
PHYSICAL REVIEW D, VOLUME 63, 023504
Gravitational time delay effects on cosmic microwave background anisotropies
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We study the effect of gravitational time delay on the power spectra and bispectra of the cosmic microwave
background~CMB! temperature and polarization anisotropies. The time delay effect modulates the spatial
surface at recombination on which temperature anisotropies are observed, typically by;1 Mpc. While this is
a relatively large shift, its observable effects in the temperature and polarization fields are suppressed by
geometric considerations. The leading order effect is from its correlation with the closely related gravitational
lensing effect. The change to the temperature-polarization cross power spectrum is of order 0.1% and is hence
comparable to the cosmic variance for the power in the multipoles aroundl;1000. While unlikely to be
extracted from the data in its own right, its omission in modeling would produce a systematic error comparable
to this limiting statistical error and, in principle, is relevant for future high precision experiments. Contributions
to the bispectra result mainly from correlations with the Sachs-Wolfe effect and may safely be neglected in a
low density universe.
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I. INTRODUCTION

In order that the full potential of anisotropies in the co
mic microwave background~CMB! temperature and polar
ization fields be realized, effects that have been previou
dismissed as negligible in their own right must now be
considered as potential sources of systematic error. Pro
tions as to the ability of CMB experiments to measure fu
damental cosmological quantities@1# precisely and revea
information about the structure formation process from s
ondary effects@2# rely on the fact that statistical errors from
the sampling of a finite sky rapidly decrease toward sma
angular scales. Statistical errors in the power spectra dec
from ;1% at degree scales to;0.1% at the several arc
minute scale. To achieve this precision in practice, all phy
cal, astrophysical and instrumental effects at this level m
be included in the analysis to avoid generating system
errors that are comparable to the statistical errors.

A host of physical effects contribute to the anisotropies
second order in perturbation theory@3–6#. Since primary
anisotropies are formed at recombination when the cos
logical density perturbations are at the 1025 level, most sec-
ond order effects are entirely negligible. There are two g
eral ways in which higher order effects can be importa
First, the primordial perturbations responsible for the p
mary anisotropies grow into non-linear structures today
gravitational instability. Effects that take advantage of t
fact mainly involve scattering of CMB photons at low re
shifts in large-scale structure and non-linear objects@7–10#.
Secondly, since recombination, CMB photons propag
across essentially the whole horizon volume. Intrinsica
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small effects can accumulate along the path. Indeed it is w
known that the gravitational lensing of CMB photons has
substantial effect on the power spectrum of the anisotrop
@11,12#.

In addition to the lensing effect, gravitational potentials
large-scale structure contribute a time-delay@13# that accu-
mulates along the path—an effect familiar from studies
the light-curves of lensed quasars~e.g. @14#!. In the case of
the CMB, the time-delay warps thespatialsurface at recom-
bination from which the primary anisotropies arise@5#. Be-
cause the lensing depends on the angular gradient of
projected potentials whereas the delay depends on the
jected potential itself, the fractional delay is generica
smaller than lensing and has not been explicitly calculate
the literature. We shall see however that because of the
gular smoothness~or coherence! of the lensing, the reduction
in amplitude is not in and of itself large. Furthermore, gra
tational time delays are strongly correlated with lensin
leading to additional effects in the power spectrum. Inde
the typical perturbation in comoving units is on the order
1 Mpc. The effect of gravitational time-delay on the spec
of temperature and polarization anisotropies therefore me
further study.

In Sec. II we present the formalism required to understa
these gravitational effects on the temperature and polar
tion fields. We proceed in Secs. III and IV to evaluate t
delay and lensing-delay correlation effects on the pow
spectra of temperature and polarization anisotropies res
tively. In Sec. V, we consider their effects on the bispec
~three point correlations!. We conclude in Sec. VI with a
discussion of our results.

To illustrate our calculations, we assume a cold dark m
ter model ~CDM! with a cosmological constant (L) with
parametersVc50.30 for the CDM density,Vb50.05 for the
baryon density,VL50.65 for the vacuum density,h50.65
©2000 The American Physical Society04-1
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for the dimensionless Hubble constant and a scale in
iant spectrum of primordial fluctuations, normalized
COBE @15#.

II. FORMALISM

As the CMB photons propagate to the observer from
recombination epoch (z;103) through large-scale structur
in the universe, they suffer the effects of gravitational lens
and time delay. These effects are both formally second o
in perturbation theory because they would leave a homo
neous and isotropic CMB unperturbed~cf. @16#!. There are a
host of other second order effects@3–5#. To the extent that
they are uncorrelated with each other, they may be viewe
independent effects. The lensing and time delay effects
strongly correlated because both arise from the gravitatio
potentials of large scale structure and must be consid
together. We therefore begin with a review of lensing effec

A. Lensing

Lensing involves a deflection that remaps the tempera
and polarization fields according to the angular gradien
the lensing-weighted projected potentialn̂→n̂1¹f(n̂) ~see
Fig. 1!

f~ n̂!522E dhgf~h!F~r n̂,h!, ~1!

where

gf~h!5
1

r E0

h
dh8 ṫe2t

r 82r

r 8
. ~2!

