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We study the evolution of linear cosmological perturbations in f (R) models of accelerated expansion in the physical frame where the gravitational dynamics are fourth order and the matter is
minimally coupled. These models predict a rich and testable set of linear phenomena. For each
expansion history, fixed empirically by cosmological distance measures, there exists two branches
of f (R) solutions that are parameterized by B ∝ d2 f /dR2 . For B < 0, which include most of
the models previously considered, there is a short-timescale instability that spoils agreement with
cosmological observables in the high curvature limit. For the stable B > 0 branch, f (R) models can
reduce the large-angle CMB anisotropy, alter the shape of the linear matter power spectrum, and
qualitatively change the correlations between the CMB and galaxy surveys. All of these phenomena are accessible with current and future data and provide stringent tests of general relativity on
cosmological scales.
PACS numbers:

I.

INTRODUCTION

Cosmic acceleration can be explained either by missing energy with an exotic equation of state, dubbed dark
energy, or by a modification of gravity on large scales.
Indeed the cosmological constant can be considered either as a constant added to the Einstein-Hilbert action
or as vacuum energy. Non-trivial modifications where the
addition is a non-linear function f (R) of the Ricci scalar
that becomes important only at the cosmologically low
values of R have also been shown to cause acceleration
[1, 2, 3]. They are furthermore free of ghosts and other
types of instabilities for a wide range of interesting cases
[3, 4, 5].
Solar-system tests of gravity provide what is perhaps
the leading challenge to f (R) models as a complete theory of gravity [6]. The equivalence of f (R) models to
scalar-tensor theories lead to conflicts with parameterized post-Newtonian constraints at a background cosmological density of matter. It is however still controversial
whether the whole class of f (R) modifications can be
ruled out by this equivalence. Matter in the solar system
becomes non-minimally coupled in the transformed frame
leading to non-trivial modifications of the scalar field potential. In the original Jordan—or physical—frame, it
has been shown that the Schwarzschild metric solves the
modified Einstein equations of a wide range of f (R) models [7]. Furthermore, recent work has shown that solarsystem gravity problems may become tractable if f (R)
is viewed as simply a first-order correction term to the
high R limit of general relativity [8, 9, 10, 11].
Regardless of the outcome of small-scale tests of gravity in f (R) models, it is worthwhile to examine the cos-
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mological consequences of treating f (R) as an effective
theory valid for a cosmologically appropriate range of
curvatures. At the very least by making concrete predictions of cosmological phenomena in these models, one
gains insight on how cosmology can test gravity at the
largest scales.
In this Paper, we develop linear perturbation theory
for predicting cosmological observables such as the Cosmic Microwave Background (CMB) and the large-scale
structure of the universe exhibited in galaxy surveys. We
work in the physical frame where the matter is minimally
coupled and obeys simple conservation laws.
We begin in §II by reviewing the properties of f (R)
models and their relationship to the expansion history of
the universe. In §III, we derive the fourth order perturbation equations and, using general properties demanded
by energy-momentum conservation [12, 13, 14], recast
them into a tractable second order form. In §IV we identify a short time scale instability that renders a wide class
of f (R) models not viable cosmologically. We present solutions on the stable branch in §V and explore their impact on cosmological power spectra in §VI. We discuss
these results in §VII.

II.

EXPANSION HISTORY

We consider a modification to the Einstein-Hilbert action of the form [15]
S=

Z



√
R + f (R)
d x −g
+ Lm ,
2µ2
4

(1)

where R is the Ricci scalar, which we will sometimes refer
to as the curvature, µ2 ≡ 8πG, and Lm is the matter
Lagrangian. Variation with respect to the metric yields

2
the modified Einstein equations
Gαβ + fR Rαβ − (

f
− fR )gαβ − ∇α ∇β fR = µ2 Tαβ ,(2)
2

where fR ≡ df /dR and likewise fRR ≡ d2 f /dR2 below.
We define the metric to include scalar linear perturbations around a flat FRW background in the Newtonian
or longitudinal gauge
ds2 = −(1 + 2Ψ)dt2 + a2 (1 + 2Φ)dx2 .

(3)

Given that the expansion history and dynamics of linear
perturbations are well-tested in the high curvature, high
redshift limit by the CMB, we restrict our considerations
to models that satisfy [1, 2, 3]
lim f (R)/R → 0 .

