R asymptotes to 1.

K (H ) / a� 1
. The Bianc hi iden tit y Eq. (30 ) for sup er-

horizon mo des then dictates that

A / a4� p� : (46)

Since � / a2
during radiation domination, this giv es

p = 6 for sup erhorizon mo des. Inserted bac k in to the

master equation under the scaling ansatz Eq. (39 ) , this

v alue of p implies

R = � 3; (k=aH � 1; radiation domination ) : (47)

With R determined, the equations of motion for the p er-

turbations on the brane are closed.

This analytic exp ectation also serv es as the initial con-

ditions for the n umerical scaling solution. In practice, w e

b egin the in tegration at a = 10 � 6
, when all mo des of in-

terest are outside the horizon. The n umerical solution

for p is sho wn in Fig. 1 and for R in Fig. 2 . Note that, in

the radiation-dominated era, their v alues sta y stable at

the analytic prediction for all iterations of the solution.

The large-scale mo des of in terest remain outside the

horizon during the whole radiation-dominated ep o c h. In

the matter-dominated ep o c h, the ev olution outside the

horizon can b e obtained b y noting, F (H ) = 1 =2, K (H ) =
4, H 0=H = � 3=2, and Hr c � 1. The Bianc hi iden tit y

dictates that

A / a3� p� : (48)

Giv en that � / a, p = 4 . Since the matter dominated

solution is of particular in terest, w e explicitly giv e the

master equation under the scaling ansatz

d2G
dx2 +

�
7 � 2p

4(x � 1)
�

1 + 2p
2(x + 2)

�
1

x � 4

�
dG
dx

+

+
�

p(2p � 7)
12(x � 1)

+
p(5 � 2p)
12(x + 2)

+
p

6(x � 4)
+

3p
2(x + 2) 2 +

+
�

k
aH

� 2 (x � 4)2

8(x � 1)(x + 2) 3

!

G = 0 : (49)

This is solv ed as a b oundary v alue problem with b ound-

ary conditions G(0) = 1 and G(1) = 0 . The form of the

n umerical solution to this equation is sho wn in Fig. 3 . In

the large-scale limit, the gradien t reac hes

R = � 1; (k=aH � 1; matter domination ) : (50)

In the n umerical solution of Figs. 1 and 2 , these v alues

of p = 4 and R = � 1 are ac hiev ed gradually as the ex-

pansion b ecomes matter dominated. The iteration of the

n umerical solution in fact further smo oths the transition

un til a stable form is ac hiev ed as w ould b e exp ected. Note

also that R is v ery insensitiv e to k=aH , pro vided it b e

less than 1 suc h that the mo de is larger than the horizon.
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0.8

0.9

1

x

G
(x

)

 

 

DS
QS

k/aH = 1

k/aH = 10

k/aH = 30

FIG. 3: O�-brane pro�le for G(x) obtained b y solving equa-

tion (39) during matter domination ( log a = � 2), compared

to o�-brane pro�les for the quasi-static (QS) solution. F or

high k=aH the pro�les are v ery narro w and e�ectiv ely inde-

p enden t of the p osition of the causal horizon: they p enetrate

v ery little in to the bulk and the b eha vior of the solution is

practically indep enden t of the v alue of p. In this regime, the

QS solution is practically coinciden t with the scaling solu-

tion. F or mo des with lo w k=aH , the solution is non-zero in

the whole in terv al x 2 [0; 1) and therefore it dep ends strongly

on the v alue of p. QS sev erely underestimates the gradien t of

the pro�le in this regime.

2. Subhorizon Mo des

The mo des of in terest cross the horizon either during

matter domination or the acceleration ep o c h. F or large
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v alues of k=aH , the �nal term of the master equation

Eq. (39 ) dominates o v er other parts of the co e�cien ts of

G(x) and G0(x) . As evidenced in Fig. 3 , in this regime,

the solution do es not p enetrate v ery far in to the bulk.

W e can th us expand the master equation around x = 0 ,

reducing it to

d2G
dx2 � � 2(1 � 2�x )

�
k

aH

� 2

G = 0 : (51)

This matc hes the quasi-static appro ximation up to �rst

order in x . Therefore, for k=aH � 1, the relation giving

the gradien t on the brane is exactly as in the QS ap-

pro ximation [6], with no dep endence on the v alue of p:

R = �
k

aH
(k=aH � 1; matter/acceleration ): (52)

The n umerical solution for R ev olv ed through horizon

crossing is sho wn in Fig. 2 . It reac hes this scaling shortly

after horizon crossing.