Here overdots represent derivatives with respect to con
mal timeh5*dt/a, F(x,h) is the Newtonian gravitationa
potential andc51 throughout. In an open universe, the co
formal distance traveled by a photonr (h)5h02h should be
replaced by angular diameter distances. We have implic

FIG. 1. Gravitational lensing vs time delay. Lensing introduc
an angular perturbation in the mapping of a plane-wave source
at recombination onto anisotropies today. Time delay introduce
radial modulation. When the wavevector is perpendicular to
line-of-sight, features in the angular spectrum—such as the aco
peaks—are created, geometrically distinguishing the otherw
similar lensing and delay effects.
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used the Born approximation to evaluate the lensing po
tial on the unperturbed path; it has been shown to be
excellent approximation for lensing@18#. We have also used
a Newtonian approximation where the time-time perturb
tion C52F. It is also an excellent approximation sinc
anisotropic stresses from the radiation are negligible at
low redshifts involved@19#.

The projected potential itself is a field on the sky and m
be decomposed into multipole moments

f~ n̂!5(
lm

f lmYl
m~ n̂!, ~3!

and described by its power spectrum

^f lm* f l 8m8&5d l ,l 8dm,m8Cl
ff . ~4!

This power spectrum is shown in Fig. 2. In the Newtoni
approximation its shape simply reflects the underlying d
sity power spectrum tilted according to the Poisson and L
ber equations:P(k)}kn implies Cl

ff} l n24 with l;kh0/2.
A useful measure of the amplitude of the lensing effects

the rms deflection angleu rms
2 as defined by

u rms
2 5(

l 51

`
2l 11

4p
l ~ l 11!Cl

ff . ~5!

The factorl ( l 11) reflects the angular gradient in the defin
tion of the deflection. Note that thel 50 monopole does no
contribute since its angular gradient vanishes. In the fidu
LCDM modelu rms57.531024 or 2.68. Note that this is in
sharp contrast with the angularcoherenceof the deflection
angle. The varianceu rms

2 reaches half its total value byl 1/2
len

530 in the fiducial model or an angle ofu1/2
len[2p/ l 1/2

len

'0.2 (10°). The smaller scale potential fluctuations tend
produce deflections that cancel out along the line of sigh

s
ld
a

e
tic
e

FIG. 2. Power spectra for the lensing deflection angles (ff),
time-delay (dd) and deflection-delay cross correlation (fd). The
underlying lensing potential spectrumCl

ff and cross spectrumCl
fd

are weighted byl ( l 11) and@ l ( l 11)#1/2 respectively to reflect the
angular gradients in the deflection angles.
4-2
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B. Time delay

Now consider the time-delay effect. Photons follow n
geodesics in the perturbed metric so that in the fixed t
interval since last scattering, the distance traveled by
photons is perturbed asr→r @11d(n̂)# ~see Fig. 1! where

d~ n̂!52
2

h0
E dhe2tF~r n̂,h!. ~6!

This is referred to in the literature as the potential or Shap
time delay. The geometric time delay is of order the defl
tion angle squared and is hence substantially smaller
time-delays across angular scales much larger thanu rms.

The delay field may also be expanded in spherical h
monics

d~ n̂!5(
lm

dlmYl
m~ n̂!, ~7!

and characterized by a power spectrum

^dlm* dl 8m8&5d l ,l 8dm,m8Cl
dd . ~8!

Although both the lensing and time-delay effects are ba
on the gravitational potential projected along the line
sight, and hence trace the underlying density power sp
trum, there is an important difference between the two. Le
ing depends on the angular gradient of the potential
hence its observable consequences are weighted byl ( l
11). This has the effect of increasing the magnitude of
effects and weighting it to higher multipoles.

We can see these effects in the rms delay@20#

drms
2 5(

l 51

`
2l 11

4p
Cl

dd . ~9!

For the power spectrum of the fiducial cold dark mat
model with a cosmological constant (LCDM) ~see Fig. 2!
drms55.431025 or ;0.5h21 Mpc. Although this is a rela-
tively large shift, we shall see that its observable con
quences are reduced due to the large coherence scale o
delay, l 1/2

delay52.
Given these considerations as to the magnitude and co

ence scale of the effects, delay effects can be enhan
through their cross-correlation with lensing

^f lm* dl 8m8&5d l ,l 8dm,m8Cl
fd . ~10!