(4)

R→∞

With this restriction, the main modifications for viable
models arise well after the radiation becomes a negligible
contributor to the stress energy tensor. We can then take
it to have the matter-dominated form
T 00 = −ρ(1 + δ) ,
T 0i = ρ∂i q ,
T ij = 0 .

(5)

The modified Einstein equations with the FRW background metric and δ = q = 0 yields the modified Friedmann equation
µ2 ρ
1
.
H − fR (HH + H ) + f + H 2 fRR R′ =
6
3
2

′

2

(6)

Here and throughout, primes denote derivatives with respect to ln a.
There is sufficient freedom in the function f (R) to reproduce any desired expansion history H. Hence the expansion history alone cannot be used as a test of general
relativity though it can rule out specific forms of f (R).
The dynamics of linear perturbations on the other hand
do test general relativity as we shall see.
We therefore seek to determine a family of f (R) functions that is consistent with a given expansion history
[16, 17, 18, 19]. Without loss of generality, we can parameterize the expansion history in terms of an equivalent dark energy model
H2 =

µ2
(ρ + ρDE ) .
3

(7)

This yields a second order differential equation for f (R)

For convenience, let us define the dimensionless quantities
E=

H2
,
H02

R
= 3(4E + E ′ ) ,
H02

y=

f
.
H02

(9)

Here H0 ≡ H(ln a = 0) = h/2997.9 Mpc−1 is the Hubble constant. The modified Friedmann equation can be
recast into an inhomogeneous differential equation for
y(ln a)


ρDE 4E ′ + E ′′
,
(10)
L[y] = −µ2 2
H0
E
where the differential operator on the lhs is given by


1 E′
4E ′′ + E ′′′
L[y] ≡ y ′′ − 1 +
y′
+
2E
4E ′ + E ′′


1 4E ′ + E ′′
y.
(11)
+
2
E
For illustrative purposes, we take an expansion history
that matches a dark energy model with a constant equation of state w,
E = (1 − ΩDE )a−3 + ΩDE a−3(1+w) ,

(12)

µ2 ρDE
= ΩDE a−3(1+w) .
3 H02

(13)

and

Since Eq. (11) is a second-order differential equation, the
expansion history does not uniquely specify f (R) but instead allows a family of solutions that are distinguished
by initial conditions. This additional freedom reflects the
fourth-order nature of f (R) gravity.
To set the initial conditions, take y± to be the two
solutions of the homogeneous equation L[y] = 0. At high
curvature, these solutions are power laws y± ∝ ap± with
√
−7 ± 73
p± =
.
4

(14)

Since p− ≈ −3.9, stimulation of this decaying mode violates the condition that fR /R → 0 at high R. We
therefore set its amplitude to zero in our solutions (c.f.
[16, 20, 21]). The particular solution in the high curvature limit becomes
ypart =

6w2

6ΩDE
a−3(1+w) .
+ 5w − 2

(15)

Therefore when numerically integrating Eq. (11) we take

2

1
µ ρDE
−fR (HH ′ + H 2 ) + f + H 2 fRR R′ = −
,
6
3

(8)

where H 2 and R are fixed functions of ln a given the
matching to the dark energy model.

y(ln ai ) = Ay+ (ln ai ) + ypart (ln ai ) ,
(16)
y ′ (ln ai ) = p+ Ay+ (ln ai ) − 3(1 + w)ypart (ln ai ) ,
at some initial epoch ai ∼ 10−2 .

3

fRR
H
R′
(17)
1 + fR H ′


′′
′′′
2
1
E
′′
′ 4E + E
=
y
−
y
,
3(1 + fR ) 4E ′ + E ′′ E ′
4E ′ + E ′′

0

B0=
3

f (R)/R

Since the modifications to gravity appear at low redshifts, it is more convenient to parameterize the individual solutions in the family by the final conditions rather
than the growing mode amplitude of the initial conditions. Given that a constant f (R) is simply a cosmological constant and a linear one represents a rescaling
of G or µ, it is fRR , the second derivative, that controls
phenomena that are unique to the modification. In particular, we shall see that a specific dimensionless quantity
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III.

