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o INTRIIZOCTIOM

The field of cosmic microwave background [CME) anissiropies has dramatically
advanced over the last decade (o f, White et al 1984 ], especially on its obeer-
vational Font. The cbservaticons have furned some of our boldest speculabions
abaut our Universe inlo a working cosmalogical model: namely, that the Universs
is spatially fat, consisi= mainly of dark maiter and dark epergy, with the small
amanunk of ordinary matier nesemary 4o eeplain the ght slement abtondances,
and all the rich struckure in it formed throvgh gravitational instability from quan-
tum mechanical fluctuations when the Universe was a fraction of a secand ald.,
Obeervations over the coming decade should pin down certain key cosmaological
parameters with unprecedented accuracy [Knme 1995; Jungman et al 1956; Eand
et al 1997, Zaldarriaga et al 1987, Eisensten ef al 1999, These determinations
will hive profound implications for astrophysics, as well as other disciplines. Far-
ticle phy=icists, jor example, will be ablk io study neoubrine masses, {hecries of
inflation impossible 1o iest at accelerators, and the mysterious dark energy or
cosmological corstant.

For the fwenty eight years between bhe discovery of the OME [Fenzias & Wil-
=nn 1965 and the OOEE BMWMEA detection of 10~ fluctuations in its temperature
field across the sky [Smoot et al 1982, observers ssarched for these anisobropies
but found nome excepd the dipale induced by cur own motion [Smoot et al 1977).
They learned the hard way that the OME is remarkably uniform. This is in stark
combrasi 1o bhe matter in the Universs, organizsd in very non-linear stroctores
like galaxies and clusters. The disparity bebween the smooth photon distribution
and the clumpy matter distribution is due to radiation pressure. Matter inho-
mogeneities grow due to gravitational instability, but presure prevents the same
process from occuring in the photons. Thus, even though both inhomogeneibies
in the matter in the Universs and anisotropies in the CAE apparently ofginated
from bhe same source, these appear very difierent today.
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Since ihe photon distribution is very uniform, perturbations are small, and
linmar respomse theory appliss. ‘This is perhaps the most important fact about
CME anisotropies. Since they ame linear, prediclions can be made o= precisely
as their sources are specified. 1§ bhe sources of the anisoiropics ane also linear
fluctuations, anisciropy formaticn falls in the domain of linear periurbation the-
ary. There are then essentially no phenomenclogical parameters that need o be
intrecduced to account for nen-linearities or gas dynamics ot any other of a host
af astrophysical proceses that fypically aflick mosmological oheervations

CME anisoiropics in the working cosmological mode], which we boefy review
in §2, fall almest entirely under linear perturbation thecey, The most important
abservables af the ZME are the power spectra of the temperature and palariza-
tion maps. Theary predicts, and now abs=rvations confirm, that the temperature
power specirum has a series of peaks and frooghs, In §2 we discuss the origin
af these acoustic peaks and their cosmological vses, Although they are the most
promicent features in the speckrum, and are the joous of the current generation
af experiments, future abservations will furn to even Aner details, polentially re-
vealing bhe physics at the two oppo=ite ends of time. Some of these are discossed
in §4. Finally, the past few years have witnessed important new advances, infro-
duced in &5, from a growing body of CAME data analysts on how best to exbract
the information containesd in DME daia. Some of the Froits of this labar have
alrescly spread o abther fiekds of astronamy.

A CQIEERVAILED
21 Standerd Cosmalopmeal Paoradigim

While a review of the standard cosmological paradigm is not oor intention | see
Narkilar & Fadmanabhan 2001 for a critical appraial), we briefly introduce the
abservables necessary o parameterize it.

The expansian of the Universs is described by the scale Bactor ald), s=t to unity
tocday, and by the current exparsion rate, the Hobhle constant s = 1004 km
s ! Wlpe !, with & = 0.7 (Fresdman et al 2001 ). The Universe is ffof {no spakial
curvature) if the total density is equal o the cribical density, pe = 1.884% = ]D_mg
cm~ % it is spen (negative curvature] if the density is less than this and closed
[ prositive curvature] if greater. The mean densities of diferent components of the
Universs contral ) and are fypically sxpressed today in unils of the critical
demsity §2, with an evolution with e specified by equations of state w; = pif pi,
where = the pressure of the dth component, Bensity Auciuations are determined
by these parameiers through the gravitational instability of an initial specirum
af Auckuatiores.

The working cosmalogical model contains pholons, nevirines, baryons, ocld
dark matier and dark energy with densities proscribed within a relatively tight
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range. For the radiation, 5 = 4.17 = 107" (e, = 1/3). The photon contri-
buti=n ta the radiation is determined to high precision by the measured DME
temperature, T = 2,728 £ 0.004K (Fix=sen et al 1996], The neutrine cantribution
fallows Fram ihe assumption of & peutring species, a standard thermal history,
and a neglhgible mass my <7 leV. Massive neabrines have an equation of siate
wy, = 13 — 0 as the particles become non-relativistic, For my ~ 1eV this ocoors
at a ~ 107% and can leswe a small but potentially measumble sfiect cn the TME
aneotropies [Ma & Ferlschinger 1995; Codelsan et al 1906]

For the ordinary matber or baryons, % = 00282 (es = 0] with statisbical
wrceriainties at about the ten percent level determined through studies of the
light element abundances (for reviews, sse Eoesgaard & Steijgman 1985; Schramm
& Turner 1998; Tytler ek al 2000). This walue = in strikingly good agreement
with that implied by the CME anisciropies themselves as we shall see. There
is very strong evidence that there is also substantial non-taryonic dark matier.
Thi dark matter met be closs 4o cold (ey, = 0 Fr the gravitational instakility
paradigm io work (Feebles 19821 and when added o the barpons gives a total
in nom-relabivistic matter of £, = 1% Since ihe Universs appears to b= flat,
the tofal e muost b= equal 40 one. Thus, there is a missing component o
the inventory, dubled dard erergy, with 24 = 22 The cosmolagical constant
[erg, = —1} is only cne of several pessible candidaies bui we will generally assume
thi= form unless abtherwise specified. Measurements of an accelerated expansion
from distant supernovas (s ot al 1998, Ferlmottier ef al 19909 ) provide enkirsly
independent evidence for dark energy in bhis amount.

The nitial spectrum of density perturbations is asumed to be a power law
with a power law index ar tilt of m = 1 corresponding to a scale-invariant spec-
trum. Likewize= the initial specirum of gravitational waves is assumed to be scale-
imvariant, with an amplifude parameterized by the energy smale of inflabion £
and corstrained to be small compared with the initial demsity spectrum. Finally
the formation of structure will eventoally reicnie the Universe at some redshif
T8y 520

Many of the features of the ansotropies will be produced even if these parame-
ter= fall cutside the sxpected mnge or even if the standard paradigm i=s incorrect.
Where appropriate, we will try to point thess ant.

28 CME Temperature Field

The hasic observable of the CRE is its intensity as a function of frequency and

directicon cn bhe sky =, Since the CME specirum is an extremely good blackbady
[Fixsen el al 1996} with a nearly constant temperature acress the sky T, we

genetally descrite this ohs=rvable in terms of a lemperature Auctuation 9= =
AT/T.

If these Auctuations are Gaessian, then the moltipole moments of the femper-



CMB Anisotropies 5
ature field

e = Jlr AV 2180 L)
are fully charactermed by their power spectrum

(i D) = Spp by (2)

whse values as a funclion of € are independent in a given realization. For this
reimnn predictions and analyses are typically performed in barmonic space. On
small =eclions of the =sky where ils curvature can be neglected, the spherical
harmonic analysis becomes ordinary Fourier analysis in two dimensions. In this
limit ¢ becomes the Fourier wavenumber. Since the angular wavelength @ =
2x/F, large multipole moments correspands to small angular scales wikh & - 10F
representing degree scale separations Likewise, since in this limit the variance
af the field i= Id'zflf-'flu"l::!:rr]:, the power spectrum is usually displayed as

a =, )

the power per logarithmic interval In wewvenumber for € 5 1.

Flate 1 [iop) shows chesrwations of Ag along with the prediction of the work-
ing commological model, complets with the aroustic praks mentioned in §1 and
discussed extensively in §2. Whilk COERE first detected anisotropy on the largest
srales [insed], cbservations in the lask decade have pushed the fronbier to smaller
and smaller seales (lefi 4o right in the fgure]. The MAF satellite, launched in
June 2001, will go out o £ ~ 1000, while the European satellite, Flandk, sched-
uled dor launch in 2007, will go a factor of tao higher [s== Flate 1 bobiom)].