The two fields tend to be well correlated as can be seen
the rms

crms
2 5(

l 51

`
2l 11

4p
Al ~ l 11!Cl

fd , ~11!

wherecrms51.231024 and l 1/2
cross55 in the fiducialLCDM

~see Fig. 2!. To evaluate the observable consequences,
now turn to the angular and spatial structure of the temp
ture and polarization fields.
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C. Temperature field

The CMB temperature field on the sky may be writt
implicitly as the projection of sourcesS which contribute in
the optically thin regime and are so weighted bye2t wheret
is the optical depth~see Fig. 1!. In general, these source
have intrinsic angular structure of their own and are char
terized by the spherical harmonic moments of their Fou
amplitudeSl i

mi(k). Explicit forms for the sources are given i

@17#.
The contribution from a given wavenumberk to the tem-

perature field on the sky today may be formally expressed

Q~ n̂;k!5E
0

h0
dhe2t(

l imi

Sl i

mi~h;k!Gl i

mi~r n̂;k!, ~12!

wherer[h02h,

Gl
m~x;k!5~2 i ! lA 4p

2l 11
Yl

m~ n̂!exp~ ik•x!. ~13!

In an open universe, the plane waves must be replaced
eigenfunctions of the Laplacian in a curved space. Note
we will often omit thek-index where no confusion will arise

The angular structure of these relations can be simpli
by considering a specific frame wherezik and

exp~ ik•x!5( ~2 i ! lA4p~2l 11! j l~kr !Yl
0~ n̂!. ~14!

Provided that the angular basis does not change in tra
one can then sum up the orbital angular momentum from
plane wave with the intrinsic angular momentum of t
source. This assumption is the angular equivalent of
‘‘Born approximation’’ where the lensing is evaluated o
unperturbed trajectories; we shall see in the next section
it is a good approximation for the lensing and time-del
effects on sources with low order intrinsic angular structu

In this special basis, the product of the intrinsic (Yl i

mi) and

plane wave (Yl
0) angular momentum may be reexpress

through the addition of angular momentum. The temperat
field then becomes@17#

Q~ n̂;k![(
lm

Q lm~k!Yl
m~ n̂!5(

lmi

I mi
@ j l #Yl

mi~ n̂!. ~15!

Here, the operator

I mi
@ j l #[E

0

h0
dhe2tA4p~2l 11!3(

l i
Sl i

mi~h;k! j l
l imi~kr !,

~16!

and j l
l imi are linear combinations ofj l with weights given by

the Clebsch-Gordon coefficients of the coupling. The fun
mental functions arej l

005 j l ~for isotropic perturbations, e.g.
gravitational potentials! and

j l
225A3

8

~ l 12!!

~ l 22!!

1

2l 11 F j l 221 j l

~2l 21!
1

j l1 j l 12

~2l 13! G ~17!
4-3
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~for transverse quadrupole sources, e.g. gravitational wav!.
Note j l

22} j l(x)/x2; we have written it out here to emphasiz
linearity. Others are given in@17#, but can be written in terms
of these fundamental functions through integration by pa
@24#.

Since the basis for the expansion is linked to the direct
of k, integrating over modes to obtain the final power sp
trum in principle requires a series of rotations into a fix
basis. In practice, the statistical homogeneity of the sou
and isotropy of the angular distribution requires that
k-modes add in quadrature and the angular power spec
is independent ofm so that we may replace individual mu
tipoles with an average overm

Cl
QQ5E dk

k

k3

2p2

1

2l 11 (
m

^Q lm* ~k!Q lm~k!&. ~18!

For the primary anisotropies, the power spectrum is sim
Cl

QQ5Tl
00, where

Tl
ab5E dk

k

k3

2p2

~kh0!a1b

2l 11 (
mi

I mi
* @ j l

(a)#I mi
@ j l

(b)#. ~19!

Here we have used the short hand convention thatj l
(0)[ j l ,

j l
(1)[ j l8 and j l

(2)[ j l9 with primes denoting derivatives with
respect to the argument.

For the higher order lensing and delay effects, we exp
Eq. ~15! for the temperature field to second order in t
relevant quantities

Q~ n̂!5Q0~ n̂!1Qf~ n̂!1Qd~ n̂!

1
1

2
Qf2

~ n̂!1Qfd~ n̂!1
1

2
Qd2

~ n̂!, ~20!

whereQ0(n̂) is the zeroth order contribution from the pr
mary anisotropies,

Qf~ n̂!5(
lmi

I mi
@ j l # ¹ if~ n̂! ¹ iYl

mi~ n̂!,

Qd~ n̂!5(
lmi

I mi
@ j l8# ~kh0! d~ n̂! Yl

mi~ n̂!,

~21!

Qf2
~ n̂!5(

lmi

I mi
@ j l # ¹ if~ n̂! ¹ jf~ n̂! ¹ i¹ jYl

mi~ n̂!,

Qfd~ n̂!5(
lmi

I mi
@ j l8# ~kh0! d~ n̂!

3¹ if~ n̂! ¹ iYl
mi~ n̂!,

Qd2
~ n̂!5(

lmi

I mi
@ j l9# ~kh0!2 d~ n̂! d~ n̂! Yl

mi~ n̂!.