LINEAR PERTURBATION EQUATIONS

The modified Einstein equations (2) represent a fourthorder set of differential equations for the two metric perturbations Ψ and Φ in the presence of matter density and
momentum fluctuations δ and q. To solve this system of
equations, we introduce auxiliary parameters to recast it

100

1000

R/H02

(18)

given by pB = 3 + p+ , if the growing mode dominates,
and pB = −3w, if the particular mode dominates.
We will therefore characterize solutions with a given
expansion history family by B0 ≡ B(ln a = 0). If B0 =
0 and the background expansion is given by w = −1
then f (R) = const., B(ln a) = 0 and the model has a
true cosmological constant. More generally B = 0 will
correspond in linear theory to the dynamics of a dark
energy component for scales above the dark energy sound
horizon.
In Fig. 1, we plot the family of f (R) models that match
two representative expansion histories parameterized by
(w, ΩDE , h). These models are chosen to be consistent
with current WMAP CMB data [22] and span a range
that is consistent with supernovae acceleration measures.
Given the similarity between these models, we will take
the w = −1 ΛCDM expansion history for illustrative
purposes below.
The linear perturbation analysis that follows does not
require the matching to the specific expansion histories
parameterized by (w, ΩDE , h) here. This reverse engineering is only a device to find observationally acceptable f (R) models. What is required is that the background solutions provide H(ln a) and B(ln a). On the
other hand, linear perturbation theory does inform the
choice of a background solution. We shall find in §IV
that the B < 0 branch of the family is unstable to linear
perturbations.

(b) w=-0.9, ΩDE=0.73

-3
10

B′
pB ≡
B

(a) w=-1, ΩDE=0.76

-3

FIG. 1: Every expansion history that can be parameterized by
a dark energy model with ρDE (ln a) can be reproduced by a one
parameter family of f (R) models, indexed by B0 ∝ fRR /(1 + fR )
at the present epoch (left end point of curves), that approaches
the Einstein-Hilbert action in the high curvature limit. (a) ΛCDM
expansion history (w = −1, ΩDE = 0.76, h = 0.73). (b) Dynamical
dark energy expansion history (w = −0.9, ΩDE = 0.73, h = 0.69).

as a larger set of second-order differential equations. It
is numerically and pedagogically advantageous to choose
these auxiliary parameters so that their effect vanishes
at large scales and early times.
On superhorizon scales (k/aH ≪ 1), the evolution of
metric perturbations must be consistent with the background evolution provided that the background solution is valid, i.e. that fluctuations about it are stable.
Bertschinger [12] showed that the familiar conservation
of the curvature fluctuation on comoving hypersurfaces
(ζ ′ = 0) for adiabatic fluctuations in a flat universe applies to any metric based modified gravity model that
obeys energy momentum conservation ∇µ Tµν = 0. The
gauge transformation into the Newtonian gauge
ζ = Φ + Hq

(19)

ζ ′ = Φ′ + H ′ q + Hq ′ = 0 , (k = 0) ,

(20)

implies

and momentum conservation requires
Hq ′ = −Ψ

(21)

Φ′ − Ψ + H ′ q = 0 , (k = 0) .

(22)

so that

4
Combining Eq. (21) and (22) yields a second order differential equation for the Newtonian metric perturbations
[13]
H ′′
Φ − Ψ − ′ Φ′ −
H
′′

′



H ′′
H′
− ′
H
H



H′
ζ =Φ −Ψ+H q =
H
′

′



k
aH

2

Bθ ,

(24)

and ǫ the deviation from the superhorizon metric evolution Eq. (23)

 ′
H ′′ ′
H ′′
H
Φ −Ψ − ′Φ −
− ′ Ψ
H
H
H
2

E′
k
B2ǫ .
=
′
aH
4E + E ′′
′′

′

(25)

The coefficients in front of the deviation parameters are
chosen to bring out the fact that their effect vanishes as
k/aH → 0 and B → 0 so long as the dynamics guarantees
stable behavior of the parameters themselves (see §IV).
The Einstein equations can then be recast as a second
order differential equation for ǫ and constraint equations
for the other metric variables. Since ǫ itself contains second derivatives of the fundamental metric perturbations
Φ and Ψ, the equations are implicitly fourth order. It will
be convenient to separate out two linear combinations of
the underlying metric fluctuation
Φ− =

1
(Φ − Ψ) ,
2

S = 2Φ + Ψ ,

(26)

and a reduced mass scale or rescaling of G
µ̃2 (ln a) =

B(ǫ′ + G1 ǫ) =

Ψ = 0 , (k = 0) . (23)