The power spectra shown in Flake 1 all begin ab ¢ = 2 and exhibit large
errars ab kow multipales, The reason is that the predicied power speckrom is the
average pawer in the multipole moment £ an observer would see in an ensemble
af universes. Hawever a real obssrver i limited ta cne Universs and one sky with
it= one set of Sg,'s, 2f + 1 numbers jor each ¢ This is particularly problematic
for the monopok and dipole (¢ = 0,1]. If the monopole were larger in our
vicinity than its avermge walue, we would bave no way of knowing it. Likewise
for the dipale, we have no way of distinguishing a cosmalogical dipale fraom our
awn peculiar mation with respect ta the OME rest frame. Nonsthelss=s, {he
moncopale and dipole - which we will aften call simply & and v., = are of the nimost
significance in bhe marly Universe. It is precisely the spatial and temporal sacation
af bhese quantities, especially the monopole, which delermines the patlern of
ansntropies we oblerrve today. A distant observer sees spatial variations in the
lezal temperature or monapals, at a distance given by the lookback time, as a
finesrale angular ansotropy. Similarly, local dipoles appear as a Boppler shifted
temperature which is viewed analcgously. In the jargom of the feld, this smphke
projection is referred to as the freesbreamimg of power from the monopale and
dipale to higher muliipale momenis.

[ Hu & Dodelson
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Flate 1: Top: lempernture anisatrap: daia with bcxmm reprosenting 1-2 errors and approsimake
df-bandwidth. Hokttom: tempareiture and polarizmicon specim dar 0 = 1, Oy = 2,-'3. AR =
002 bk =016 n=1, 24 =T, E, = 2.7 10" Ce¥. Dmhed lines reprosent negabive cross
correlntion mnd hoxm represen’t tha skatisticnl grraom of the Planck sntellibe
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Talle 1: CME experiments shown in Flate 1 and references.
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How accurately can the specira ullimately be measured? As alluded bo abowe,
the Fundamental limitation &= sob by “oommic variance”™ the fact that thers are
anly 2¢ + | m-sampls of the power in each multipole moment. This leads 4o an
inevitable errar of

.'frf:=|ll 4

I||I2f+|-CE' (4}

Allawing for Further averaging cver £ in bands of Af &= £, we see thal the precision
in the power spectrum determination scales as £', ie. ~ 1% ab ¢ = 100 and
ca 0% @b & = 1000, It is the combination of precision prediclions and prospects
for precsion measurements that gives CAME ansotropies their unique stature.

Thers are bao general caveats 4o these scalings. The frst is that any source of
notee, irstrumental or astrophysical, Increases the errars. 11 the noiss is also Gans-
=ian and has a known power speckrom, one simply replaces the power specirum
an the rhs of Equation (4) with the sum of the signal and noise power speckra
[Knm: 19085]. This = the reason that the errars for the Flanck satellite increase
near its resolubion scale in Flate 1 {bottom |, Because astrophy=ical fregrounds
are fypically non-Zraussian it 15 usoally alss neeesary to remove hesvily confame-
inater] regions, eg. the galaxy., I the fraction of sky coversd = (., then the
errars increase by a fBactor of j'l_k:'h and the resulbing variance is usaally dubbed
“sample wariance” (Scobt et al 1994). An [, = 0.65 was chosen jor the Flanck
=atellite.

25 COMEB Polerization Field

While no polarization has veb been detecled, general considerations of Thomson
scatlering suggest that up to 10% of the anisoiropies ab a given scale are polar-
izrrl . Experimenters are currently hot on the trail, with upper limits approaching
the expecled level (Hedman et al 2001; Keaking et al 20013, Thus, we expect
polarization to be an extremely eociting feld of study in the coming decade.

The polarizaticon fekd can be analyzed in a way very similar fo the temper-
atlure field, save jor one complication. In addition to its strength, polarization
akn has an orientation, depending on relative strengih of tao linear polarzation
slate=. Whilz classical literature has tended to describe polarzation loeally n
terms of the Stokes paramelers  and £ recently cosmologisls (Seljak 1997,
Kamionkowski el al 1987; Eakdarriaga & Seljak 1997) have found that the scalar
E and pseudooscalar B, linear buk non-loeal ccmbinations of § and 7, provide
a mare useful description. Fostponing the precise definition of E and B until
527, we can, in complkte analogy with Equation (1), decompese sach of them

T here isaba the possibiliby in general of circular polarimbion. deseribed by Stakes prrameizr
", but thi is aksent in conmalggicnl sekbinge
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in terms of mullipol: momenis, and then, following Equation [2), consider the
Pt speckra,

I:Esm.'Ef'w':l = 'sif":'rrm'CEEE 1
l:EEFm Ei"w':l 'EEE"jrrm'CEEE ]
(DB} = GepdmarTET i3)

Farity invariance demands that the eross correlation between the pendoscalar B
and the scalars 9 or E vanishes.

The polarization spectra shown in Flate 1 [bobtom, plotted in gl following
Equation {2)] have several notable features, First, the amplitude of the EE spec-
trum = indeed down from the temperature spectrom by a factor of ten. Second,
the oscillatory struckure of the EE spectram is wery similar to the fempemture
oscillations, only they are appatently cut of phass bot correlated with each other.
Eoth of these features are a direct result of the simple physics of acoustic oscil-
lations as will b= shown in §2. The Aoal fature of the polarmation spectra is
the comparative smallness of the 55 =ignal. Inde=l, densily perturbations do
nat produce & modes to fArst order. A detection of snbstantial B polarization,
therefore, would be momentous. While E polarization efectively douhles our cos-
mological information, supplementing that contained 0 O, B detection would
push us qualitatively forward into new aress of physics

3 ACIUBRTIC PPEAKH

When the temperature of the Universe was «~ 3000K at a redshift =, = 107
electrons and protons combined to form peatral bydmogen, an event osually known
as recomhbination (Feebles 18968, Fel'dovich el al 1969; === Seager ek al 2000
for recent refinements). Eefore this epoch, free electrons acted as glue befween
the photons and the baryons through Thomson and Coulomb scattering, so the
casmological plasma was a bightly conpled phator-boryen fTuid (Fechles & Yo
1570). ‘The specirum depicted in Flate 1 can b= explained] almost completely by
anmalyzing the bebavior of this pre-recombination Auid.

In §2.1, we start from bhe fwo e equations of Aoid mechanies and derive
the =alent chamcteristics of the ansotropy spectrum:  bhe exislenoe of peaks
and troughs;, the spacing between adjaceni peaks; and the location of the peaks.
These properbies depend in decreasing order of importance on the initial condi-
tions, the epergy contents of the Universe before recombination and theee after
recombination. Ironically, the observational milesiones have been reached in al-
meet the apposite order. Thronghout the 1990°s constrants on the location of
the first peak steadily improved colminating with precise determinations from the
T2 [ Miller et al 1999), Eoomerang, (de Bernardis ek al 2000] and Maxima-1
[Hanany et al 2000] experiments (see Flate 1 iop). In the working cosmological
muodel it shows up right where it should be if the present epergy density of the
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Universs i= equal lo the critical density, e, if the Universe is flak. The skeptic
should pote that the warking ceamalegical model assumes a particular form for
the initial conditions and energy contenis of the Universe before recombination
which we shall == have anly recently been tested ditectly (with an as yeb mach
lewer Jevel of statistical confidence| with the higher poaks.

In §3.2 we Infrocuce the initial conditions that apparently are the source af all
clumpiness in the Univers=. In the cantexi of ab miba models, bhe term “initial
comdition=" refers to the physical mechanism that gepemates the primordial small
perturbations. In the working cosmological model, this mechanism is infAation
and it seis the initial phase of the cecillations o be the same across all Fourier
modes. Femarkably, from thE one fact alone comes the prediction that there
will b peaks and broughs in the amplitode of the cecillationg &= a funclion af
wavenumber, Additicnally the mfationary prediction of an approximately scale-
invariant amplitude of the initial perturbations implies ©ooghly scale-invariant
ascillations in the power specirum. And inflabicn generically predicts a flak Uni-
verse. These are all falsifiable predicticns of the simplest inflabionary meodels and
they have withsicad the best against obarrvations to date.