We shall see that the evaluation of these effects reduce
the computation of the higher order derivative power spe
02350
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in Eq. ~19!. These power spectra are easily evaluated w
minimal modifications to the publically availableCMBFAST

code: we simply replacej l with j l8 and j l9 and leave the
evolution and integration over the sources unchanged. To
extent that the underlying sources themselves are smo
integration by parts on Eq.~19! shows thatTl

(a61)(b71)'
2Tl

ab , e.g.Tl
11'2Tl

0252Tl
20. This also implies that terms

such asTl
015Tl

10 are suppressed; mathematically this is d
to the lack of correlation betweenj l and j l8 ~see Fig. 3!.
These spectra are compared in Fig. 4.

There is an additional effect from lensing due to the fa
that sources are in general anisotropic and gravitational le
ing changes the angle at which they are viewed. This f
mally violates the angular ‘‘Born approximation’’ that th
orbital and intrinsic angular momentum of sources can s

FIG. 3. Projection functions for the lensing and delay effec
Lensing involvesj l(kr) whose strong peak inl can retain source
features; thej l8(kr) of the time-delay cannot. The product of the
functions reflects the cross correlation and is suppressed due t
phase difference.

FIG. 4. Power spectra for the angular@ l ( l 11)Tl
00#, radial (Tl

11)
and angular-radial cross gradients@Al ( l 11)Tl

01# of the primary
anisotropies. The cross gradient spectrum has been weighted t
flect thel contributions from the angular gradient.
4-4
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ply be added without additional remapping. The anisotro
in the actual sources, however, are confined tol<2. To ob-
tain an order unity effect, the deflections must change
viewing angle by order unity in radians. To obtain an ord
unity effect for lensing, the deflections need change
viewing direction by only a wavelength of the angular pe
turbation l 21. Thus at sufficiently high observedl, deflec-
tions always win.

D. Polarization field

The complex Stokes parameterP65Q6 iU of the polar-
ization on the sky can be expressed implicitly as the pro
tion of the quadrupole moments of the photon tempera
and polarization distributions at last scattering

P6~ n̂;k!5E
0

h0
dhe2t(

mi

Qmi~h;k! 62G2
mi~r n̂;k!,

~22!

where Qmi52 ṫ(A6Q2m26E2m)/10 ~see @17#, for an ex-
plicit definition! and

62G2
m~x;k!5~2 i ! lA 4p

2l 11 62Y2
m~ n̂!exp~ ik•x!. ~23!

Here, 62Yl
m are the spin-2 spherical harmonics@21#. A re-

coupling of the spin spherical harmonics as in Eq.~14! yields

P6~ n̂;k!5(
lm

@Elm~k!6 iBlm~k!# 62Yl
m~ n̂!

5(
lmi

Pmi
@ 6a l # 62Yl

mi~ n̂!, ~24!

where the operator

Pmi
@ 6a l #[E

0

h0
dhe2tA4p~2l 11!

3(
l i

Qmi~h;k! 6a l
mi~kr !. ~25!

Here, 6a l
mi5e l

mi6 ib l
mi where the latter are combinations

j l given in @17# ~their Eqs.@17–18#! that define the projec
tion of the source onto theE andB polarization modes. Fo
quadrupole sources related to density (mi50) fluctuations,
e l

05 j l
22 @see Eq.~17!# andb l

050 so that there are no contr
butions toB-parity polarization.

The power spectra for the polarization and temperatu
polarization cross correlation are defined as

Cl
FF85E dk

k

k3

2p2

1

2l 11 (
m

^Flm* ~k!Flm8 ~k!&. ~26!

where F and F8 take on the valuesQ, E and B. For the
primary polarization, we defineCl

EE5El
00, Cl

BB5Bl
00,

Cl
QE5Xl

00, where
02350
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ab5E dk

k

k3

2p2

~kh0!a1b

2l 11 (
mi

Pmi
* @e l

(a)#Pmi
@e l

(b)#,

Bl
ab5E dk

k

k3

2p2

~kh0!a1b

2l 11 (
mi

Pmi
* @b l

(a)#Pmi
@b l

(b)#,

~27!

Xl
ab5E dk

k

k3

2p2

~kh0!a1b

2l 11 (
mi

I mi
* @ j l

(a)#Pmi
@e l

(b)#.

Other combinations vanish due to parity considerations.
in Eq. ~19! the indicesa and b refer to derivatives of the
underlying Bessel functions. The higher order gravitatio
effects on the polarization field may be evaluated throug
second order expansion of the polarization field

P6~ n̂!5P6
0 ~ n̂!1P6

f ~ n̂!1P6
d ~ n̂!

1
1

2
P6

f2
~ n̂!1P6

fd~ n̂!1
1

2
P6

d2
~ n̂!, ~28!

whereP6
0 (n̂) is the zeroth order contribution from the pr

mary anisotropies,

P6
f ~ n̂!5(

lmi

Pmi
@ 6a l # ¹ if~ n̂! ¹ i

62Yl
mi~ n̂!,

P6
d ~ n̂!5(

lmi

Pmi
@ 6a l8# ~kh0! d~ n̂! 62Yl

mi~ n̂!,

P6
f2

~ n̂!5(
lmi

Pmi
@ 6a l # ¹ if~ n̂! ¹ jf~ n̂!