The evolution of the metric fluctuations must in this way
be consistent with the expansion history defined by H.
Note that this equation applies to any modified gravitational scenario that satisfies the required conditions.
The DGP braneworld acceleration model [23] represents
another valid application [24]. What does require a specification of a theory is the relation between Φ and Ψ. Under general relativity and assuming Tµν takes the matteronly form of Eq. (5), the closure relation is Φ = −Ψ and
Eq. (23) in fact applies on all scales. With a dynamical
dark energy component in Tµν , it applies above the dark
energy sound horizon [25].
To capture the metric evolution of f (R) models for
k 6= 0, let us introduce two parameters: θ the deviation
from ζ conservation, Eq. (22)
′

stein equations becomes a dynamical equation for ǫ

µ2
.
1 + fR (ln a)

(27)

In terms of these variables, the 0i component of the Ein-

1
1
B E′
G2 S − (S − 2Φ− ) +
(S − 2Φ− )
3
3
6 E

1 µ̃2 ρ
1 E′
Hq
(28)
+
+
2E
3 H2
"
#

2


µ̃2 ρ
E ′′
1 E′
k
+
θ,
4
+
−
H2
E′
2 E aH

where
E ′′
4E ′′ + E ′′′
1 E′
B′
E′
+2 ′ −
+
B
+
2
,
E
E
4E ′ + E ′′
2E
B
E ′′
B′
= 4+ ′ +
− G1 .
(29)
E
B

G1 = 1 −
G2

The metric fluctuations S and Φ− act as sources to ǫ
which then feed back into their evolution weighted by
(Bk/aH)2 . To complete this system, the dynamics of θ
are supplied by the derivative of its definition Eq. (24)
combined with Eq. (25)


3 E′
B′
E
′
θ + −2 −
+
(30)
θ = 2 ′ǫ.
2E
B
E
Eqs. (28) and (30) can also be combined to eliminate θ
leaving a second-order differential equation for ǫ. This
combined relation may alternately be derived directly
from the trace of the ij component of the Einstein equations.
As in general relativity, the remaining Einstein equations become constraint equations given the dynamical
variables ∆, Hq, ǫ, θ. The 00 equation may be expressed
as the modified Poisson equation,
2Φ− −

E′
µ̃2 a2 ρ
B E′
(S
+
3Bǫ)
=
∆,
2 E 4E ′ + E ′′
k2

(31)

where ∆ is the density perturbation in the comoving
gauge
∆ = δ − 3Hq ,

(32)

and the trace-free ij component becomes
2
(S − Φ− )
3
2

B E′
k
=
(33)
(Hq) − B
2 E
aH
h1
E′
1 E′ i
(S + 3Bǫ) +
Bθ .
×
′
′′
3 4E + E
2E

Φ+Ψ =

Note that as B → 0 and µ̃ → µ these constraint equations
become the usual Poisson and anisotropy equations. In
particular for B = 0, the dark energy-closure relation
Φ = −Ψ is recovered.
Finally, the conservation laws provide the dynamics for
the matter fluctuations and are unmodified by f (R)

2
k
′
∆ =
Hq − 3ζ ′ ,
(34)
aH

5
1
Hq ′ = −Ψ = − (S − 4Φ− ).
3

(35)

The impact of the modification to gravity comes from the
metric evolution. Eq. (24) implies

2
k
H′
Bθ .
(36)
ζ′ =
H aH
In fact directly integrating Eq. (36) and checking for
consistency between Hq defined through Eq. (19) and
Eq. (35) tests the numerical accuracy of solutions.
Along with initial conditions for each of the fluctuations, these equations provide a complete and exact
description of scalar linear perturbation theory in f (R)
gravity for a matter-only universe.
IV.

Thus despite the apparent recovery of general relativity
in the action at high curvature R, the general-relativistic
solutions to linear perturbation theory are not recovered
for B < 0. In terms of f (R), B ∝ fRR in this limit and
hence models like [1]
f (R) = −

M 2+2n
,
Rn

(n > 0) ,

(38)

f (R) = −M 2 exp(−R/λM 2 ) ,

(39)

and [28]

are included in this class of unstable models. These models will not recover the phenomenology at recombination
that is well-tested by the CMB. We will omit them from
further consideration below.

STABILITY AT HIGH CURVATURE
V.