The energy contents of the Universe before reombination all lswe their distinct
signatures on the cecillations as discussed in 52.2-52.5. In particular, the cold dark
matler and barvon signatures have now been s2en in the data |Halverson et al
2001; Metlerfizld et al 2001 ; Les et al 2001). The coupling between elecirans and
photoms is oot perfect, aspacially as one approaches the spoch of recombination.
A= discussed in §2.6, this imperiect coupling leads to damping in the ansabropy
spectrum: very small scale inhomogeneities are smoothed ouk. The damping
phencmenon has now been obeerved by the OE] experiment [Fadin et al 2001].
Importantly, fluid imperfections alo generate linear polarization as covered o
537, Fecause the imperfsction is minimal and appears only atk small seales, the
polarization generated = small and has not been detected to date,

After recombanation the photons basically travel freely fo us today, =0 the
problem af translating the acoostic inhomogeneities in the photon disbribution
al recombination to the anisciropy spectrum today is simply cne of projection.
This projection depends almest completely on one number, the angular diameter
distance beltween us and the surface of last satiering. That number depends cn
the epergy contents of the Universe afier recombination through the ccpansion
rate. The hand waving projection argument of E2.1 is Formalized in §2.8, in the
process infroducing the popular code used to compute anisobropies, CMEFAST.
Finally, we discuss the ssnsitivity of the acoustic peaks to ccsmological parameters
in §2.9.
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51 Basics

For pedagogical purposes, l=t us begin with an idealization of a perfect photon-
baryon Auid and neglect the dynamical efects of gravity and the baryons. Fer-
turhations in this perfect fluid can be described by a simple continoity and an
Euler equation that encapesilate the basic properties of acoustic cecillations,
The discussion of aroustic oscillabions will take place exclusively in Fourier
space, For example, we decompose the monopole of the temperature Geld inio

af g

J (gm0, (6}

E!':w:l,m:\:il:":I =
and cmit the subscript oo oo the Fourier amplitude. Since perturbations are very
=mmall, the evohition squations are linear, and different Fourier modes svalve in-
dependently. Therefore, instead of partial differential equaticns for a fisld Six],
we have ordinary differential equations for 902¢). In fact, doe to rofational sym-
meiry, all S('¢] for a given & chey the same equations. Here and in the following
sections, we omit the wewvenumber argument & where no confusion with physical
space quantities will arise.

Temperature perturbations in Fourer space obey

. 1 -
EI=—E|':L-|-, [":'

This equation for the photon femperature &, which does indeed ook like the
familiar cantimaity equation in Fourker space [derivatives ¥ become wavenumbers
&)1, has a pumber of subbleties hidden o i, doe 4o the cosmological setbing.
First, the “time™ derivative here s actually with respect to confermal time g =
feft/a(t). Since we are working o units in which the speed of light ¢ = 1, g is
also the maximum comoving distance a particle could have braveled since & = 0.
[t = ofien called the comoving femizen or mome specifically the comoving pordicts
herizem. The physical horizon s a fimes the comoving borizan,

Secomd, the photon Auid velecity here ¢y has been writien as a scalar instead
af a vector. In the early universe, only the welocity component parallel to the
wavevertor o is expected to be important, since they alone have a source in
grawily., Specifically, v, = —iv <. In terms of the maments introduced in 52, v
repre=enis a dipole moment directed along =, The factar of 1,2 comes about sinee
continuily conserves photon number nat temperature and the oumber demsity
1, x T9. Finally, we smphasize that, for the time being, we are neglecting the
effecks of gravity.

The Euler equation for a fluid is an expression of momentum conservation.
The mamentum density of the phodons is [ g, + pq ey, where the photon pressure
B = g2 In the absence of gravity and viscous Auid imperieciions, pressure
gradients Tp, = Tp /2 supply the only force. Sinee g oo 79 this becomes
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Figu e 1 ldenlized seouwkic cecillatione [l.] Peak: pmles: the wmemode thel completem hali
mn mecilletion by recombinebion wels the physioa] wwlk of the fimtk pemk. Hokh minima and
muaxima cornmpend b penks in pewer [r.lllh-ld lirew, mbwclube wulug| and =0 higher penks are
inbegrnl muliiplms of this scale with squel height. Flotizd here is the idebzstion of Equsiian
I:l:l] [:nnlll.rll plznkink. ne Baryon |r.|.l:|ir||J. I:I::I Burven lmding. Baryon leading Bomis the
amplitudm of svery ather cecillation. Platbed here is the idanlimtion of Equatian []E_l [-:urllllnl
petmimk end barvan kmding H = l.l'ﬁ-:l for tha third pesk.

1kB 5, /2 in Fourier space. The Euler equaticn then becames
iy = k9. (B}

Liferentiating the contimuity equation and inserting the Euler equation yields
the most basic form of the ascillator equaticn

B+ P E =0, o

where oy = /5/8 = 1/%'2 is the sound spesd in the [dynamically baryon-fres|
fluid. What thi= equation =ays is thab pressure gradieni= act as a restoring foree
to any nitial perturbation in the sy=iem which thereafter cacillaie at the speed
af soand. Fhysically ihese temperature oscillations represent the heating and
coaling of a fluid that = compressed and rarefed by a standing sound ar acoustic
wave. This behavior conbinues until recombination. Assuming negligible inikial
velcily perturbations, we have a femperature distribution ab recombination of

Aig) = 9i0) cosl ks, ], i10]

where 5 = [e,dy = g/ is the distance sound can fravel by g, usually called
the scund horizon, Asterisks denote evaluation at recomhbination =,.

In the limit of scal= large comparsd with the sound horizon ks 2 1, the
perturbation is frozen inbo its initial comditions. This s the gist of the statement

ihat the large-scale ansobropies measured by CORE direckly measure the initial
conditions On small scales, the amplitude of the Fourier modes will exhibit
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F i,EIJ re 2; Angular dianwetber dwiance. Ina clossd wniverss, ab jocis are furkhar then they appme
l= be fram Eudidamn I:H.l_l mprrialicm coresponding ko bhe diflorenoe Bebween coordinabe
dmtmnece d mnd anguler dinmsbox dwbance L Consequenily, at a xsd coccodinate dskence,
given angle corresponds ko m smaller spatinl ammls in & clossd univese, Acowbic pmls bheeiors
apper ab larger angks or lewsr §in a clond universe. The converss i brus for an op=n univensa,

temporal cscillations, as shown in Figure 1 [with % = 0, 4 = 25{0) for this
id:a]in:a.l.i-:n|. Modes fhat are caught at maxima or minima of their cscillation
al recombination correspond to peaks 0 the power, ie. the variance of @k p,].
Eecase sound takes half &= long to trewel half as far, modes correspanding to
peaks follow a harmonic relationship &, = nx/s., where © is an integer (=ee
Figure la).

How does fhis spectrum of inbomogensities at recombination appear to us
today? FEoughly speaking, a spatial inbomogeneity in the CME temperature of
wavelength M\ appears as an angular anisabropy of scale @ = A0 where D0z] is
the comoving angular diamester distance from the abserver Lo redshidft =0 We will
addres== this ==ie more formally in E2E. In a fal universe, 0, = g, — 0, &= 0,
where gy = iz = 0). In harmonic space, ihe relationship implies a coberent
=eries of acoustic peaks In the anisotropy spectrum, located at

Forinfy,  fa=xD,fs,. {11]

Ta get a feel jor where bhese features should appear, note that in a flab matter
daminated] universe n o (1 + 2]~ %= so that g, /n, = 1720 = 27, Equivalently
fy f= A0, MNotice that since we are measuring ratios of distances the absolute
distance scale drops coi; we shall se= in §3.5 that the Huobhle constant sneaks
back inio the problem because the Universe is oot fully matter-dominated at
recombination.

In a spatially curved universe, the angular diameter distance no longer squals
the coordinate distance making the peak locations sensitive to the spatial curva-
ture of the Universe | Roroshkevich et al 1978; Kamionkowski eb al 19%]. Jon-
sicder first a closed universe with radios of curvature & = Hy e — 17, Sup-
pressing one spalial coordinate yiekds a 2-=phere grometry with the obeerver sifu-
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aled at the pole (see Figure 2). Light travels an lines of longjtude, & physical scale
A at fxed lakitods given by the polar angle @ subiends an angle o = A/ R=nd,
For ex < 1, a Euclidean analysis would nfer a distance /2 = Rsin @, even though
the coardinate disfarce along the anc is d = @F; thus

Il = K=inid/ /] . i12]

For open universes, simply replace sin with sinh. The result is that ohjects in an
apen (clossd] universe are closer (further] than they appear, as if s=en through a
lens. In fact one way of viewing this effect = as the gravitational keosing doe to
the hackground dersity (o B4.2.4). A given comoving scale at a froed distance
sublends o larger (smaller| angle in a closed [open] universe than a flab universs.
This strong scaling with spatial curvature indicates that the observed first peak
al fy = 30 constrains the geometry bo be pearly spatially Aat. We will implicitly
assume spakial flakness in the Rllowing sections unless otherwise stated.