Despite this indep endence of p, the master v ariable

do es ac hiev e a scaling form during matter domination.

The Bianc hi iden tit y (30 ) can b e reduced to the QS form,

Eq. (35 ) , and implies

A / a2� p� ; (53)

and hence p = 3 .

In general then, R is a function of b oth k=aH and p(a)
and therefore eac h mo de needs to b e follo w ed separately

through its ev olution b oth outside and inside the hori-

zon. Ho w ev er, only outside the horizon do es the v alue

of the o�-brane gradien t actually a�ect the ev olution on

the brane, since for high k=aH it is sub dominan t in the

Bianc hi iden tit y Eq. (30 ).

3. Asymptotic de-Sitter phase

A t late times, the DGP cosmology en ters the self-

accelerated de-Sitter phase. During this time all mo des

exit the horizon while the causal horizon in the bulk,

� , gro ws rapidly to w ard in�nit y . This allo ws us to con-

cen trate on the k � aH limit. Deep in to the de-Sitter

phase of the expansion, Hr c = 1 , K (H ) = F (H ) = 1 .

The master equation (26) can no w b e rewritten (in the

scaling appro ximation) as

@2

@y2

�
2

1 + Hy
@

@y

�
p(p � 3)

(1 + Hy )2 
 = 0 : (54)

This equation has an analytic solution. Assuming that

the p erturbations v anish at the causal horizon, 
 = 0 at

y = �=H , and that p 6= 3 =2, w e can �nd the o�-brane

gradien t:

R =
1
2

(3 � j 2p � 3j) �
j2p � 3j

(1 + � ) j 2p� 3j � 1
: (55)

This can no w b e com bined with the Bianc hi iden tit y

(p2 � 3p + 1 + R)
 =
6H 2

0 r 2
c 
 m �
k2 : (56)

It can b e sho wn that � b ecomes a constan t during the

acceleration era.

In the limit where r 2
c �=
 ! 0 and � ! 1 , i.e. at

v ery late times, the solution to the ab o v e t w o equations

com bined is R = 1 and p = 2 or p = 1 , where w e w ould

exp ect the fastest-gro wing mo de, p = 2 , to dominate. W e

plot the n umerical solutions in Figs. 1 and 2. Note that

iteration of the solution here is crucial but p = 2 , R = 1
is approac hed at late times.

The n umerical results only con v erge to p = 2 , R = 1
v ery slo wly . This can also b e understo o d analytically .

There is a sligh t correction to this result arising as a

result of � b eing �nite, but it is already insigni�can t b y

loga � 2. A more signi�can t correction to the scaling

b eha vior arises as a result of � not b eing zero. Its size

can b e estimated b y assuming that p = 2+ � . Substituting

this in to b oth Eq. (55 ) and Eq. (56 ) w e obtain

� = 1 �
1
2

r

4 +
6H 2

0 r 2
c 
 m �


k 2 : (57)

Indeed, as 
 gro ws, the correction decreases un til p = 2
is ac hiev ed. In particular, the con tin ued gro wth of 

implies that the anisotrop y at the largest scales will con-

tin ue gro wing as

� + 	 /
� E

a
/ a1+ � : (58)

4. Sup erhorizon Metric Evolution

Deriving an ev olution equation for the metric high-

ligh ts the fact that the metric ev olution is not sensitiv e

to the DGP mo di�cation un til the acceleration ep o c h.

Ev en in the acceleration ep o c h the metric ob eys a simple

equation of motion on sup erhorizon scales.

By appropriately rearranging the linearized Einstein

equations and the Bianc hi iden tit y , w e can obtain a single

di�eren tial equation for the gra vitational p oten tials

�
� 00� 	 0 �

H 00

H 0 � 0+
�

H 00

H 0 �
H 0

H

�
	 +

�
k

aH

� 2 ��
c2

s +
H 0

3H
1

2Hr c � 1

�
� +

+
H 0

9(1 + w)H
2Hr c � 1
Hr c � 1

(� + 	 )
��

(1 + w) =

=
H 0

H
1

2Hr c

�
(w � c2

s)� E +
�

1
3

� w +
H 0

3H

�
� E

�
: (59)

In the large-scale limit, k=aH ! 0, � E � 0; if w e also

assume that c2
s = w or that � E = O(k=aH)2� from the

P oisson equation, w e obtain

� 00� 	 0 �
H 00

H 0 � 0+
�

H 00

H 0 �
H 0

H

�
	 = 0 : (60)
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Note that this equation for the metric p erturbations is

the same as found in general relativit y [e.g. [22 ] Eq. (50)].