The fourth-order nature of the linear perturbation
equations derived in the previous section raises the question of stability in the high-curvature limit to general
relativity [26, 27]. Strongly unstable metric fluctuations
can invalidate expectations for superhorizon fluctuations
and call into question the background expansion history
itself.
The key equations for stability are (28) and (30) which
describe the evolution of the deviation parameters. Consider the high redshift limit of high curvature where
|B| → 0 and wavelengths of interest are well outside the
horizon k/aH ≪ 1. In this limit the evolution equations
simplify to


2
7
1
ǫ′′ +
+ 4pB ǫ′ + ǫ = F (Φ− , S, Hq) ,
(37)
2
B
B
where F (Φ− , S, Hq) is the source function for the deviation ǫ and recall pB is the growth index of B from
Eq. (18). The details of F are not important for the stability analysis other than that it provides a source that
is of order the perturbation parameters that are its arguments. Under the assumption that the general relativistic solution is stably recovered in this limit, it acts as an
external source to the deviations. The stability question
can be phrased as whether ǫ remains self-consistently of
order these sources or grows and prevents the recovery of
the solutions.
The stability equation (37) has the peculiar feature
that the frequency squared 2/B diverges as |B| → 0 independently of k, resembling a divergent real or imaginary mass term. Evolution of ǫ can occur on a time scale
much shorter than the expansion time. If B < 0, ǫ is
highly unstable and deviations will grow exponentially.
If B > 0, ǫ is highly stable and is driven to the value
required by the source function ǫ = F/2. This short time
scale behavior can also be seen directly in the 4th order
form of the Einstein equation. The trace of the ij equation or the derivative of the 0i equation have their 4th
order terms multiplied by the small parameter B.

METRIC EVOLUTION SOLUTIONS

In this section we discuss the numerical solutions of the
linear perturbation equations on the stable B > 0 branch.
To expose the underlying features of the solutions, we examine the relevant limiting cases below. We begin with
the initial epoch where |B| ≪ 1 and the fluctuations are
superhorizon sized k/aH ≪ 1. We then examine large
scale or “superhorizon” modes where B 1/2 k/aH ≪ 1
whose evolution is completely determined by the background expansion history and the form of f (R). Finally
we track the evolution of small scale or “subhorizon”
modes until B 1/2 k/aH ≫ 1 where their evolution reaches
the simple form implied by quasistatic equilibrium.
A.

Initial Conditions

On the stable B > 0 branch, we can set the initial
conditions when B ≪ 1 and the mode is superhorizon
sized, k/aH ≪ 1. In this case, the initial conditions
for the normal fluctuation parameters follow the generalrelativistic expectation
3
ζi ,
5
Ψi = −Φi ,

2
k
2
Φi ,
∆i =
3 aH
2
Hqi = Φi ,
3
Φi =

(40)

where ζi =const. is the initial comoving curvature. These
relations also imply Φ− = Φ and S = Φ with vanishing
first derivatives initially.
Detailed balance gives the deviation parameters as
1
p B Φi ,
9 

3 5
ǫi = −
+ p B θi ,
2 2

θi =

(41)

6
and the high frequency term in their evolution equations
ensures that they stay locked to these relations until B
becomes non-negligible.

ΛCDM

k/aH0 =100

0.9

Φ /Φi

B.

1

Superhorizon Evolution

10
0.8

1 0

′

Φ + Ψ = BH q

(42)

and closes the general relation for superhorizon metric
fluctuations Eq. (23):


B′
H′
H ′′
Φ′
(43)
+B
Φ′′ + 1 − ′ +
H
1−B
H
 ′

H
B′
H ′′
+
Φ = 0 , (k = 0) .
− ′ +
H
H
1−B

The evolution of Φ is completely determined by the background evolution and the specification of f (R). Formally,
this solution also applies to the unstable branch B < 0
at k = 0 but is only valid at finite k for large |B|. The
point at which B = 1 is a regular singular point for typical B(ln a) and so Φ evolves smoothly through it. Φ will
grow on the expansion time scale if
H′
B′
H ′′
− ′ +
< 0.
(44)
H
H
1−B
Growth is typically a transient phenomenon at the onset
of acceleration given that the presence of matter makes
H ′ /H − H ′′ /H ′ positive. For example, if the expansion
rate approaches the de Sitter case of a constant in the
future H ′ /H → 0 and the solution to Eq. (44) becomes
Z
C2
C1
+
da(1 − B)H ′ , (H ′ /H → 0) , (45)
Φ=
a
a

where C1 and C2 are constants. This implies decaying
solutions unless BH ′ grows. H ′ decays and, since in de
Sitter R → const, B should asymptote to a constant.
Eq. (45) then implies Φ ∝ 1/a. Note that this stability
analysis differs from treatments that take a pure de Sitter
expansion with no matter since that assumption forces a
closure relation of Φ = Ψ (c.f. [29, 30]).
An example of the superhorizon evolution of the metric
is shown in Fig. 2 (k = 0 curves) for a model with B0 = 1.
While Φ is monotonically smaller than the B = 0 ΛCDM
prediction, Φ− is monotonically larger due to the closure
relation between Φ and Ψ of Eq. (42).
C.