Finally in a flak dark energy dominated universe, the confoemal age of the
Universs decreasss approximately as go — qall + In {325 Far reascnahle (5,
this causes only a small shift of £4 to lower multipoles [s== Flate 4] relative to the
effect of curvature. Combined with the effect of the radiation near recombination,
the peak locations prowides a means 1o mesure the physicol age &0 of a Aat
universe (Hu et al 2001).

S8 Imihal Condifions

A= suggested above, observabions of the location of the first peak strongly poind
o a Aat universe. This is encouraging pews for adherents of inflation, a theory
which nitially predicted § = 1 at a time when few astronomers woold sign
an ta such a high walue (see Liddle & Lyth 1992 for a review]. However, the
argument for inflation goes beyend ihe confirmation of flatness. In particular,
the discussion of the la=l subseclion begs the question: whence @&(0], the initial
comditions of the temperature fluctuations? The answer requires the inclusion of
gravity and comsiderations of cansality which point to infAation as the crigin of
siruciure in the Universe.

The calculations of the typical angular scale of the acoustic cecillations in the
=l seckion are amiliar 0 anciher context: the horizon problem. Eecause the
snund speed is near the speed of light, the degres soale al=o marks the =xtent of
a causlly conrecked region or pariick: horizon ab recombination. For the picture
in the last seciion to bald, the perturbations most bave been laid down while
the =cales in question were still far oubside the parlicle boreon®. The recent
ateervational verification of this basic peak structure presenis a problem poten-
tially more sericos than the ariginal horizon problem of approximate isstropy:

Brenll that the camoving aomle & doms not ey with time. At vy mady Gimee, then, the
remulkmgh &7 is muzh larger than the hermon 1.



OMR Anfsolropies L3

the mechan=m which smocibs fluctuations in the Universe must alsa regenerate
them with superhorizon swed correlations at the 1079 level. Inflakion is an idea
that solves both problems simaltansoosly.

The inAatcmary paradigm postulates that an sarly phase of near expanential
expansion of the Universe was driven by a jform of energy with negative pressure.
In mest models, this energy i= usually provided by the potential energy of a scalar
fizld. The inflationary era brings the otesrvwahle universs 1o a nearly smocth and
spatially Aat state. Nonetheless, guantom fuctuations in the scalar feld are un-
avaidable and also carried to large physical scales by ibe ecpansion. BEecanse an
exponential expansion = seli-similar in fime, the fluctuations are scale-invaciand,
i.e. in each logarithmic interval in scale the contribwtion to the variance of the
fluctuations is equal. Since the =calar fisld carries the spergy density of bhe Dni-
verse during inflatiom, b= fluctuations indoce variations in the spatial curvature
[Guth & Fi1 1985, Hawking 1982 ; Eardeen et al 1982), [nstead of perfect Aatoess,
infaticn predicts thal each scale will resemble a very slightly open or closes] uni-
verse, This Auctuation in the geometry of the Universe is essentially fromen in
while the perturbation is outside the horizen [Eardesn 1980],

Formally, curvature Auctuations are perturbations to the space-space piece
af the metric. In a Newtonian coordinate system, or gange, where the metric
is diagonal, the spatial curvabure Auctuation is called Sg;; = Ze*dd; (see eg.
Ma L Eertschinger 1985]. The moare familiar Newtonian potential is the time-
time Auctuation dge = 20 and is approximately = —&. Approximate scale
invariance then says that A = PPk 22 = £ where Fglk) & the power
spectrum of @4 and the filk o],

Mow let usrelate the mfationary prediction of smale-invariant curmture fucio-
ation= o the mitial femperature fluctoations, Newionian inbuition based on the
Faisson equakion &30 = 4d7Ge?4p tells us that on large scales (=mall &) density
and hence temperature fuctuations should be negligible compared with Newto-
nian potential. Gepeml relativity says obherwise bocause the Newlonian potential
is also a time-time fuctuakion in ibe meiric. I corresponds to a temporal shift aof
Atfi =, The ZME temperature varies as the inverse of the soale factor, which
in turn depends on time as @ oc (35140 Themboe, the fractional change in
the CME temperature

fda 2 py L bE
8 = = - I:1+ :] . 1)
a L

Thus, a temporal shift produces a temperature perturbation of — 92 in the ra-
diation dominated era (when p = g/t and —2%/2 n the matter dominated
epoch [p = 0] [Feaccek 1991; White & Hu 15897), The initial femperabune per-
turbation & therefore inextricably linked with the nitial gravitational poiential
perturbation.  Infation predicts scale-invariant initial Auctuation=s in both the
CME temperature and the spatial corvature in the Newlonian gange.
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Alternate maodels which seek to obey the causalily can generate curvature Auc-
tuations anly inside the marticle borizan, BEecause the periurbations are then not
generated at the same epoch independent of scale, tbere = no longer a unique
relationship between the phase of the oscillators. That is, the argument of the
cosine n Equa.i.inn 1100 becomes L=, + |j-[=:l:_ where & is a phase which can in
pricciple be different For different wavevectors, even those with the =ame mag-
nitude & This can l=ad to tempoml incoherence in the oscillations and hence a
washing out of the acoustic peaks { Altrecht et al 19096], most naotahly in cosmmo-
logical defect models [Allen ek al 1997; Seljak et al 1997). Complete mocherence
is not a strct requirement of causality since there are olber ways to synch up
the ascillaticns, For example, many socurature models, whers the initial spa-
tial curvature is unperturbed, are coherent gsince their oscillations begin with the
generation of curmture fluctuations al horizon crossing (Hu & White 1996]. Still
they typically have ¢ 25 0 [c.f. Turok 1996 ), Independent of the angular diameter
distance [, the ratio of the peak locations gives the phase: £ (f2 063 ~1:2: 2
for @ = 0. Likewise independent of a comsiant phase, the spacing of the peaks
£, — F,_y =y gprves a measure of the angular diameter distanos (Hu & White
1986]. The obeervatioms, which indicate coberent cecillations with ¢ = 0, there-

fore have provided a non-trivial test of the inflationary paradigm and sapplied
a mibstantially more stringent versiom of the horizon problem for contenders to

=l ve,

85 Groedolional Foreing

Wi maw above that Aucbuations in a scalar fisld during inflation get turnsd into
temperature fluctoations via the intermediary of gravity, Gravity affects @ in
more ways than this, The Newtonian potential and spatial curvature alter the
aroustic cecillations by providing a gravilational foree on the oscillator, The
Euler equaticn (8] gains a term an the rhs due to the gradient of the polential
kP, The main effect of gravity then is o make the ocscillations a competition
between pressmire gradienis £59 and potential gradients &% with an equilibrivm
when &+ =100

Ciravity also changes the cantinuity equation, Since the Newlonian curvature
is e=mentially a perturbation to the scale factor, changes in its value alo generate
temperature perturbations by analogy to the cosmological redshift 45 = —ad
and s the continuity equation (T3 gains a contributicn of —& on the rhs.

These twa effiects bring the cscillator equation (9] 1o

R ()

=

In a Hal univers= and in the absence of pressure, & and % are consiant. Also,
in the absence of baryons, ¢ = 12 so the pew oscillator equation s identical to
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Equation [9] with & replaced by & + 1. The sclibion in the matter dominated
epach is then

2+ 0lig) = |9+ Vinny) coslks)
1
o WiTmd ) coslfs) i13]

where i, represents the start of the matter dominated epoch (=== Figure la), We
have userd the matier dominated “initial conditions" for 9 given in the previous
section assuming large scales, Lsnd < 1.

The resulis from the idealwation of §3.1 carry throogh with a few exceplions.
Even without an initial temperature Auctuation to displace the oscillator, acoustic
oscillations would arise by the infall and compression of tbe foid inio grocita-
tional poiential wells. Since it = the gffechoe temperatare 9+ P thatl oscillates,
they oceur even if 90(0] = 0. The gquaniity &+ ¥ can be thought of as an efec-
tive temperature in ancther way: after recombination, photons must climb out
af the potential well 4o bhe abssrver and thoes soffer a gravitational red=hift of
AT/T = . The effective temperature fluctuation = therefore alo the otserved
temperature fluctuation. We now see that the large smale limit of Equation (15)
recovers bhe famous Sachs-Waolie result that the obhserved temperature periurta-
tion i= P2 and cverdense regions correspond to oold spols on the sky [Sachs
& Waolk= 1967]. When W < 0, although 9 is positive, the efective temperature
& + W is pegative. The plasma begins effectively rarefisd in gravitational po-
tential wells As gravity compresses the fluid and pressure resists, rarefaction
becomes compressicn and rarefaction again, The first peak corresponds fo the
mode that is caught in its Arst compression by recombination. The sscond peak
at remghly half the wavelength corresponds to the mode that went through a full
cycle of compression and rarefackion by recombination. We will use this language
af the compression and rarefaction phase inside initially overdense regions ot
ane should tear in mind that there are an equal number of initially underdense
regions with the opposiie phase.