3¹ i¹ j
62Yl

mi~ n̂!, ~29!

P6
fd~ n̂!5(

lmi

Pmi
@ 6a l8# ~kh0! d~ n̂!

3¹ if~ n̂! ¹ i
62Yl

mi~ n̂!.

P6
d2

~ n̂!5(
lmi

Pmi
@ 6a l9# ~kh0!2 d~ n̂! d~ n̂! 62Yl

mi~ n̂!.

The evaluation of the effects will involve the higher ord
derivative power spectra of Eq.~27!. Again we modify
CMBFAST to calculate these spectra. Just as for the temp
ture power spectraEl

(a61)(b71)'2El
ab and similarly forB

and X. This also implies that terms such asEl
015El

10 are
suppressed.

III. TEMPERATURE POWER SPECTRUM

The perturbations to the power spectrum due to the le
ing and time-delay effects follow by considering the seco
order terms in the two-point correlation of the temperatu
field in Eq.~20!. We can express the contributions schema
cally as
4-5
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Cl
QQ5Tl

001~Tl
ff1Tl

f2
!1~Tl

dd1Tl
d2

!1Tl
fd . ~30!

We will now define and consider each term in turn.

A. Lensing spectra

The pure lensing contributions can be defined as

Tl
ff[E dk

k

k3

2p2

1

2l 11(m ^Q lm
f* Q lm

f &,

Tl
f2

[E dk

k

k3

2p2

1

2l 11(m
1

2
~^Q lm

0* Q lm
f2

&1c.c.!.

~31!

Following Ref. @22#, we expand the perturbations to th
temperature field from Eq.~21! and the projected potentialf
in spherical harmonics to obtain

Tl
ff5(

l 1l 2
Cl 1

ffTl 2
00Wll 1l 2

2 Lll 1l 2
2 ,

Tl
f2

52
1

2
u rms

2 l ~ l 11!Tl
00, ~32!

where

Wll 1l 2
5A~2l 111!~2l 211!

4p S l l 1 l 2

0 0 0D ,

Lll 1l 2
5

1

2
@ l 1~ l 111!1 l 2~ l 211!2 l ~ l 11!#.

~33!

The Wll 1l 2
term comes from the integral over the product

three spherical harmonics; theLll 1l 2
term comes from the

conversion of angular gradients into angular Laplacia
through integration by parts. On scales where there is po
in the primary power spectrum, the two terms in Eq.~32!
nearly cancel. The reason is that the large-angle modula
produced by lensing simply smoothes the features in
power spectrum acrossD l; l 1/2

len'30 @11#. The result of com-
bining the two terms in the fiducialLCDM model is dis-
played in Fig. 5.

B. Delay spectra

The time-delay modifications to the power spectra can
defined as

Tl
dd[E dk

k

k3

2p2

1

2l 11(m ^Q lm
d* Q lm

d &,

Tl
d2

[E dk

k

k3

2p2

1

2l 11(m
1

2
~^Q lm

0* Q lm
d2

&1c.c.!,

~34!
02350
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and their evaluation follows closely that of lensing except
the simplification that no derivatives of spherical harmon
are involved. The result is

Tl
dd5(

l 1l 2
Cl 1

ddTl 2
11Wll 1l 2

2 ,

Tl
d2

5drms
2 Tl

02, ~35!

where we have used the identity

(
m1

Yl 1

m1* Yl 1

m15
2l 111

4p
, ~36!

to evaluate

(
m1

E dn̂Yl
m* Yl 1

m1* Yl 1

m1Yl 2

m25
2l 111

4p
d l ,l 2

dm,m2
. ~37!

The main difference between the lensing and time delay c
tributions is that the power spectra of the angular gradie
of the projected potentiall ( l 11)Cl

ff and primary tempera-
ture anisotropiesl ( l 11)Tl

00 are replaced by the power spe
tra of the delayCl

dd and that of theradial derivatives of the
temperature fieldTl

11'2Tl
02.

As in the case of lensing, the time-delay effect represe
a smoothing of the gradient power spectrumTl

11 across a
width of D l; l 1/2

delay'2. The effect is strongly suppressed b
the small width of the smoothing and the nearly featurel
underlying spectrumTl

11 ~see Fig. 4!. Contrast this with lens-
ing which has a smoothing width ofD l;30 and an angular
gradient power spectrum that shows peaks from the acou
oscillations. Acoustic features in the power spectrum ar
from features in the source power spectrum when the so
wavevector is oriented perpendicular to the line of sight. T
source then projects with a one-to-one correspondence

FIG. 5. Delay, lensing and delay-lensing~cross! perturbations to
the CMB temperature power spectrum for the fiducialLCDM
model. The cross spectrum dominates the delay spectrum but
produce negligible changes to the primary anisotropies un
lensing.
4-6
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tween angular and physical scale (l 5kr see Fig. 1!. Other
alignments contribute to a broad tail to lower multipole m
ments~see Fig. 3!. In the perpendicular orientation, howeve
a perturbation to the radial distance simply moves the
scattering surfacealong the crests and troughs of the sour
leaving no net effect. Mathematically, this effect can be s
in the fact thatj l(kr) as a function ofl possesses a stron
peak atl 5kr, whereasj l8(kr) does not~see Fig. 3!.