Subhorizon Evolution

For subhorizon scales where k/aH ≫ 1, Eqs. (28) and
(30) form an oscillator equation whose frequency scales

0.7

100
1.2

Φ- /Φi

Given that θ and ǫ are locked to the initial values of
Eq. (41) when B ≪ 1, their definitions in Eq. (24), (25)
imply that they have negligible effect on the evolution of
the metric fluctuations Φ, Ψ. This remains true even as
the mode evolves into the B ∼ 1 regime if k/aH ≪ 1. In
particular, the anisotropy relation of Eq. (34) becomes

10
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FIG. 2: Evolution of metric fluctuations Φ (upper panel) and Φ−
(lower panel) for B0 = 1 and a ΛCDM expansion history. The
different closure relations on super and sub-horizon scales for Ψ,
Eqs. (42) and (46), lead to qualitatively different evolution for the
two limits with a transition region in between. Φ− , which controls
effects in the CMB and enters directly into the Poisson equation,
has a scale-dependent growth that makes it increasingly larger than
the ΛCDM prediction at high k. Results for other values of B0 can
be scaled from this figure by noting that the transition occurs when
k/aH ≈ B −1/2 .

as k/aH. Therefore the amplitude of ǫ is driven to zero
when compared with Φ− . When combined with the Poisson and anisotropy equation, this requires [28]
lim

Bk/aH→∞

S → 0,

Ψ → −2Φ ,

Φ− →

3
Φ
2

(46)

The Poisson equation then takes the simple form
k 2 Φ− =

1 2 2
µ̃ a ρ∆
2

and the conservation laws become
2

k
′
q,
∆ =
aH
4
Hq ′ = Φ− ,
3

(47)

(48)

where we have dropped temporal derivatives when compared with spatial gradients where appropriate. This system describes a scale free evolution for Φ− or ∆. The
transition between these two scale-free regimes occurs
when (k/aH) ∼ B −1/2 . This scale- and time-dependent
transition leads to a scale-dependent growth rate. Unlike for Φ, Φ− has monotonically enhanced power as k

7
increases on the B > 0 branch. Because of the time dependence of the transition, the total growth to z = 0
continues to increase with k even for k/aH ≫ B −1/2 .
In Fig. 2, we show the full numerical solution from the
initial conditions through the super- to the sub-horizon
evolution for a few representative modes.

POWER-SPECTRA OBSERVABLES

The scale dependences of the linear growth rate of metric and density perturbations change predictions for cosmological power spectra in the linear regime. Let us make
the usual assumption that the initial spectrum of fluctuations in the comoving curvature is given by a power
law. For a starting epoch during matter domination,
this power law is modified by the usual matter-radiation
transfer function T (k)
k 3 Pζi
= δζ2
2π 2



k
kn

n−1

T 2 (k) ,

(49)

where δζ is the rms amplitude at the normalization scale
kn .
The modifications to the CMB depend on the scaledependent change in the potential growth rate
G(a, k) =

Φ− (a, k)
,
Φ− (ai , k)

=2

dz

dG
jl (kD) .
dz

ISW quadrupole
102

where
Z

103

(50)

through the Integrated Sachs-Wolfe (ISW) effect. This
effect comes from the differential redshift that CMB photons suffer as they transit the evolving potential. It contributes to the angular power spectrum of temperature
anisotropies as
Z
dk I
9 k 3 Pζi
II
Cl = 4π
,
(51)
[Il (k)]2
k
25 2π 2

IlI (k)

total quadrupole
ΛCDM

6C2/2π (µΚ2)

VI.

to the measurements on our sky [22]. Models with B0 & 3
produce an excess of large-angle anisotropy and exacerbate the tension with the data. Note however that due to
sample variance, changes in the likelihood will be small.
We will address constraints on the models in a separate
work.
We show the full spectrum of temperature anisotropy
ClT T in Fig. 4 for a few representative values of B0 . Given
that the changes to the power spectrum occur mainly at
the lowest multipoles, WMAP constraints on the amplitude of the peaks can be directly translated into a normalization of the power spectrum on scales corresponding
to the acoustic peaks. For the ΛCDM expansion history
of w = −1, ΩDE = 1 − Ωm = 0.76, h = 0.73 the normalization from WMAP is δζ = 4.52 × 10−5 for an optical
depth to reionization of τ = 0.092. We further take a tilt
of n = 0.958, Ωb h2 = 0.0223.