Therefore, b efore the DGP mo di�cations c hange the ex-

pansion rate or generate anisotropic stress, the ev olu-

tion of the metric is iden tical to general relativit y . F ur-

thermore, as p oin ted out b y Bertsc hinger [23 ] in the ab-

sence of anisotropic stress, 	 = � � and this equation

yields solutions that dep end only on the expansion his-

tory through H ev en in the acceleration ep o c h.

In DGP gra vit y , ho w ev er, the anisotrop y at the largest

scales is nev er negligible and, in fact, gro ws at late times,

as discussed in section IV A 3 . W e can rewrite Eq. (60 )

b y de�ning

� + =
1
2

(� + 	 ) � � =
1
2

(� � 	 ) : (61)

In the de Sitter era, when H 0=H = 0 and H 00=H0 = � 3,

and assuming that the t w o new v ariables ob ey a scaling

solution with � + = A+ ap+
and � � = A � ap�

, Eq. (60 )

b ecomes

A+ ap+ (p2
+ + 2 p+ � 3) + A � ap� (p2

� + 4 p� + 3) = 0 :
(62)

One w ould exp ect that � + w ould gro w with exp onen t

p+ = 1 , while � � w ould deca y a w a y with exp onen t p� =
� 1. Ho w ev er, b ecause of the need to preserv e the Bianc hi

iden tit y with a non-zero � , as discussed in section IV A 3 ,

the scaling solution is sligh tly violated. W e �nd that

p+ = 1 + � while p� = 1 . This leads to the relation

A �

A+
= �

�a �

2
; (63)

where � ! 0 monotonically . A t late times, our solution

tends to a regime where the ratio � � =� + ! 0, with

� + / a.

It is in teresting to note that in this opp osite limit to

that studied in [23 ] where � � � � + Eq. (60 ) also b e-

comes closed and has solutions that dep end only on the

expansion history through H .

B. Quasi-Static vs Dynamical-Scaling Solutions

It is useful to summarize the di�erences b et w een the

quasi-static (QS) and dynamical scaling (DS) solutions

unco v ered in the previous section.

Beginning at the initial conditions in the radiation-

dominated era, the sup erhorizon v alue of the master v ari-

able is highly suppressed with 

DS

=

QS

= O
�
(k=aH)2

�

(see Fig. 4). As the mo de en ters the horizon during

matter domination, the DS solution for 
 gro ws rapidly

and then executes damp ed oscillations around the QS

solution. This can b e understo o d analytically since the

Bianc hi iden tit y tak es the form of a damp ed oscillator

in 
=a 2
that is driv en b y � . During the time when


 signi�can tly deviates from the QS solution, the W eyl

corrections to the P oisson equation (15 ) are suppressed,

�6 �5 �4 �3 �2 �1 0
0

1

2

3

4

5

6

7

loga

�
D

S
/�

Q
S

k = 0.001 Mpc �1

k = 0.010 Mpc �1

k = 0.100 Mpc �1

FIG. 4: Ratio of master v ariable 
 for dynamic scaling and

quasi-static solutions. In QS, 
 resp onds instan taneously to

c hanges in � . F ully dynamic solution to the Bianc hi iden tit y

(30) requires time to resp ond and ev en tually deca ys to the QS

solution. Initializing the calculation at earlier times c hanges

neither the scale factor at whic h 
 resp onds nor its v alue

to da y . Rapid gro wth o ccurs during the time b efore horizon

crossing.

since Hr c � 1, and there is no additional correction to

the gra vitational p oten tials o v er and ab o v e that of QS

(see Fig. 7 ).

0.4

0.6

0.8

1 k = 0 .001 MpcŠ 1

�
Š

�

�2 �1.5 �1 �0.5 0
0.4

0.6

0.8

1
k = 0 .01 MpcŠ 1

loga

�
Š

�

LCDM
QS
DS

FIG. 5: Ev olution of the principle gra vitational observ able

� � 	 for concordance L CDM, the quasistatic (QS) solution,

and our new dynamical scaling (DS) solution. F or scales

k & 0:01 Mp c

� 1
the scaling and QS solutions do not dif-

fer appreciably: the deca y in the p oten tials is a little faster

than L CDM as a result of slo w er gro wth of densit y con trast.