The net effect is therefore much smaller than the na
scaling of the lensing rms~5! and delay rms~9! would imply.
It is shown in Fig. 5 for the fiducial model.

C. Cross spectra

The cross correlation between the lensing and delay ca
modifications defined by

Tl
fd[E dk

k

k3

2p2

1

2l 11

3(
m

S ^Q lm
d* Q lm

f &1
1

2
^Q lm

0* Q lm
fd&1c.c.D . ~38!

The Qfd terms are identically zero since

(
m

@~¹ iYl
m* !Yl

m1Yl
m* ~¹ iYl

m!#5¹ i(
m

~Yl
m* Yl

m!50,

~39!

by virtue of the addition theorem of spherical harmoni
The first term reduces to

Tl
fd52(

l 1l 2
Cl 1

fdTl 2
01Wll 1l 2

2 Lll 1l 2
. ~40!

Unlike the pure lensing and time delay contributions, ther
no second canceling term. However as discussed in Sec.
Tl

01 is intrinsically small reflecting the lack of correlatio
betweenj l and j l8 ~see Fig. 3!. Nonetheless, its net contribu
tion to temperature anisotropy power spectrum is still lar
than the pure delay contribution, as a result of the lar
amplitude and smaller coherence of the lensing-delay po
spectrumCl

fd ~see Fig. 5!.

IV. POLARIZATION POWER SPECTRA

Evaluation of the lensing and delay effects on the po
ization and temperature-polarization cross power spectra
lows precisely the same steps as that of the tempera
power spectrum considered above. We can express the
tributions schematically as

Cl
EE5El

001~El
ff1El

f2
!1~El

dd1El
d2

!1El
fd ,

Cl
BB5Bl

001~Bl
ff1Bl

f2
!1~Bl

dd1Bl
d2

!1Bl
fd ,

~41!

Cl
QE5Xl

001~Xl
ff1Xl

f2
!1~Xl

dd1Xl
d2

!1Xl
fd .

We will now consider each term in turn.
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A. Lensing spectra

Following @22#, the lensing contributions to the polariza
tion power spectra can be evaluated as

El
ff5(

l 1l 2
Cl 1

ff
1S l 2

00~ l 1 l 11 l 2!Vll 1l 2
2 Lll 1l 2

2 ,

El
f2

52
1

2
u rms

2 ~ l 21 l 24!El
00, ~42!

Bl
ff5(

l 1l 2
Cl 1

ff
2S l 2

00~ l 1 l 11 l 2!Vll 1l 2
2 Lll 1l 2

,

Bl
f2

52
1

2
u rms

2 ~ l 21 l 24!Bl , ~43!

Xl
ff5(

l 1l 2
Cl 1

ffXl 2
00Wll 1l 2

Vll 1l 2
Lll 1l 2

2 ,

Xl
f2

52
1

2
u rms

2 ~ l 21 l 22!Xl , ~44!

where

6S l
ab~L !5

@11~21!L#

2
El

ab6
@12~21!L#

2
Bl

ab . ~45!

Here

Vll 1l 2
5A~2l 111!~2l 211!

4p S l l 1 l 2

2 0 22D , ~46!

comes from the integral over the product of a spherical h
monic with 2 spin-2 spherical harmonics. As in the case
the temperature power spectra, the main effect on theQE
and EE power spectra is a smoothing byD l; l 1/2

len . If there
were an intrinsicBB power spectrum, the smoothing wou
also apply. However, since scalar perturbations do not g
erateBB modes in the primary polarization (Bl

0050), the
generation ofB-polarization from the lensing modulation o
the primaryE-polarization dominates@12#. The amount of
generation is again related to the coherence scalel 1/2

len' l 1 of
the effect as reflected in the difference between even and
L terms in Vll 1l 2

. Considering the triplet as forming a tri
angle, even terms are associated with the cosine of twice
opening angle betweenl and l 2; odd terms are associate
with the sine of that angle@see@22#, Eqs.~B8! and ~B10!#.
These polarization contributions are shown in Fig. 6 for t
fiducial model.

B. Delay spectra

The derivation of the delay power spectra follows t
same steps as those involved in the lensing derivation yi
ing

El
dd5(

l 1l 2
Cl 1

dd
1S l 2

11~ l 1 l 11 l 2!Vll 1l 2
2 ,
4-7
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El
d2

5drms
2 El

02, ~47!

Bl
dd5(

l 1l 2
Cl 1

dd
2S l 2

11~ l 1 l 11 l 2!Vll 1l 2
2 ,

Bl
d2

5drms
2 Bl

02, ~48!