1

2

3

4

5

B0

FIG. 3: CMB quadrupole power 6C2 /2π contributed by the modified ISW effect (dashed curve) and total (solid curve) as a function
of B0 in the ΛCDM expansion history. For reference, the ΛCDM
total quadrupole is also shown (horizontal line). The change in
the growth of the potential causes a near nulling of the ISW effect at B0 ≈ 3/2 and a substantial reduction of power between
0.2 . B0 . 2.5.

(52)

R
Here D = dz/H is the comoving distance out to redshift z.
In Fig. 3, we show the quadrupole power as a function of B0 contributed by the ISW effect as well as the
total quadrupole. Power in the quadrupole arises near
scales of k/H0 ∼ 10 and so the weak evolution of Φ−
shown in Fig. 2 reduces it near B0 ∼ 1. In fact there
is a minimum around B0 ≈ 3/2, where the ISW effect
is a negligible contributor to the power, and a substantial reduction for 0.2 . B0 . 2.5. Further reduction of
large-scale power can be achieved by changing the initial power spectrum to simultaneously suppress horizon
scale power in the Sachs-Wolfe effect from recombination. Hence these models provide the opportunity to
bring the predicted ensemble-averaged quadrupole closer

The WMAP normalization then allows us to predict
the matter power spectrum today. Let us define the density growth rate
DG (a, k) =

∆(a, k)
ai
∆(ai , k)

(53)

such that DG = a before f (R) effects become important.
In f (R) models the potential and density growth rates
Eq. (50) and (53) can differ non-trivially due to the time
dependent (1+fR ) rescaling of G in the Poisson equation.
The linear power spectrum then becomes
4 2
k 4 k 3 Pζi
k3
P
(k,
a)
=
.
D
(a,
k)
L
G
2π 2
25
Ω2m H04 2π 2

(54)

l(l+1)ClTT/2π (µK2)
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return to Newtonian. For this reason, our predictions are
restricted to the linear regime at k . 0.1h Mpc−1 . We
intend to explore these issues further in a future work.
Finally the cross correlation between the ISW effect
and the angular power spectra of galaxies is markedly
different in these models and potentially excludes large
B0 solutions. The angular power spectra of galaxies is
given in the linear regime by
Z
4 k 4 k 3 Pζi
dk gj
g g
,
(55)
[Il (k)]2
Cl j j = 4π
k
25 Ω2m H04 2π 2

3000

B0
0 (ΛCDM)
1/2
3/2
1000

where
10

100

1000

g

Il j (k) =

l

FIG. 4: CMB angular power spectra for the ΛCDM expansion
history for B0 = 0 (ΛCDM), 1/2, 3/2. Power in the low multipoles
is lowered by the reduction in the ISW effect. Power at the high
multipoles of the acoustic peaks is left unchanged.

Z

dzDG (a, k)nj (z)bj (z)jl (kD) ,

(56)

n
R j (z) is the galaxy redshift distribution normalized to
dznj = 1, and bj (z) is the galaxy bias.
The cross correlation between the CMB ISW effect and
galaxies becomes
Z
dk gj
6 k 2 k 3 Pζi
g I
.
(57)
Il (k)IlI (k)
Cl j = 4π
k
25 Ωm H02 2π 2

PL(k) (Mpc/h)3

The correlation coefficient between the total temperature
anisotropy and the galaxies is given by
g I

104

B0
1
0.1
0.01
0.001
0 (ΛCDM)

103
0.001

0.01

0.1

k (h/Mpc)

C j
Rl ≡ q l
g g
ClT T Cl j j

(58)

and is independent of the galaxy bias if it is slowly varying with redshift. We have neglected galaxy magnification bias which leads to an additional source of correlation.
For definiteness, we assume that the galaxy sets come
from a net galaxy distribution of
2

ng (z) ∝ z 2 e−(z/1.5) ,

(59)