5.4 Hargon Loading

5a far we have been neglecting the baryons in the dynamics of the acoustic cscil-
laticms. Ta se= whether this is a reasonahble approximation comsxder the photon-
baryon momentum demsity ratio 8 = (pe+@l | pr + ] = 2021001, For
typical vahees of the baryon densify this number is of arder unity at recombina-
tion anpd =o we expect baryanic effects to begin appearing in the oscillabions juost
as they are frazen n.

FEaryons are concepiually sasy to include in the evohition equations since their
momentum density provides exim inertia in the joint Euler equation for pressure
and potential gradients to overcome, Since ipertial and gravitational mass are

15 Hu & Dodelson

equal, all terms in ihe Euler equation swve the pressure gradient are muliiplied
by 1+ R lzading ta the reviss] oscillator equation (o L Sogiyama 1995)

=% -y e - -"‘Jw—ﬂd-::-%b:- {16]
qu A L] q ldq A 1

=

where we have used the fact that the sound speed is reduoced by bhe baryons to
ea =121 + R’

Ta get a deel for the implications of the baryons take the limit of constant. 7,
d and . Then a0 fdy? (= 0] may be added to the left hand side fo again
put the cscillatar equation in the form of Equal:-inn 19] with & — 5 + {1+ &nlr.
The sclution then becomes

|8+ {1+ BO)(g) = [+ (1 + B0 cosfks) . {17

Aside From the lowering of the sound speed which decreases the sound horion,
baryons have twa distinguishing efecis: they enbance the amplitude of the cecil-
laticms and shift the equilibrinm point 0 9 = — (1 + &)W (=ee Figure 1h]. These
two effecks are intimately related and are sasy to undemstand since the equatioms
ame exackly bhose of a mass m = 1 + K on a spring in a constant gravilational
field. For the same inibial conditions, increasi ng the mass causes the cscillator to
fall further in the grawitational Geld leading o larger cecillations and a shified
=ern point.

The shifting of the zero point of the cecillaior has significant phenomenological
comsequences. Since il s still the effective temperature @+ 0 that is the observed
temperature, the zero point shift breaks the symmetry of the oscillations, The
baryons enhance only the compressional phase, e, every other peak. For the
working mosmaological model these are the fr=t, third, fifth... Fhysically, the
exlra gravity provided by the haryons enhanoe compression into potential wells

These gqualitative results remain trus In the presence of a time-wanable [,
An additicnal efect arkses due to the adiabatic damping of an cscillator with a
time-variahle mass. Since the energy frequency of an oscillator is an adiahatic
invariant, the amplitude must decay as (1 + F~4%4, This can aka be understonod
by expanding the time deratives in Equatian (16) and dentifying the £5 term
as the remnant of the familiar expansion drag on baryon velocities.

88 Radwabon Daeimg

We have hithertio also been neglecting the energy density of the radiation in
comparison o the matter.  The matter-to-radiation mbio scales as gy (o =
E-l.a."“.,-“l'izl::.-"ll:lsl_:I and so & aka af arder unity al recombination jor reasonable
parameters. Moreover fluctuations corresponding to the higher peaks entersd the
sound horizon at an earlier time, during madiation domination.
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Fi,gu re & Hadiskion driving and difumian damping. The deay of the pobmtial @ drives tha
cacillakor in the redinkion dominaled epoch. Diluman genmabm viscamily =, i.6. 8 quedrupaole
moment in the temparature, which dampa ceollstiom and genemtbes polarzation. Plokked hers
m the numerioal soluticn to Equaticn []E-_I and Equation I:lﬂ:l Far m meds with wmmbmpgth muzh
mmuller than the sound hormon sl decouphng, ks, 2 1.

In=luding the radiation changes the expansion mtes af the Universe and hence
the physical scale of the sound borizon at recombination. It inbrodoces yet an-
abher potential ambiguity in the interpretation of the location of the peaks, For-
tunately, the matter-radiation ratio has another effect in the power spectrum by
which it can be distinguished. Radiation drives the acoustic cscillations by malke-
ing the gravitational force evolve with fime |[Ho & Sogiyama 1995), Matter does
nak.

The exact evoluticon of the polentials is determined by the relativistic Foisson
eqjuation. Eul gqualitatively, we know thai the background density is decreasing
with time, =0 unless the density Auctuabions in the dominant companent grow
unimpeded by pressure, potentials will decay, In particular, i the radiation
dominated era once presaime begins to Aghi gravity at the first compresonal
maxima of the wave, the Newlonian gravitational polential and spatial curvature
must decay (=ee Figure ).

This decay actually drives the cecillations: it is timed fo leave the Auid max-
imally compresss wilh no gravitational patential o Aght as it burns around.
The met effect is doubled since the redshifting from the spatial metric Aoctua-
tion 9 al=o goes away ab the same fime. When the Universe beoomes matber
dominated ihe gravitational potential is no longer determined by photon-baryan
dersity perfurbations but by the pressureless cold dark matter. Therefore, the
amplitudes of the acoustic peaks increse as bhe oold dark matter-to-radiation
ratio decreases (Seljak 1984; Ho & Sugivama 1995, Bensity perforbations in
any form of radiation will stop growing around horizon crossing and lead o this
effieck. The nei result is that across the horizon scale at matter radiakion equality
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(kg = (4 — 29'2] fraeq ] the acoustic amplitude incresses by a Factor of 4-5 [Hu &
Bugrmama 1996). By eliminating gravitakional potentials, photon-haryoan acoos-
tic carillations eliminate the alternating peak heights from Baryon loading. The
observed high third peak (Halverson et al 2001 ) is a good indication that cold
dark matter both exists and dominates the epergy demsity al recombination.

58 Damping

The photon-taryon Auid bas slight im perfections corresponding fo shear viscosity
and heat conduction in bhe fluid (Weinberg 1971]. These imperfsctions damp
armstic cacillations, To consider these efiecks, we now present the squations of
motion of the system 0 their full form, including s=parate confinuity and Euler
equations for the baryons, Formally the conbinuity and Euler equaticns fallow
from the covariant comservation of the joint stressenergy tensor af the phaotan-
baryon Auid. Escause photon and baryan numbers are separatsly conserved, the
combinuity squations are unchangsd

) k ) )
5=_EUT_¢H ﬁ:—.‘:uﬁ—E‘:', L1E]

where 4y and vp are the density pertorbation and fluid selocity of the baryons.
The Euler equations contain qualitatively new ferms

. k .
L D+ W) - EH'..I—T[L'T—E'ﬁ]:-

. i . ,
0 = —E1.Iﬁ+|':"1'+?[l'-..-—f-'5|_|'ﬁ- 118)

For the baryans the first ferm on the right accounts for cosmologioal expansion,
which makes momenia decay as @~ The third term on the right accounts for
momentum exchange in the Thomson scattering betwesn photons and electrons
[prodoms are wery tightly coupled to eleckrons via Coulomb scattering)], with + =
neara the differential Thorson optical depth, and is compensated by its opposite
in ithe photon Euler equation. These terms are the origin of beatl conduction
imperfections. IF the mediom is oplically thick acrees o wavelength, + /& % 1 and
the photors and baryons cannot slip st each other. As it becomes optically
thin, slippage diesipates the Auckuations.

In the photon Euler equation bhere s an extra force on the rhs due bo anisobropic
stress gradients or radiation viscosity i the fuid, 7. The anisotropic stress is
directly proporfional to fhe quadrupale moment of the photon temperature dis-
tritmiion. A guadrupole moment is established by gradents in ., as photons
from =ay neighboring femperatune crests meet at a trongh (see Flate 3 inoed ).
However it is destroyed by smatiering, Thus 7, = 2(ku,,/#14,, where the arder
unity constant can be derived frcn the Bolbzmann equation A, = 1615 [Kaiser
1982] . [ts evolution s shown in Figure & With the continuity Equation (7],
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Ky = —33 and sa viscomily takes the form of a damping term. The heat condue-
tion term can b= shown to have a similar effect by expanding the Euler squaticns
in &/+. The final cecillator equation including both terms becomes

-3 ‘l:z':i 3 | ke d -4
(e,%8) + 7 "4, + 48+ e = _111'_:3.1q[" @), (20)

=

2 o
ey
where the heat conduction coefiicient 4, = HEI."I:I + BY. Thus we expect the
inhomogeneities to be damped by a exponential facior of arder e “Enit Figure
2. The damping scale kq is thus of order /77, correspanding 1o bhe geometric
mean af bthe borizan and the mean free path. Camping can be thooght of @ the
result of the random walk in the baryons that takes photans from bol regions into
cald and vice-versa [Silk 1968 ). Cetailed numerical integration of the equations aof
muoticn are required o track the rapid growth of the mean free path and damping
length through recombination its=li. Thes= calculations show that the damping
srale is of order Fas, = 10 leading 1o a substantial suppresdon of the oscillabions
beryvand the third peak.