A t larger scales, the di�erence b et w een QS and concordance

L CDM do es not c hange signi�can tly . Ho w ev er, the DS solu-

tion exhibits signi�can t additional deca y o wing to the di�eren t

v alue of 
 at late times for large scales, as exhibited in Fig. 4 .

All p oten tials normalized to 1 at log a = � 2.
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FIG. 6: Ev olution of the como ving densit y con trast � for

concordance L CDM, QS and our DS solution. The gro wth

function in DGP is suppressed compared to L CDM, ev en in

the case of a �at cosmology . The scaling ansatz results in ad-

ditional suppression at the largest scales, but is equiv alen t to

QS for mo des k > 0:01 Mp c

� 1
. All quan tities are normalized

to 1 at log a = � 2.

W e �nd that the results of the scaling solution matc h

the quasi-static results for all mo des that en ter the

horizon w ell within the matter-dominated ep o c h k >
0:01 Mp c

� 1
(see Figs. 4 �7 ). F or larger scales, this is not

so: as sho wn in Fig. 4 , 
 no w only deca ys to w ard the QS

solution, rather than oscillating around it. Since at late

times the W eyl p erturbations are no longer suppressed,

this no w mak es a signi�can t con tribution to the P oisson

equation, resulting in additional deca y of the p oten tials.

As sho wn in Fig. 7, there is a 20% deviation from QS in

� � 	 at the scale k = 0 :001 Mp c

� 1
for the c hosen sets

of cosmological parameters.

The story is similar for the como ving densit y p erturba-

tion, � . Also here the scaling ansatz exhibits additional

suppression of the gro wth rate at larger scales. Ho w ev er,

this is a smaller e�ect, with the additional suppression

of order 10% o v er and ab o v e QS for k = 0 :001 Mp c

� 1
.

The direction of this e�ect agrees with estimates made b y

Lue in [24 ] and is suc h that the scaling solution is an ev en

w orse �t to CMB anisotrop y data than the quasi-static

(see [13] for a discussion).

V. DISCUSSION

W e ha v e in tro duced a new scaling ansatz whic h allo ws

solutions to linear p erturbations in the DGP mo del on all

scales less than the cross-o v er scale r c up to the presen t

ep o c h. The equations of motion for linear p erturbations

on the brane require kno wledge of the gradien t of the so-

called master v ariable in to the bulk. The master v ariable

ob eys a master equation in the bulk. T o solv e the master

equation, it is su�cien t to ha v e t w o b oundary conditions,

one on the brane and the other in the bulk.
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(�
Š

�)
Q

S

�2 �1.5 �1 �0.5 0
0.85

0.9
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1

loga

�
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S
/�

Q
S

k = 0.010 Mpc �1

k = 0.005 Mpc �1

k = 0.002 Mpc �1

k = 0.001 Mpc �1

FIG. 7: Comparison of results of QS and DS solutions: Upp er

panel presen ts the ratio of � � 	 in the t w o appro ximations.

F or mo des with k > 0:01 Mp c

� 1
the t w o solutions di�er b y

less than 2%. The di�erence is m uc h more pronounced for

larger scales where 
 has not deca y ed to the QS v alue, result-

ing in additional deca ys of up to 20%. Lo w er panel presen ts

the ratio of como ving densit y p erturbations in the t w o solu-

tions: � is a�ected less, with appro ximately a 10% deviation

from QS at the largest scale, k = 0 :001 Mp c

� 1
.

Our scaling solution b egins with an ansatz for the

brane b oundary condition: that the ev olution of the mas-

ter v ariable is scale free on the brane. The second b ound-

ary condition is that the master v ariable v anishes at the

causal horizon in the bulk. With these t w o b oundary

conditions, w e solv e the master equation to determine

the gradien t. With the gradien t kno wn, w e can then re-

place the scale-free ansatz with the dynamical solution

and iterate the solution un til con v ergence.

