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Formalism & Codes



Linear Perturbation Theory



Covariant Perturbation Theory

Covariant= takes samé&rm in all coordinate systems
Invariant= takes the samealuein all coordinate systems

Fundamental equationkinstein equations, covarianbnservation
of stress-energy tensor:

G, = 8nG1,,
v, 7" = 0

Preserveeneral covariance by keeping dégrees of freedom: 10
for each symmetric 44 tensor
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Metric Tensor

Expand the metric tensor around theneral FRW metric

2 2
Joo = —a-, i = @ 7Vij -

where the “0"component ionformal timen = dt/a and~;; is a
spatial metric otonstant curvatur& = HZ(Qior — 1).

Add in a general perturbation (Bardeen 1980)

g = —a*(1-24),
gOz' _  _g2p |
g9 = a7*(y¥ —2Hy7 —2H]).
A = a scalaipotential; ~ B* a vectorshift,  H; a

perturbation to the spatialirvature; H§2 atrace-freedistortion
to spatial metric =




Matter Tensor

Likewise expand the mattetress energtensor around a
homogeneous densipyand pressure:

TOO — —pP— 5p7
T% = (p+p)v—Bi),
TOi — _(p + p>v’t )

T = (p+0p)d’; +pIl';,
(1) op adensity perturbation; (3); a vectorvelocity, (1)op a

pressure perturbation; (d);; ananisotropic stresgerturbation

So far this isfully generaland applies to any type of matter or
coordinate choice including non-linearitiesthe matter, e.g.
cosmological defects.



Counting DOF's

20  Variables (10 metric; 10 matter)
—10  EInstein equations
—4  Conservation eqguations
+4  Bianchi identities
—4  Gauge (coordinate choice 1 time, 3 space)

6  Degrees of freedom

Without loss of generality these can be taken to besthe
component®f the matter stress tensor

For the background, specipf(a) or equivalently
w(a) = pla)/p(a) theequation of statparameter.



Scalar, Vector, Tensor

In linear perturbation theory, perturbations may be separated by
their transformation propertiasnder rotation and translation.

The eigenfunctions of thieaplacian operatdiorm a complete set

V2Q<O) — —k2Q(O) 7
VQQ(il) _ _kQQ(il)
2 (£2) 2, (£2)

Vector and tensor modes satisfy divergence-free and
transverse-traceless conditions

viQ&tY =0
ViQy T =0

7Qi” =0



Vector and Tensor Modes
vs. Vector and Tensor Quantities

A scalar mode carries with it associated vector (curl-free) and
tensor (longitudinal) quantities

A vectormode carries aassociated tensor (neither longitudinal
or transverse) quantities

These arduilt from the mode basis out of covariant derivatives
and the metric

QY = —k'v,QO,
1
0 _
Qz(j) = (k QVz'Vj+§%'j)Q(O)>
+ 1 + +
Q) = —ﬁ[vi@' Vv,



Spatially Flat Case

For a spatially flat background metric, harmonics are related to
plane waves:

QY = exp(ik-x)
—
Q(il) — _(él + zég)zexp(zk y X)
i \/§
3
Q,E;EQ) — _\/g(él + Zég)z(él + Zég)]eXp(Zk . X)

wheree; || k. Chosen as spistates, c.f. polarization.

For vectors, the harmonic points in a direction orthogon&l to
suitable for thevortical componenof a vector

For tensors, the harmonic is transverse and traceless as appropri
for the decompositon afravitational waves



Perturbation:-Modes

For thekth eigenmode, thecalar componentsecome

Alx) = A(k)QWY,
op(x) = dp(k) QY

thevectors componentsecome

and thetensors components

HTZ]

Z B(m)(k) Q( )

m=—1

2

= > H"(k

m=—2

I1;(x) =

= Hp(k)QWY,

op(k) QY

> IM(k)Q;

m=—2



Perturbations & Their Quadrupoles

Orientation of quadrupole relative to wave (K) determines pattern
Scalars (density)
Vectors (vorticity)

Tensors (gravity waves)

Scalars: Vectors: Tensors:

Hu & White (1997)



Homogeneous Einstein Equations

Einstein (Friedmann) equations:

1da\®  87G
a dt - 3

1 d*a B 47TG( + 3p)
adt2 g WP
so thatw = p/p < for acceleration

Conservation equatiow*7,,, = 0 implies

P = 301 +w)-
0 a



Homogeneous Einstein Equations

Counting exercise:

20  Variables (10 metric; 10 matter)
—17  Homogeneity and Isotropy

—2  Einstein equations

—1  Conservation equations

+1  Bianchi identities

1  Degree of freedom

without loss of generality choose ratio of homogeneous & isotropi
component of the to the densityw(a) = p(a)/p(a).