How does this suppression depend on the cosmological paramelers? A= the
matter densily (Lh? increases, the horizon p, decreases since bhe expansion rate
gees up. Since the diffusion length is proportional ta /., it too decreases as
the matier densiky goes up but nob @ much as the angolar diameter distanoe 2,
which s also inversely proporticmal bo the expansicn raie, Thus, more matker
translates info more damping at a fixed muliipole moment; convers=ly, it cor-
responds to slightly less damping at a fxed peak mumber. The dependence an
baryons is cantrollsl by the mean free path which is in turn controlled by the free
electron density: the increase in elecknon densiby due to an incresse in the haryons
is partially offsst by a decrease in the ionization fraction due to recombination.
The nel resulk under the Saha approximation is that the damping length scales

approximately s (Dph®]” W4 Acrurate fitting formulaes for this =cale in terms of
casmological parameters can be fund 0 (Huo & White 1987c).

87 Pdarization

The dEsipation of the acoustic cacillations eaves a signature in the polarization
af CME inits wake | see e.g. Ho & While 19972 and references thersin for a more
complele ireatment). Huch like refeclion off of a surface, Thomson scattering
induces a linear polarization in the scattered radiation. Consider incoming ra-
diation in the —x dirsction seattersd ab right angles into the = direclion (see
Flate 2, left panel]. Heuristically, incoming radiation shakes an electron in the
direction of its eleckric Aeld vector or polarization € causing il o radiale with
an outgoing polarization parallel to that direction. However since the aulgning
polarization € must be orthogonal to bhe oufgoing direction, incoming radiation
that i= polarized parallel ta the outgoing dirsction cannot scatter leaving enly
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ane palarizabion state. More generally, the Thomson differential cross section
e i o [ef - 2],

Unlike the reflection of sunlight off of a surface, the incoming radiation oomes
from all angles. IF it were completely isobropic in intensity, adiation coming along
the  would provide the polarizabion state that is missing from that coming along
1 Jeaving the net cuigoing radiabion unpolarzed. Only a quadrupole femperature
aneotropy i the radiation genemtes a net linear polarization from Thomsan
scatiering. As we have ssen, a quadrupole can only be generated causally by the
motion of photans and then anly if the Universs is optically thin to Thomson
satlering across this scale (e, il is inversely proporfional to 7], Folarization
generation suffers from a Jatch-22: the scabtering which generales polarization
aln suppresses ils quadropale sonmos,

The Fact that 1he polarization strength is of order 1be quadrupole explains the
shape amd height of the polarization spectra in Flate 1h, The monopole and
dipale @ and v, are of the same order of magnitude al recombination, but their
ascillations are 72 cut of phase as follows Ffrom Equation (9] and Equation [10).
Since the quadrupole & of order kv /7 [sse Figure 2], the palarizabion spectrum
should b= smaller than the femperature spectrum by a factor of order &/ at
recombination. Asin bhe case of the damping, the precise wlue requires nomerical
work (Eond & Efstathion 1987) since ¢ changes so rapidly pear recombination.
Calculations show a steady rise in the polared frackion with increasing for & loa
maximum of about ten percent before damping destroys the ascillabions and bence
the dipole souroe. Since 14 is outb of phase with the monopole, the polarization
peaks should alo be out of phase with the femperature peaks. [ndeed, Flate 1b
shows thal this = the cass. Furkhermore, the phase relation ako tells us that the
polarzation is correlated with the temperature perturbations. The correlation
power E'?E being the product of the fwo, exhibils ascillations at fwice the acoustic
frequency.

Liniil now, we bave focused on bhe polareation strengih withond regard Ao its
arientation. The orentation, like a 2 dimensional vector, is described by taao
components E and B, The £ and B decompesition is simplest fo visualme in
the small scale limit, where spherical harmanic analysis coincides with Fourier
anmalysis [Seljak 1997]. Then the wavevector € picks out a preferred directicn
against which the polarizabion direction is measmired (s Flate 2, right panel].
Since the linmar polarization = a “headless vector” that remains unchanged wpan
a 1B0° rodation, the twa numbers E and & that define it represent polarization
aligred ar arthogonal with the wavevector [ positive and negative F] and crossed
al +457 | positive and pegative 5.

In linear theory, scalar perfurbations like the gravitational potential and tem-
perature perturbations have anly one inirinsic direction associated with them,
that prowided by «, and the arientation of the polarization inevitably takes it
cue from bhat cne direction, thereby producing an E—mede. The generalization
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to an all-sky characterization of the polarization changes none of these qualita-
tive features. The E—mode and the B—mode are formally distinguishsl by the
arientation of the Hessian of the Slokes parameters which define the direction of
the palarization its=1F. This geometric distinction is preserved under summation
af all Fourier modes as well as the genemlizalion of Fourier analysis to spherical
harmonic analy=is.

The acoustic peaks n the polarmation appear exclusiely in the EE power
spectrum of Equation [5]. This distinckion is very useful as it allows a clean
separakion of this effect From those occuring beyond the scope aof the linear per-
turbation theory of scalar Auckuations: i parbicular, gravilational waves (see
£4.2.8% and gravitational lensing [see §4.2.4]. Moreover, in the working cosma-
logical madel, the polarzation peaks and correlation are precise predictions of the
temperature peaks as they depend cn the same phy=ics. A= such their deteclion
would represent a sharp iest on ihe implicit assumptions of the working model,
e=pecially it= inilial conditions and ionizakion history.

Flate 2: Polurimation generation and clomification. Laft: Thomeon eestlering of qusdrupake
{lempermbure snisckropies [d icted hare in the & — & plane| buw linanr polanzabian. Righk:
Polurzation in the 3 — { plane along the aukgaing = axm. The canponent of the palarzetion
thut = pamlld or perpendiculer f= bhe wnaevector k ooalled the £-mede and the ane ab 45
angks m oallnl the H-mode

28 Integral Appronch

The discussicm in the previous seclions sufiices far a qualitative understanding
af the acoustic peaks in the power spectra of the temperature and polarzation
anisotropies. Torefine this freabment we must consder more carefully the sounces
af anisoiropies and their projection into multipole moments.

Eecase the descripticn of the acoustic ascillabions takes place in Fourier space,
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Flate L Inbmirsl spproach. CME anmciropios man b= thought of s the line-cf-sight projrection
=d wvancus meurers of plane save lemperature and polanzsion Huetusbiom: the soouetic afective
{emprruture and velociby ar Doppler effeck [:.:I EE.B:I, the quadrupcle sources of polerimmkion |:_
!E.T:I nnd mrrendary sources [lu 4.2, !d.E:I. Sevendury conkribubione differ in thak bha region

over which they contribuie is thick compared with the lask kb i uk Einmtion
and the brpiml wavelenglh =f 5 perlurbation.



OMR Anfsolropies 25

the projection of inhomogeneities at recombination anto anisobropies today has
an added lewvel of complexily, An observer today sees the acoustic oscillations
in effective temperatore as they appearsd on a spherical shell at x = e at
recombination, where i is the direclion vector, and £, = qa — 1 is the distance
light can travel bebween recombination and the present [see Flalbe 2). Having
solved for the Fouder amplitude |3+ ][k, 5], we can expand the exponential in
Equation (&) in terms of spherical harmonics, =0 the ok=erved ansotropy today
is

iz, o) = 3 Feml7) [—ift J.l’ [z?]r, ar( k) ¥yl (21]
£ ;

where the projected source aglk) = [8 4+ P](c,n, 0 kD, ], Becauss the spherical
harmonics are arthogonal, Equatiom (1] implies that 3y loday is given by the
integral in square brackets foday. A given plane wave actually produces a range of
anisotropies in angular scale as is obvious from Flate 2 The ane-to-one mapping
bertween wavenumber and multipol moment described in 5231 is only approsi-
mately brue and comes from the fact that the spherical Bessel function jel&, ] is
strongly peaked ab &I, = §. Notioe that this peak corresponds o conbributions
in the direction orthogonal o the ssvevectar where the correspandencs belween
f and & is one-to-one [se= Flate 20,

Frojection is less straightforsard for other sources of anisciropy. We bave
hitherio neglectsd the fact that the acoustic motion of the photon-baryon fuid
also produces a Coppler shift in the radiation thab appears to the ohserver as
A lemperature anisobropy s owell. In fact, we argoed above that v = oy is
af comparable magnitude but out of phase with the effective temperature. IF
the Doppler effect projected in the same way as bhe efeclive temperature, it
would wash oul the acoustic peaks. However, the Cop pler effect has a directional
dependence as well since it is only the line-oi-=sight velocity that produces fhe
effect.  Formally, it = a dipole scurce of temperature anisotropes and hence
has an £ = | structure. The coupling of the dipole and plane wswve angular
momenta Imply that in the projection of the Coppler efiect involves a combination
af jpey that may be rewdibtlen as jilo) = djglc] fde. The sbructure of §} lacks a
strong peak at x = £. Fhysically this corresponds ta the fack that the velacity
iz irrotational and benee has po component in the dirsction oribogonal to the
wavevector [s=e Flale 2|, Zorrespondingly, the Coppler efiect cannot produce
strong peak stroctures [Hu & Sugiyama 195), The observed peaks must be
acowslic peaks in the eAectlive temperature not “Roppler peaks".