FIG. 6. Delay, lensing and delay-lensing~cross! contributions to
the CMB polarization power spectra for the fiducialLCDM model.
The delay-lensing cross contributions to the temperatu
polarization power spectrum reaches 1023 of the primary and/or
lensing power. Delay effects only weakly generate power in theBB
spectrum.
02350
Xl
dd5(

l 1l 2
Cl 1

ddXl 2
11Wll 1l 2

Vll 1l 2
,

Xl
d2

5drms
2 Xl

02. ~49!

The results of summing these nearly canceling pairs for
fiducial model are shown in Fig. 6. ABB-spectrum is gen-
erated out of the primaryEE-spectrum but at an efficienc
that is substantially below that of gravitational lensing. T
underlying reason again is that the coherence of the ef
l 1/2
delay;2.

C. Cross spectra

The cross spectra contributions are defined as

El
fd52(

l 1l 2
Cl 1

fd
1S l 2

01~ l 1 l 11 l 2!Vll 1l 2
2 Lll 1l 2

,

Bl
fd52(

l 1l 2
Cl 1

fd
2S l 2

01~ l 1 l 11 l 2!Vll 1l 2
2 Lll 1l 2

,

Xl
fd5(

l 1l 2
Cl 1

fd~Xl 2
011Xl 2

10!Wll 1l 2
Vll 1l 2

Lll 1l 2
.

~50!

Figure 6 shows that the cross spectra dominate over the
delay spectra for theQE andEE power spectra. In particu
lar, since the lensing effects themselves approach order u
at l;1000, the lensing-delay cross effects reach;1023 of
the primaryCl

QE power spectrum. While still small, the con
tribution is of order the cosmic variance out to compara
multipoles.

V. DELAY BISPECTRUM

Second order effects generally produce non-Gaussia
in the CMB temperature and polarization fields. Effects th
provide a negligible change to the power spectrum can
principle produce observable effects due to the expec
Gaussianity of the primary anisotropies. Here we consi
the three-point correlations induced by time-delay in angu
harmonic space, i.e. the bispectrum.

The angle averaged bispectrum is defined as

Bll 8 l 9
FF8F95 (

mm8m9
S l l 8 l 9

m m8 m9
D ^FlmFl 8m8

8 Fl 9m9
9 &, ~51!

where theF ’s can take on the valuesQ, E, B for the tem-
perature and polarization components respectively. Since
derivation follows closely that of the lensing bispectra term
we refer the reader to@22# for detailed derivations.

A. Temperature

The temperature bispectrum produced by time delays
lows immediately from the decomposition in Eq.~21!

Bl 1l 2l 3
QQQ5A2l 111Wl 1l 2l 3

Cl 2
QdTl 3

0115 perm., ~52!

-
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where the permutations are with respect to thel-indices and

^Q łm* dl 8m8&5d l l 8dmm8Cl
Qd . ~53!

Unlike lensing however,Cl
Qd is not solely the result of cor

relations with secondary anisotropies but includes relativ
large contributions from the primary anisotropies the
selves. The delay field arises from potential fluctuations
sufficiently large scale that it is correlated with the Sac
Wolfe effect@23# in the primary anisotropies. To see this, l
us approximate the primary anisotropies at large angle
the sum of Sachs-Wolfe~SW! and integrated Sachs-Wolf
~ISW! contributions

Q~ n̂!'2
1

3
F~r * n̂,h* !2E dh8 2Ḟ~r 8n̂,h8!, ~54!

where the asterisk denotes evaluation at recombination.
temperature field may be directly correlated with the de
field in Eq. ~6!. The resulting power spectrum is shown
Fig. 7. Note that the SW and ISW contributions cancel at
lowest multipoles. Unlike the lensing-ISW correlation@2#,
the delay effects on the bispectrum do not vanish and ind
increase asVL→0.

To determine whether the contributions are detectable
evaluate the signal-to-noise ratio for an ideal cosmic varia
limited experiment

S S

ND
QQQ

2

5 (
l 1l 2l 3

~Bl 1l 2l 3
QQQ!2

6Cl 1
QQCl 2

QQCl 3
QQ

. ~55!

We show the cumulative signal-to-noise out to a given ma
mum l in Fig. 8. The time-delay temperature bispectrum
not detectable even for an ideal experiment. This should
compared with the lensing-temperature bispectrum, wh

FIG. 7. Delay-temperature cross correlation. The cro
correlation between the temperature and delay fields, as relevan
the bispectra, are dominated by contributions from the Sachs-W
~SW! effect with partially canceling contributions from the inte
grated Sachs-Wolfe effect~ISW!.
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the cross-correlation between lensing and effects such a
can be detected with upcoming experiments, such as Plan1

B. Polarization

Bispectrum terms involving the polarization follow sim
larly. The non-vanishing contributions are

Bl 1l 2l 3
EQQ 5A2l 111Vl 1l 2l 3

Cl 2
QdXl 3

011A2l 211Wl 2l 1l 3
Xl 1

10Cl 3
Qd

1~ l 2↔ l 3!, ~56!