Acceleration Implies Negative Pressure

Role ofstresse the background cosmology

Homogeneous&instein equation&,,, = 87GT),, Imply the two
Friedman equation@lat universe, or associating curvature
pr = —3K/8wGa?)

lda 3G
a dt 3 -
1 d*a AnG
- = 3
a dt? 3 —3 (P +3p)
so that the total equation of state= p/p < for acceleration

Conservation equatiow*7,,, = 0 implies

P = 301 +w)”
P a

so thatp must scale more shdy thana >



Questions regarding Dark Energy

Coincidencegiven the very different scalings of matter and dark
energy witha, why are theycomparable now?

Stability: why doesn’t negative pressure img@gcelerated
collapse? or why doesn’t the vacuum suck?

Answer:stability is associated with stress (pressyedientanot
stress (pressure) itself.

Example:thecosmological constant, = —1, a constant in time
and space Ao gradients.

Example:ascalar fieldwherew = p/p # dp/dp = sound speed.



Covariant Scalar Equations

Einstein equationésuppressing) superscripts (Hu &isenstein 1999):

1 a1 .
(k* = 3K)[Hy, + 5 Hr + — 25 (kB — Hr))

= 47 Ga? [5,0 - 3%(,0 +p)(v — B)/k] :

1 d .
K2(A+ Hy + —Hr) + (— + 29) (kB — Hr)

3 dm a
= 87Ga’pll,
a : 1. K :
—A—H;, —-Hr— —(kB—H
a Lot k2( r)

= 4nGa*(p +p)(v — B)/k,

. e\ 2 . 2
[2a2(a> Lad K
a a adn 3

9 1
= ArGa”(op + §5p) :

d al, - 1
A—|—+—-|(Hr+ kB
[dn—l—a]( L—|—3 )



Covariant Scalar Equations

Conservation equationsontinuityandNavier Stokes

. . |
[_+39] Sp+320p = —(p+p)(kv+3H1),
dn a a
d (v - B) 2 L€
& .2 = dp— =(1—-3=)pIl A
[d?7+ a] [(p+p) ; ] Pl e

Equations are not independent sinceG*” = 0 via theBianchi
identities.

Relatedo the ablility to choose aoordinate systerar “gauge” to
represent the perturbations.



Covariant Scalar Equations

DOF counting exercise

8  Variables (4 metric; 4 matter)
—4  Einstein equations
—2  Conservation equations
+2  Bianchi identities
—2  Gauge (coordinate choice 1 time, 1 space)

2 Degrees of freedom

without loss of generality choose scalar components of ir:2
op, I1 .



Covariant Vector Equations

Einstein equations

1 — 2K /k2)(kBED — b
T
= 167Ga*(p + p)(vFY — BED) /|

d :
28] e —

— —8rGa’pll Y .

Conservation Equations

d 1 1
42| [+ P - B

1
—5(1- 2K /k2)pIIEY

Gravity providesho sourcdo vorticity — decay



Covariant Vector Equations

DOF counting exercise

8  Variables (4 metric; 4 matter)
—4  Einstein equations
—2  Conservation equations
+2  Bianchi identities
—2  Gauge (coordinate choice 1 time, 1 space)

2 Degrees of freedom

without loss of generality choose vector components of (1
1D,



Covariant Tensor Equation

Einstein equation

d? 1 d
[d—nQ + 2%d_?7 + (k* + 2K)] H? = 8rGa?pll+2)

DOF counting exercise

4 Variables (2 metric; 2 matter)
—2  Einstein equations
—(0  Conservation equations
+0  Bianchi identities
—0  Gauge (coordinate choice 1 time, 1 space)

2  Degrees of freedom

wlog choose tensor components of e I (E2).