Thers is ane mare subtlety imolved when passing from acoustic oscillatons to
aneotropies. Recall from 2.5 that radation leads 4o decay of the gravitational
polentialk, Residual radiation after decoupling therefore implies that the efective
temperature is not precisely |9+ ¥](p, ). The photons actually have slightly
shallower potentials to climb out of and lase the perturbative analogue of the
casmological redshift, =0 the [3 + 0]{p. ) overestimates the difference betwesn the
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true photon temperature and the ohserved temperature. This effect of courss is
alrsady in the contimuity equation for the monopole Equation (18] and =o the
source in Equation {21 gets generalized to

o

aglk) = [8 + W] (n,)jilkD,] + valk,m0fleD,) + { g — @)y (kD). (22

S

The last term vanishes for constant gravitational potentials, bub = non-zera i
resiclual madiation driving exists, as it will in low 2y, 87 models, Mote thal residual
racdiation driving is particularly important because it adds in phase with the
monopale: the potentials vary in time only near recombination, so the Eessel
function can be sed to §; (£, ) and removed From the 5 integral. This complication
has the efiect of decressing bhe multipodke valoe of the Arst peak ¢ as the matter-
racliabion ratio ab recombination decreases [Ho & Sugiyama 1995), Fipally, we
mention that time varying potentials can also play a rale at very late times due to
nom-linearities oo the importance of a cosmalogical constant for example. Thess
combributions, to be disoissed more in .21, are sometimes mefermd o as late
Integrated Sachs-Waolfe eifects, and do ret add coherently with 5+ 9]in.].

Futting thess expressions logether and squaring, we obtain the power specirum
af the acouslic oscillations

o = ° If'ikﬁ.:fm] . {23)
) &

Thes formulation of the anisobropies in lerms of projections of sources with
specific kecal angular structure can ke completed to include all types of sources
ai temperature and palarization anisotropies at any given epoch o fime linear
ar nan-linear: the monaples, dipale and quadrupole soorces arsing from density
perturbations, vorbicity and gravitational waves (Hu & White 1987h]. In a curved
grometry one replaces the spherical Bessel functions with oliraspherical Bessel
funclions (Abbabt & Schaefer 1986; Hu et al 1998). Frecision in the predictions
ai the observables is then limited only by the precision in the prediction af the
sources. ‘This formulation is ideal for cases where the sources are governed by
nom-linear physics even thoogh the CAME responds linesarly as we shall see in Gd.

Ferhaps more impartantly, the widely-usesd CMBEFAET mode [Seljak & Zaldar-
riaga 19896] exploils thess properties to calculate the aniscimopies in linear per-
turbation eficently. It mumerically solves for the smoothly-varying sources on
a sparses grid in wavenumber, int=rpolating in the integrals far a handful of =
in the smoothly varying . [b has largely replaced the ariginal ground breaking
cocdes [Wilkon & Silk 1981; Eond & Efstathion 1984; Vittorio & Silk 1984 based
an tracking the rapid temporal oscillaticns of the multipole moments that simply
reflect structure in the spherical Eessel functions themselves.
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Flate 4: Bamitivily of the soouslic banpersiure specirum ko four Fundamental commalogiconl
pa et e [l:l the curmbture s quentified by (s [h:l the dark margy s quantified by the
ammologimal conekank §4 [r.ui. - —l] I:-::I the physioal heryon demsiky i’ I:-:I:I tha phy=ioal
mutber demmity 1, A%, all wried arcund & fidusial mode] of §3,, = L, 83 = 0.66, Ogh? = 00D,
Qb =017 w=1, =, =0, £, =0
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29 Paromeler Sensiboaty

The phenomenalagy of the aroustic peaks inthe temperature and polarization is
e=sentially described by 4 observables and the inibial conditions [Hu et al 1957,
These are the angular extents of the sound horizan £, = ID4.-".1:4, the particle hori-
wom ab matier radiation equality £ = ks and the damping scale fa = ki
as well as the value af the baryon-pholon momentum density mtio i, € == the
spacing between of the peaks; £, and §y compete 1o determine their amplitude
throngh radiation driving and diffusion damping, &, seis the baryvon koading
and, along with the potential well depths set by fog, fives the modulation of the
even and cdd peak height=. The initial conditions ==l the phase, or equivalently
the location of the frst peak in units of . and an overall tilt = in the power
spctram.

I the model of Flate 1., thess numbers are £, = 301 () = I:I.FEI!’.], o = 149,
fa = 133, f, = 057 and n = 1 and in this family of models the parameter
sensitivity is approximately (Hu ei al 3001]

At Atk Sk’ &0 &0
R Y 1T b BT Bk Ll
£ (i fh 0y T
Ar, AR AD An
M OE ML —OAT Ll (24)
fg mth ik LT
& A h? S5kt &0 &0
b T i R b el S =
£ [ fi® (ph= 0 D

and &, S, = 10AD S DEAE. Current observations indicate that £, = 204+ 4,
fog = 168 £ 15, £y = 1292 + 1B, K, = 060 + 006, and n = 086 +0.04 [Knoo
el al 2001; see also Wang et al 2001; Fryke et al 2001; de Bernardis et al 2000], if
gravitational waves coniribuiions are subdominant and the reionzation redshift
iz low a= mmomed in the working cosmological model (s §2.1).

The acoustic peaks therefore contain three tulers for the angular diameter
distance test for curvature, ie. deviations from e = 1. However contrary to
popular belef, any one of these alone is nobt a stondord ruler whose absolute
srale is known even in the working cosmalogical model. This & reflected in the
sensitivity of these scales to obher cosmological parameters. For example, the
dependence of £, on {4n&* and hence the Hubhle constant is quite sirong. BEut
in comhbination with a measurement of the matier-radiation rato from (e, this
degeneracy = broken.

The weaker degeneracy of £, on the baryons can likewise be broken from a
mesurement of the baryon-photen rakio &, The damping scale € provides an
additiomal consistency check cn the implicil asumptions 0 the working model,
e.g. recombination and the energy contents of the Universe during this epoch.
Whal makes the peales so valuable for this test is that the rulers are stondardize-
ahie and contain a boill-in consistency check.
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Thers remains a weak but perfect degeneracy betwesn £ and Oy because
they both appear only in 17, This s call=l the angular diameter distance degen-
eracy in the Iterature and can mreadily be geperalized to dark energy components
beryvond the cosmological constant assumed here. Since the effoct of 24 s in-
trinsically =0 small, it only creates a correspondingly small ambiguity in Qe for
resennable values of (1. The down side b= bhat dark energy can never be isclated
through the peak=s alone ginee i1 anly bakes a small amount of corvatues o mimic
it= effects. The evidence for dark energy through the CME comes about by al-
lowing for exiernal nformation. The most important is bhe nearly overwhelming
direct evidence For §w < 1 Fom local stroctures in the Universe, The second is
the measurements of a relatively high Hubble constant b = 0.7; comhbined with a
relatively low 2, 8% thatl = preferred in the DME data, it implies £, < 1 buf at
low mignificance currently.

The upshot is that precise measurements of the acoustic peaks yield preces de-
terminations of jfour fundamental parameters of the working cosmological model:

0ph?, S, 87, O, and n. More generally, the first three can be replaced by £, £,
£y and &, to extend thess resulis o models where the underlying asumptions

af the working mode]l are violated.