Bl 1l 2l 3
EEQ 5A2l 111Vl 1l 3l 2

El 2
10Cl 3

Qd1~ l 1↔ l 2!, ~57!

for l 11 l 21 l 35 even and

Bl 1l 2l 3
BQQ 5 iA2l 111Vl 1l 2l 3

Cl 2
QdXl 3

011~ l 2↔ l 3!, ~58!

Bl 1l 2l 3
BEQ 5 iA2l 111Vl 1l 2l 3

El 2
10Cl 3

Qd , ~59!

for l 11 l 21 l 35 odd. The signal-to-noise ratio in an idea
cosmic variance limited experiment is

S S

ND
EQQ

2

' (
l 1l 2l 3

~Bl 1l 2l 3
EQQ !2

6Cl 1
EECl 2

QQCl 3
QQ

, ~60!

S S

ND
EEQ

2

' (
l 1l 2l 3

~Bl 1l 2l 3
EEQ !2

6Cl 1
EECl 2

EECl 3
QQ

, ~61!

S S

ND
BQQ

2

' (
l 1l 2l 3

~Bl 1l 2l 3
BQQ !2

2Cl 1
BBCl 2

QQCl 3
QQ

, ~62!

1http://astro.estec.esa.nl/SA-general/Projects/Planck

-
for
fe

FIG. 8. Signal-to-noise for detection of bispectra involvin
gravitational time-delay in an ideal cosmic-variance limited expe
ment.
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S S

ND
BEQ

2

' (
l 1l 2l 3

~Bl 1l 2l 3
BEQ !2

2Cl 1
BBCl 2

EECl 3
QQ

. ~63!

In Fig. 8, we show the cumulative signal-to-noise ratio a
function of the maximuml. Features in the signal-to-nois
curves mainly correspond to the noise contributed by
acoustic peaks in the temperature and polarization.
signal-to-noise ratio for theBQQ term is both larger and
smoother than the others since we have assumed thatCl

BB

vanishes for the primary anisotropies and is only genera
by the lensing and delay effects. Nonetheless, the signa
noise is substantially less than unity and so the time-de
effects are unlikely to be detectable in the bispectrum
affect the extraction of other effects from the bispectrum

VI. DISCUSSION

Gravitational time delays introduce a radial perturbat
in the mapping of the CMB temperature field at recombin
tion onto temperature and polarization anisotropies tod
The effect is closely related to gravitational lensing whi
introduces angular perturbations in the same mapping.
spite the fact that radial perturbations are only one orde
magnitude smaller than angular perturbations, and more
highly correlated with the angular perturbations, their eff
on the power spectra and bispectra of the temperature
polarization fields is approximately 3 orders of magnitud
smaller. The underlying reason is that on the angular sc
of the acoustic peaks neither effect actually generates
anisotropies; both induce a large scale modulation of
primary field. Angular modulations produce a substantial
fect due to angular structure in the acoustic peaks by smo
ing the power spectrum on the coherence scaleD l;30. Ra-
dial modulations produce much smaller effects due to
lack of radial structure in the perturbations that form t
acoustic peaks. They also suffer from the fact that the an
lar coherence or smoothing scale of the radial modulatio
typically one order of magnitude largerD l;2.

As a result, atl;1000, the delay and lensing-delay co
relation effects are&1024 of the temperature,E-polarization
t.

,
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and lensing-inducedB-polarization power spectrum gene
ated by lensing. For the temperature-polarization cross
relation, the lensing-delay correlation effect approaches 123

and so is comparable to the cosmic variance on these sc
This enhancement reflects the same efficiency with wh
lensing modulations affect the temperature-polarization c
relation. It is therefore relevant in principle for the Plan
satellite or any future experiment that expects to be cos
variance limited atl *1000. In practice, there may well b
other more limiting sources of systematic errors such as
lactic and extragalactic foregrounds.

For the bispectra, the time delay couples mainly with t
Sachs-Wolfe effect in the primary anisotropies. For a cosm
variance limited experiment, the signal-to-noise is highes
the B-temperature-temperature bispectrum since
B-polarization vanishes for primary anisotropies from sca
perturbations. In a realistic experiment, the low level of t
signal will make the cosmic variance limit difficult to
achieve. In any case, the signal-to-noise ratios in the bisp
tra never exceed the 1021 level for l;1000 and hence are
unlikely to interfere with the extraction of signals in th
bispectrum from secondary anisotropies by the next gen
tion of satellites@2#.

The potential of cosmic microwave background anisot
pies for studying cosmology is considered vast primarily b
cause of the physical processes underlying their forma
are thought to be understood to extraordinary precision r
tive to other astrophysical systems. Though unlikely to aff
the next generation of experiments, small effects such as
gravitational time delay considered here must be calcula
and included to ensure that this potential is realized.
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