FIG. 5: Linear matter power spectrum for several values of B0
in the ΛCDM expansion history. The change in the amplitude
of the power at high B0 & 0.1 is nearly degenerate with galaxy
bias. Smaller values of 0.001 . B0 . 0.1 change the shape of
the linear power spectrum at a potentially observable level.
All spectra are normalized to the WMAP anisotropy from
recombination.

which is further partitioned by photometric redshift into
several galaxy samples,





zj − z
zj−1 − z
− erfc √
(, 60)
nj (z) ∝ ng (z) erfc √
2σ(z)
2σ(z)

We show PL (k) for several choices of B0 in Fig. 5. Despite the large change in amplitude at high k, the high
B0 models cannot be automatically ruled out by galaxy
clustering data since the nearly multiplicative shift can be
mimicked by galaxy bias. Likewise, non-linear measurements of the mass power spectrum through the cluster
abundance, Lyman-α forest, and cosmic shear also cannot be straightforwardly applied. As the local curvature
exceeds the background curvature in collapsed dark matter halos one would expect the gravitational dynamics to

where erfc is the complementary error function and
σ(z) = 0.03(1 + z) reflects the effect of photometric redshift scatter.
Fig. 6 shows the correlation coefficient for several values of B0 . We take two redshift bins from Eq. (60) partitioned by zj = 0, 0.4, 0.8 to achieve effective redshifts
of z̄ = 0.2 and 0.6. Current observations constrain the
correlation near l ∼ 20 corresponding to scales which
are an order of magnitude smaller than those contributing to the ISW quadrupole. Between 1/2 . B0 . 1
the galaxy-ISW correlation is substantially reduced. For
B0 & 3/2, galaxies are in fact anti-correlated with the
CMB since Φ− grows on the relevant scales. A loose
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bound on from the observed correlation would therefore
be B0 . 3/2 at the significance levels of the reported
detections (e.g. [31, 32, 33, 34, 35, 36]) but we expect
more detailed modeling to yield better constraints in the
future. It is likely that a significant reduction of the large
angle anisotropy from this mechanism could be excluded
unless other sources, such as magnification bias, can generate the observed positive correlation.
0.4

(a) z=0.2
B0=
0 (ΛCDM)

0.2

Rl

1/2
1
0

3/2
-0.2

(b) z=0.6
B0=
0 (ΛCDM)

Rl

0.2

1/2
1

0

3/2
-0.2
10

20

30

40

l

FIG. 6: Cross correlation coefficient between the CMB and
galaxies in the ΛCDM expansion history. Shown are two representative redshift bins centered around z̄ = 0.2 and 0.6 with
B0 = 0 (ΛCDM), 1/2, 1, 3/2. The cross correlation is substantially reduced for 1/2 . B0 . 1 and becomes negative for
B0 & 3/2.

the Einstein-Hilbert action at high curvature R, we find
that for each expansion history specified by H(ln a) there
exists two branches of f (R) solutions that are parameterized by B ∝ fRR , the second derivative of f (R). For
B < 0, which includes most models previously considered
[1, 28], there is a short-timescale instability that prevents
recovery of the general-relativistic expectations at high
curvature that is important for maintaining agreement
with CMB measurements.
For the stable B > 0 branch, f (R) models predict a
rich set of linear phenomena that can be used to test
such deviations from general relativity. For example,
large B ∼ 1 models lower the large-angle anisotropy
of the CMB and may be useful for explaining the low
quadrupole observed on our sky. They also predict qualitatively different correlations between the CMB and
galaxy surveys which may provide the best upper limit
on the deviations currently available. Smaller deviations
in B are observable at smaller scales through changes to
the shape of the linear power spectrum. In the limit that
B → 0 and the expansion history is given by ΛCDM, linear perturbations in f (R) models approach the general
relativistic predictions exactly. We intend to examine
constraints on f (R) models in a future work.
More generally, this class of phenomenological f (R)
models provides insight on the types of deviations that
might be expected from alternate metric theories of gravity in the linear regime. Conservation of the matter
stress-energy tensor severely restricts the form of allowed
deviations on both super- and sub- horizon scales [12, 24].
Even if these f (R) models prove not to be viable as a
complete alternate theory of gravity that includes solarsystem tests, they may serve as the basis for a “parameterized post-Friedmann” description of linear phenomena
that parallels the parameterized post-Newtonian description of small-scale tests.

We have studied the evolution of linear cosmological
perturbations in f (R) models for modified gravity in the
physical—or Jordan—frame. Here the gravitational dynamics are fourth order and the matter is minimally coupled and separately conserved. For models that recover
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