Arbitrary Dark Components

Total stress energy tensor can be broken upimievidual pieces

Dark componentsteract only through gravity and so satisfy
separate conservation equations

Einstein equation source remains the sum of components.

To specify an arbitrary dark component, give the behavior of the
stress tensoi componentsdp, 119, wherei = —2, ..., 2.

Many types of dark components (dark matter, scalar fields,
massive neutrinos,.havesimple formsfor their stress tensor in
terms of the en@y density, i.e. described Bquations of state.

An equation of state for the background= p/p is not sufficient
to determine thé&ehavior of the perturbations.



Gauge Freedom & Choice



Gauge

Metric and matter fluctuations take driferent valuesn different
coordinate system

No such thingas a “gauge invariant” density perturbation!

Generalkoordinate transformation:

n = n+rl

i = '+ L
free to choos€T’, L*) to simplify equations or physics.
Decompose thegato scalarand vector harmonics.

G, andT7),, transform asensors, so components in different
frames can be related



Sachs-Wolfe Gauge Transformation

Inflation: (nearly) scale-invariant curvature (potential) perturbations

'

Superluminal expansion — superhorizon scales — "initial conditions'

Accompanying temperture perturbations due to cosmological redshift

Time

hot Comoving

Space

Potential perturbation ¥ = time-time metric perturbation
ort=¥Y — O0T/T= Odala = o/t = ¥

Sachs & Wolfe (1967); White & Hu (1997)




Gauge

Metric and matter fluctuations take driferent valuesn different
coordinate system

No such thingas a “gauge invariant” density perturbation!

Generalkoordinate transformation:

n = n+rl

i = '+ L
free to choos€T’, L*) to simplify equations or physics.
Decompose thegato scalarand vector harmonics.

G, andT7),, transform asensors, so components in different
frames can be related



Gauge Transformation

Scalar Metric:

A = Aa-17-21
a
B = B+ L+kT,
_ L :
H, = Hp—~-L-27,
3 a
I:IT = Hr+ kL,

Scalar Matter (th component):

5ﬁJ — 510,] _ pJT)
opy = opy;—pyT,
vy = v+ La

\Vector:

B(il) _ B(:I:l) 4 L(:I:l)’ I’_“]C%:I:l) _ Héil) 4 kL(il), 63:&1)

:v$”+L&Q



Common Scalar Gauge Choices

A coordinate system i&Illy specifiedif there is an explicit
prescription for(T’, ') or for scalargT, L)

Newtonian:
B = Hr=0
v = A
¢ = ﬁL
L = —Hp/k
T = —B/k+ Hp/k?

Intuitive Newtonian like gravity; matter and metric

algebraically related; commonly chostem analytic CMBand
lensingwork

numericallyunstable



Example: Newtonian Reduction

In the general equations, sBt= Hy = O:

(k* —=3K)® = 4nGa* [5p+3%(p+p)v/k]
(U 4+ ®) = 8rGa?pll

soV = —& if anisotropic stres$l = 0 and

d ' ' :

[— I 39] op + 395]9 = —(p+p)(kv+3P),

dn a a
d a 2 K
— +4- = kop— =(1—-3-—=)pkll kW
o +45] o+ pho 2 (1~ 35 ) pRIL+ (p+ p) 0.

Competition betweentresqpressure and viscosity) apdtential
gradients



Common Scalar Gauge Choices

Comoving:

B = o (T)=0)
Hr = 0

¢ = A

¢ = Hg

A = 0

T = (v—DB)/k
L = —Hp/k

Algebraicrelations between matter and metric

Euler equation becomes an algebraic relation between stres:
and potential

2 K

(p+p)§ = —5p+§ (1—7> pll



Common Scalar Gauge Choices

Einstein equation lacks momentum density source

a . K

Combine:( Is conservedf stress fluctuationaegligible, e.g.
above théhorizon if | K| < H?

: a op 2 3K D
L Kulk=<-|——2 4+ 21— | — 0
¢+ Ko/ a[ p+p 3< k2>p+p ]_>

explicitly relativistic choice



Common Scalar Gauge Choices

Synchronous:
A = B=0
- 1 -~
nL = —HL—§HT
hr = I:[T or h=6H;

A— a_l/dnaAJrcla_l
L = —/dn(B+kT)—|—02

stable, the choice of numerical codes

residualgauge freedorm constants;, c; must be
specified as amitial condition, intrinsically relativistic.