W e �nd that the quasi-static (QS) solution of [6 ] is

rapidly approac hed once the p erturbation crosses the

horizon. Before horizon crossing there are strong de-

viations from the quasistatic solution. F or mo des that

crossed the horizon only recen tly during the acceleration

ep o c h, w e �nd that the metric p erturbation � � 	 de-

ca ys more rapidly that the QS solution. The QS solution

itself has a stronger deca y than the L CDM mo del. The

extra deca y compared with L CDM is extremely robust

to c hanging the gradien t of the master v ariable in to the

bulk, the one v ariable that is required to close the equa-

tions of motion on the brane. W e consider the observ a-

tional consequences of these results in a companion pap er

[13 ].
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APPENDIX A: SCALING ANSA TZ R OBUSTNESS

Assuming that the scaling ansatz is appropriate, the

solution presen ted in this pap er is correct at all scales.

Ho w ev er, the scale-free assumption dep ends crucially on

the existence of only one scale in the problem: the Hubble

parameter. This is not true at matter-radiation equalit y ,

for instance. Indeed, the subhorizon mo des completely

c hange their b eha vior at this transition. Ho w ev er, pro-

vided w e only consider sup erhorizon mo des, there is an

o v erall c hange in the gro wth rate at the transition b e-

t w een the t w o regimes, but it a�ects all mo des in the

same w a y [see Eq. (44 )]. Th us w e can extend the scale-

free picture in to the matter-domination era.

The k ey question when considering the e�ect of DGP

at the largest scales is ho w do es the pro ximit y to the

transition scale r c a�ect sup erhorizon mo des: do es the

dep endence only en ter through the mo di�cation to the

ev olution of the Hubble parameter, or is there an ad-

ditional e�ect. If the former is true, then the analysis

presen ted th us far is lik ely to b e substan tially correct.

Ho w ev er, if a new scale is in tro duced, then mo des whic h

are close to the horizon to da y could ev olv e v ery di�er-

en tly .

An y violation of scaling will en ter the equations purely

through the o�-brane gradien t R : this is the quan-

tit y whic h w e obtained b y solving the master equation

Eq. (39 ) using the scaling ansatz.

One w a y of testing the robustness of the scaling ansatz

is to c hange the v alues of R at late times and in v estigate

ho w m uc h of a departure from scaling-ansatz v alues is

necessary to signi�can tly c hange the b eha vior of observ-

ables. W e concen trate on the c hange to the ev olution of

the p oten tial � � 	 , whic h driv es the ISW e�ect, as w e

alter the o�-brane gradien t. Since the QS solution al-

ready has a signi�can tly sharp er deca y than L CDM, and

therefore is a w orse �t to the large angle CMB anisotrop y

[13 ], and the scaling solution deca ys ev en more rapidly

(see �gure 5 ), w e attempt to violate the scaling solution in

suc h a w a y as to soften this deca y . W e presen t the mo d-

i�cation to R in Fig. 8 : w e emplo y a linear in terp olation

for R b et w een its scaling-ansatz v alue at loga = � 2 and

a c hosen o�-brane gradien t v alue to da y , R0 . One should

note that this breaking is rather extreme, since the scale

under consideration, k = 0 :001 Mp c

� 1
, is inside the hori-

zon to da y and it should b e w ell within the quasi-static

regime at the presen t time.

W e ha v e found that c ho osing negativ e v alues for R0

strengthens the deca y of � � 	 , with the scaling solution

appro ximately replicated for R0 � � 2. P ositiv e v alues

of R0 reduce the rapidit y of the deca y at late times: the

QS solution is matc hed for R0 � 5, whic h is a v alue
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FIG. 8: O�-brane gradien t for k = 0 :001 Mp c

� 1
for the

scaling solution and the scaling-violating scenarios emplo y ed

in robustness testing. Since an y scaling violation is only lik ely

to o ccur at scale factor close to Hr c � 1, w e mo dify the

gradien t starting at log a = � 2. A v alue of the gradien t to da y ,

R0 , is c hosen and the gradien t is in terp olated linearly b et w een

these t w o scale factors. In this mo di�cation, w e disregard the

fact that the mo de en ters the horizon at late times.

m uc h higher than ev er ac hiev ed b y the scaling solution.

In order to ac hiev e the lo w lev els of deca y exhibited b y

L CDM, R0 needs to b e set in the vicinit y of 50.

The e�ect is di�eren t for � : here, negativ e v alues of R0

also decrease the gro wth rate ev en further b eneath that of

DS; ho w ev er, � asymptotes to a v alue appro ximately 8%

b eneath that of the QS solution as R0 is sen t to in�nit y .

The ab o v e considerations sho w that the new ph ysics

required around r c w ould ha v e to violate the scaling b e-

ha vior rather strongly in order to giv e an ISW e�ect com-

parable to that of L CDM.
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