Common Scalar Gauge Choices
Spatially Unperturbed:

H, = Hr=0
L = —Hr/k
A,B = metric perturbations
AN 1
v (o) (e ge)
a 3

eliminates spatial metric in evolution equations; useful in
Inflationary calculationgviukhanov et al)

Intrinsically relativistic.
perturbation evolution is governed by the behavior of

stress fluctuations and @otropic stress fluctuatiodp i1s gauge
dependent.



Hybrid “Gauge Invariant” Approach

With the gauge transformation relations, express variables®f
gaugen terms ofthose inanother allows a mixture in the
equations of motion

Newtoniancurvature and comoving density

(k* — 3K)® = 4nGa’pA
ordinary Poisson equation then impl@sapproximately constant

If stresses ngigible.

Exact Newtonian curvature above the horizon derived
through Bardeen curvatuo®nservation

Gauge transformation

av
¢ = ——
C+a/~c



Hybrid “Gauge Invariant” Approach

Einstein equation to eliminate velocity

o= ArGa’(p + p)v/k
a

Friedman equation with no spatial curvature

(d>2 3G
a 3

With ® = 0 and¥ ~ — &

aw_ 2 4
ak 3(1 4+ w)




Hybrid “Gauge Invariant” Approach

Combining gauge transformation with velocity relation
343
p=""7¢
5+ 3
Usage: calculate from inflation determine® for arny choice of
matter content or causal evolution.

Scalar field (“quintessence” dark energy) equations in
comoving gaugeémply asound speedp/dp = 1 independent of
potentialV/ (¢). Solve insynchronous gauge (Hu 1998).



Boltzmann Formalism



CM
dist
X IS

Boltzmann Equation

B radiation is generally described by the phase space
ribution function foreach polarization statg (x, q,n), where
the comoving position anglis the photon momentum

Boltzmann equation describes the evolution of the distribution
function under gravityand collisions

Low order moments of the Boltzmann equation are simply the
covariant conseation equations

Higher moments provide the closure condition to the conservatior

law
sca

Hig

(specification obtress tensor) and the CMB observable — fine
e anisotropy

ner moments mainly describe the simple geometry of source

Proj

ection



Liouville Equation
In absence of scattering, the phase space distribution of photons
conserved along theropagation path
Rewrite variables in terms of the photon propagation direction
q = ¢n, SO f,(x,n,q,n) and

d

d_nfa(xa ﬂa q, 77) =0

0 dx 0 dn 0O dg O
— T i =+ = T+ . fa
on dn Ox dn on dn 0Oq
For simplicity, assume spatially flat univerg&e= 0 then
dn/dn = 0 anddx = ndn

fa_l—n vfa—l_q fa—o



Correspondence to Einstein Eqn.

Geodesic equation gives the redshifting term

' a 1 . .. ; "
g = —— — —TLZTL]HTZ']' — HL i nZBi —n- VA
q a 2
which is incorporated in the conservation and gauge

transformation equations

Stress energiensor involves integrals over the distribution
function the twopolarization states

N R
= T

Components are simply the low order angular moments of the
distribution function



Angular Moments

Define the angularly dependent temperature perturbation

1 3d
O, , 1) = 5/ 9(fut fy) -

and likewise for the linear polarization stat@gaandU

Decompose into normal modes: plane waves for spatial part and
spherical harmonics for angulpart

G (k,x,n Yg n) exp(ik - x)

2€

4
20+ 1

In a spatially curved universe generalize the plane wave part

1

_I_

N

:|:2G£ ( ’ 7

LY, (n) exp(ik - x)



Stokes Parameters

Polarization state of radiation in directiandescribed by the
intensity matrix( £;(n) £ (n)), wherekE is the electric field vector

and the brackets denote time averaging.
As a hermitian matrix, it can be decomposed into the Pauli basis

P = C(E(n)E'(n))
=0Mn)oy+Qn)os+U(n)o, +V(n)o,,

where

1 0 0 1 0 —2 I O
Oy — o1 — 09 = O3 —
0 1 10 t 0 0 —1

Stokes parameters recoveredlats;P) /2



Linear Polarization
Counterclockwise rotation of axes By= 45°
E,=(E, —E)/V2, E,=(E, +E)/V2
U x (B E) — (EYES), difference of intensities alts° or Q’

More generallyP transforms as a tensander rotations and

Q' = cos(20)Q + sin(20)U

U' = —sin(20)Q + cos(20)U
or

Q +iU = eT[Q + iU

acquires a phase under rotation and is a splrobject



Coordinate Independent Representatio

Two directions: orientation of polarization and change in
amplitude, 1.e() andU In the basif the Fourier wavevector for
small sections of sky are calldd and B components

BO) £ B(1) = — [ dlQ/() & it ()

— T2 /dﬁ[@(ﬁ) + iU(ﬂ)]e“'ﬁ

For the B-mode to not &nish, the polarization must point in a
direction not related to the wavevector - not possible for density
fluctuations in linear theory

Generalize to all-sky: plane waves are eigenmodes of the Laplace
operator on the tensa?.



Spin Harmonics

Laplace Eigenfunctions

VQ:I:Q}/Em[O'S Fio = —[l(l+1) — 4] Ym|os Fioy]

Spins spherical harmonics: orthogonal acoimplete

Z Y, ()Y, (n') =6(¢ — ¢')d(cosh — cos @)
where the ordinary spherical harmonics &g = Y,
Given in terms of the rotation matrix

Yin(Ba) = (—1)" 2200 ap0




Statistical Representation

All-sky decomposition

Q) +iU(R)] = ) [Epm £ iBom]£2Yum()

m

Power spectra

<E2<mE€m> — 5@8’5mm’ EEE
<BZmB€m> — 5@6’5mm’ KBB
Crosscorrelation
<EZmE£m> — 566’5mm’C?E

others vanish if parity is conserved



Normal Modes

Temperature and polarization fields

X Ak )
@(X7l’l,7’]) = WZ@K GE

31,
Q £:U|(x,n, _/ o E ™ £ iB™] Gy

For eachk mode, work incoordinates wherk || z and som = 0
represents scalar modes,= +1 vector modes;n = +2 tensor
modes,|m| > 2 vanishes. Since modes add incoherently and
() £ U Is invariant up to a phase, rotation back to a fixed
coordinate system is trivial.



Scalar, Vector, Tensor

Normalization of modes is chosen so that the lowest angular mod
for scalars, vectorand tensors are normalized in the same way as

the mode function
G =Q0 GY=n'Q” GYxnin’Qy)
Glil — niQEﬂ) G;ﬂ X nianSEl)

G;Q = n'n? QS-EQ)

where recall
QY = exp(ik-x)
Qgil) — _—Z(él + zég)zexp(zk . X)

V2
3 . . . . :
QSE” —\/g(el + 1€5);(€1 = i€2),exp(ik - x)



Geometrical Projection

Main content of Liouville equation is purely geometrical and
describes the projection afhomogeneilties into anisotropies

Spatial gradient term hits plane wave:

: : 4 :
n- Ve ™ = in - ke™™ = iy %leo(fl)eZk'x

Dipole term adds to angular dependence through the addition of
angular momentum

4 K" Ky
—YOYm: 1 Y’riL + /+1 Ym
Vs 't T Jeirnei-1 7 Jeirneits) P

wherex]* = v/f2 — m? is given by Clebsch-Gordon coefficients.




Temperature Hierarchy

Absorb recoupling of angular momentum into evolution equation
for normal modes

S(m) m) K . ~\(m m

0, = O,-1 — 2€+3@€+1 —T@é)—FSé)
WhereSém) are the gravitationgland later scattering sources,;
added scattering suppression of anisotropy)

An originally isotropic/ = 0 temperature perturbation will
eventually become a high order anisotropy by “free streaming” or
simple projection

Original CMB codes solved the full hierarchy equations out to the
¢ of interest.



Integral Solution

Hierarchy equation simply represents geometric projection,
exactly as wdnave seen before in the projection of temperature
perturbations on the last scattering surface

In general, the solution describes the decomposition of the source
Sém) with its local anguladependence as seen at a distance

x = Dn.

Proceed by decomposing the angular dependence of the plane
wave

e * =3 (—i)'\/4m(20 + 1)j,(kD)Y, (1)

Recouple to the local angular dependencé’f

G = (—i)'\/4r (20 + 1)oyy (kD) Y™ (1)




Doppler Peaks?

Doppler effect has lower amplitude and weak features from projection

- Temperature

20 40 60

80

100

120

20

40

60 80 IlOOI II120
Hu & Sugiyama (1995)



Integral Solution

Projection kernels:
68 = O, m =0 OZOE — jg
68 — 1, m = O Oélé p— jﬁ

Integral solution:

@(m)(k7 ) 0 » .
P /0 dne™™ Y Sy (k(m — )

Power spectrum:

2 [ dk ~ k30" o™
CK_%/?; (20 + 1)
Solving forC, reduces to solving fathe behavior of a handful of
sources




Polarization Integral Solution

Again, we can recouple the plane wave angular momentum of the
source inhomogeneity to itecal angular dependence directly

E(m) k 1o
(kM) :/ dne_ng( )eé g)(/ﬂ(ﬁo — 1))
0

20+ 1 ;

By (ko) [ ) g
st = [ dne e 8 kow )

The only source to the polarization is from the quadrupole
anisotropy so wenly need/, = 2, e.g. for scalars

O (2) \/§ (C+2) ) o
2t 8(£—2) 2?2 2t




Polarization Hiearchy

In the same way, the coupling of a gradient or dipole angular
momentum to the spiharmonics leads to the polarization
hiearchy:

. m 2m 2/‘€m
E(m) — L 2y E(m) _ B(m) . +1 | 'E(m) g(m)
¢ [%—J ELoge+1)f wy3| T T

: [ ) oKy,
B(m) — L 2hy B(m) B(m) . 41 | -E(m) B(m)
¢ [%—J€1+€w+1)e 2w0+3| o

wherey k7t = /(2 — m?)(¢2 — 4) /(2 is given by the
Clebsch-Gordon coefficients aédg 5 are the sources (scattering
only).

Note that for vectors and tensdrs| > 0 and B modes may be
generated fronty modesby projection. Cosmologicallﬁém) 0



Polarization Patterns

Scalars
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Patterns and Perturbation Types

Amplitude modulated by plane wave — Principle axis

Direction detemined by perturbation type — Polarization axis

Polarization Pattern Multipole Power

Kamionkowski, Kosowski, Stebbins (1997); Zaldarriaga & Seljak (1997); Hu & White (1997)



Truncated Hierarchy

CMBFast uses the integral solution and relies on ajiagénerator

However sources are not external to system and are defined
through the Boltzmann hierarghtself

Solution: recall that we used this technique in the tight coupling
regime by applyin@ closure condition from tight coupling

CMBFast extends this idea by solving a truncated hierarchy of
equations, e.g. out to= 25 with non-reflecting boundary
conditions



Collision Source Terms



Thomson Collision Term

Full Boltzmann equation

d%fa,b — C[fa, i

Collision term describes the scattering out of and into a phase
space element

Thomson collision basean differential cross section
do 3 ~, =
— — —|E - EI?
dS? 87T’ For,
whereE’ andE denote the incoming amslitgoing directions of
the electric field or polarization vector.




Polarization from Thomson Scattering

Quadrupole anisotropies scatter into linear polarization

Quadrupole
Anisotropy

L J

Thomson
> Scattering

Linear

Polarization aligned with
cold lobe




Scattering Calculation

Start in the electron rest frame and in a coordinate system fixed b
the scattering plane, spanneglincoming and outgoing directional
vectors—n’ - n = cos 3, whereg is the scattering angle

©,: In-plane polarization stat®) , : | -plane polarizatiorstate

Transfer probability (constant set by

O o cos’ B, O, xO)

and with the45° axes as

A

B, =

(EH + EJ_) EQ — %(E — EJ_)

&\H



Stokes Parameters

Define the temperature In this basis
0, x |[E; - E,|?0), + |E; - E,|*6),

1 1
X Z(cosﬁ +1)%0) + Z(Cosﬂ —1)%0),

@2 X ’EQ . E2|2@/2 + ‘EQ . E1|2@/1

1 1
X Z(Cosﬁ +1)*0), + Z(Cosﬁ —1)°6}

or 9, — O, x cos (0] — 6))

Define®, ), U in the scattering coordinates

1 1 1
SIS 5(@“ +0,.), Q= 5(@” -0,), U= 5(@1 — 0Oy)



Scattering Matrix

Transfer of Stokes states, e.g.

1 1 1
O = 5(@“ +0,) x Z(Coszﬁ +1)0" + Z(C0825 - 1)@’

Transfer matrix of Stokes state = (0, Q) + U, () — iU)

T < S(6)T
; / cos* 3 + 1 —2sin’ 3 —1sin? 3 \
S(8) = A —% sin? 15 %(Cosﬁ = 1)2 %(COSﬁ _ 1)2
\ —isin’8  L(cosB—1)>  L(cosB+ 1) )

normalization factor of 3 is set by photon conservation in scatterin



Scattering Matrix

Transform to a fixed basis, by a rotation of the incoming and

outgoing stated” = R(y)T where

(1 0 0 )

0 e 2%

\0 0 &)

giving the scattering matrix

R(vy) =

R(—7)S(B)R(a) =

— Y2(B8, @) + 2v/5Y (8, ) 3Y; (6, a)
\/?7T —\/EQYQO(ﬁa 04)627;7 32Y2_2(57 04)621‘7
—\/6—23/20(57 Oé)e_m |

_\/§Y22 (ﬁa Oé)
3 2Y22 (8, 04)62w
3 —2Y22 (8, O‘)e_m



Scattering Geometry

Rotation from scattering frame to fixed sky basis




Addition Theorem for Spin Harmonics

Spin harmonics are related to rotation matrices as

20 1
Y/(0,6) = || =D ,0u(6,6,0)

Note: for explicit evaluation sign convention differs from usual
(e.g. Jackson) by—1)™

Multiplication of rotations

ZD m'! @2762772) (041,61,’}/1) :Dfnm’(cmﬁ?f)/)

Implies

m* m S1—S2 2€ T 1 —81 159
Z 31Y£ (9/7 ¢,) SQYVE (67¢) — (_1) 47_‘_ SQYE (57 CY)e !

m




Sky Basis

Scattering into the state (rest frame)

d’\/
Ciu|T] =7 4n R(—7)S(8)R(a)T (1),
TC
da’ e
/ —(©',0,0) + —T/d ZPm)nn (1)
m=—2
where the quadrupole coupling termRB§™ (1, i) =
YR YR) =Y @) Y R) -y /8 oY) Y (R)
—/6Y3™* () Y3 () 3,y () Y3 (1) 3 _, Yo" () Y™ () ;

—VOYS"(R) LYo (n)  3,YM () LYo (n) 3 _,Ye™(R) _, Y3 (n)

expression uses angle addition relation above. We call this term
Co.



Scattering Matrix

Full scattering matrix involves difference of scattering into and out
of state

In the electron rest frame

C[T] = T'/ i—“(@’, 0,0) — 7T + Co[T]
70

which describes isotropization in the rest frame. All moments hav
e~ suppression except fagotropic temperatur®,.

Transformation into the background frame simply induces a dipole
term

Jiy
O[T]I%(ﬂ-Vb—F 4—n@,,0,0>—7.'T—|—CQ[T]
A



Source Terms

, flat assumption

Temperature source terrﬂ#m) (rows=+|m

(00 - HY #0+BO PO _20 )

0 fog) f BED s pED) 8 gD
\ 0 0 P _ gE
where

1
10
Polarization source term

P = 2(0y" = V6Ey™)

Sg(m) = —7V6P™ 5y,
By =0



Lecture 1V: Summary

General relativistic perturbation theory: energy momentum
conservation plus closure relation for stresses for scalar, vector,
tensor degrees of freedom

Choice of gauge and/or mixed “gauge invariant” conditions to
simplify equations of motion

Energy momentum conservation equations are first 2 moments of
more general Boltzmann equation

Formal integral solution to Boltzmann equation is simply a
projection of sources from the first 3 moments

Spin-spherical harmonics describe linear polarization field

Modern codes use truncated Boltzmann hierarchy to solve for the
sources on a coarse grid, interpolate and integrate
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