L 3AEYDOND TEHE PRAIKE

Cmnce fhe acoustic peaks in the temperature and polarization power spectra bave
beren scaled, the days of splendid isolation of commic microwave background the-
ary, analysE and scperiment will have snded.  Eeyond and beneath the peaks
lie= a wealkh of information aboui the evolution of structure in the Universe and
it= arigin in the sarly universe. As OME phobons fravers= the large scale skroc-
ture af the Universe an their journey from the recombination epoch, they pick
up =econdary temperabure and polarizabion anisotropies. These depend on the
intervening dark matter, dark energy, barvonic gas density and temperatune dis-
tributions, and even the existenoe of primondial gravity waves, so fhe potential
payal of their detection = enormous. The price for this exiended reach is the
lcess of the atility both to make precise prediclions, due io unceriain and far non-
linear physic=, and {o make precise measurements, due 1o the cosmic variance of
the primary anisobropies and the relatively greater importance of galactic and
exlragalactic foregrounds.

We begin in §4.1 with a discussion of the matler power spectrum to ==t the
framewark for the discussion of serondary anisoiropes. Secondaries can be di-
vided into two classes: those due fo gravitational effects and those indoced by
scatiering off of electroms, The former are treated in §4.2 and the latker n 542,
Secomdary anisolmopies are often. non-Ganssian, so they show up not cnly in the
power specira aof §2, bul in higher poiot Functions as well, We briefly discuss non-
Claussian stakistics n Ed.4. Al of these fopics are subjecls of current research to
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which this review can only =erye &= nbroduction.

{7 Malter Power Spectraim

The same halance belwesn pressre and gravity thal s responsible for acoustic
oscillations determines the power spectrum of fluctoations in the non-relabivistic
matier. This relationship = often obecured by fooussing on the density Auctua-
t3oms o the pressureless cold dark matter it=elf and we s0 we will insiead consider
the matter power specirum fram the perspeclive of the Newionian poiential.

1.1.1 FHyEICAL DESCRIPTION Afler recombination, without the pressare of
the photons, the baryons simply fall into the Newtonian potential wells with the
cokd dark matter, an event wsually referred 1o as the end of the Compton drag
epoch, Weclaimed in §2.5 that above the horizon at matter-radiation squality the
potentials are nearly comstant, This fBllows from the dynamics whers pressure
gradients are negligitle, infall into some initial potential canses a polential fow of
Uizt~ (K] P [see Equation [19)] and causes density enhancements by continuity
T —— — Lo e —l:.l-rll:l:‘]-'.'. The Foi=san eqqualion =iys that the potential
at this later time ¥ ~ —(&pi~2d,, ~ W =o that this rate of growih = exactly
right o keep the potential comstant. Formally, this Newtonian argument only
applies in general relativity For a particular choice of coordinates (Bardesn 1980],
but the rule aof thumb i= that if what is driving the expansion (including spatial
curvalure) can also clusier unimpeded by pressure, the gravitational potential
will remain constant.

Ercause bhe poiential = constant in the matter dominated epoch, the large-
srale observations of JOEE seb bthe overall amplitude of the poiential power
specirum today. Tramslated ko density, this is the well-known OORE normal-
izatiom. It = usually expressed in terms of dy, the matter density perburbation
al the Hubhle scale today, Since the obseryved temperature fuckuation is approme-
imately W72,

A

T2
where the sscond equality follows from the Foisson equation in a fully matter
deminates] universe with £, = 1. The cbserved COEE Auckuation of &4 = 28uK
[Smoob et al 1992) imples S = 2 = 107% For corrections for 4y < 1 where the
polential decays because bhe dominant driver of the expansion cannot cluster,
see Funn & White [19597).

On =ales below the horzen ab matter-radiation equality, we have seen in §3.5
that pressure gradients from the acoustic ascillations themsslves impede the clus
tering of the dominant compoment, ie. the photon=s, and Iead {o decay in the
polential. Dark matter density perburbations remain botb growe cnly logarithmi-
cally drom fheir value at horizon crossing, which [just as for large scales) is ap-
prccimately the initial potential, &, = —0;. The potential for modes thal have

1 1
wgﬁ%w 4-.-E,—, (25]
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entered the horizon already will Eherefone be suppresssd by 1 o —8y, 6 o 0 k7
at matter domination (neglecting ibe logarithmic growth] again according to the
Foissom equation. The ratio of O ab late times io its initial valoe = callsd the
trarsfer funciicm. On large scales, then, the transfer funclion = close o one,
while it Falls off as &~° on small scales. [F the baryens fraction g/ o is =ub-
stankial, haryans alter the btransfer funcbion in lwo ways, First their inahility to
cluster belaw bhe =sound borizon causes further decay in the potential between
matier-radiation equality and the end of the Compton dmg epoch. Ssoondly the
acmslic ocillations in the baryonic velocity feld kinematically canse amoustic
wiggles in ihe transfer funclion [Hu & Sugivama 1996], These wiggles in the
matter power specirum are related o the acoustic peaks in the TME specirum
like twins separabed ai birth and are actively being pursued by the largest galaxy
surveys | Fercival et al 2001 ). For fitting formulae for the transfer function that
inchide these efAects =ee Eisenstein & Huo (1998].

1.1.2  Cosmolo2ical IMPLICATIONS The combination of the COEE normal-
izatiom, the matier transfer funckion and the near scale-invariant initial specirum
af fluctuations iells us that by the preseni fluctoations in the cold dark maiter
ar baryon densiky Felds will have gone non-linear jor all scales & 35 lﬂ_'hlr'[pr_:.
It i= a great triumph of the standard cosmological paradigm that there = just
encugh growth between =, = 107 and = = 0 {0 explain structures in the Universs
acroes 3 wide range of scales.

In parficular, since this non-linear scale also corresponds to galavy clusiers
and mesasurements of their abundance yviekds a robust measure of the power near
this scale for a given mabler density @,. The agreement between the J0OEE
narmalzation and the cluster abundance at kow 00, ~ 0.2 — 0.4 and the abaerved
Hubhble constant h = 0.72 £ 0.0E [Freedman et al 2001 was pointed out imme-
diately fallowing the COEE result (e White et al 1992, Eartlett L Silk 1992)
and = cne of the strongest pisces of evidenoe for the parameters in the working
casmolagical madel (Ostriker & Steinhardt 1995; Kraoss & Turmer 1095,

More generally, the comparison between large-scale strockure and the CME is
important in that it breaks degeneracies belween effects due o deviations from
power law indtial conditions and the dynamics of the matter and energy confents
af the Universe, fAny dynamical effect bhal reduces the amplitude of the malker
power specirum corresponds fo a decay in the Newtonian potential thab boost=
the level of anisotropy (see §2.5 and B1.2.1). Massive newtrinos are a goad example
af physic= that drives the maiter power spectrum down and the CME specirum
up.

PTﬁE combination is even more fruitful in the relationship between the acoustic
peaks and the baryon wiggles in the matter power spectrom. Our knowledge af
the phy=ical distance betwesn adjacent wipgles provides the ultimate standard
candle for cosmology (Eisenslein ef al 1998, For example, ab very low =z, the
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radial distance cut 4o a galaxy = cz/Ho. The unit of distance = therefore A1
Mpe, and a knowledge of the frus physical distance corresponds to a determi-
nation of h. At higher redshifts, the radial distance depends s=nsitively on the
hackground coamolagy [especially the dark energy ), 50 a fubure measurement of
baryonic wiggles at = ~ 1 say would be a poweriul fest of dark energy models,
Ta o lesser exient, ihe shape of the transfer funciion, which mainly depends an
the matier-radiation smale in & Mpo—?, ie f 4, & another standard ruler (==
e.g. Tegmark el al 2001 for a recent assesmment |, more herakied than the wiggles,
bt k== rabust due to degeneracy with obher cosmological parameters.

For scales corresponding to & 72 107 "A Mpc™', density fluctuations are non-
linear by the present. Numerical N-body simulations show that the dark maiter
iz baund up in a herarchy of vifalizsd stroctures or halos |see Bertschinger 19598
for a review). The statistical properties of the dark matter and the dark matter
hales have been extensively studied in the working cosmological model. Less
cerfain are the properties of the baryonic gas. We shall see thal both enter into
the consideration of sscondary CRME anisabropies.

{2 Grovdolional Secondanes

Gravitabional seeondaries arise from bwo soorees: the differential reds=hift from
time-variable metric perturhations [Sachs & Wolfe 1967] and gravitational lens
ing. There are many examples of the former, one of which we have already
epcouniered in ELLE in the context of potential decay o the radiation dominated
era. SBuch grawitational potential effects are usnally called the integrated Sachs-
Walfe (I5W ) efect in linzar perturhation theary [§-1.2.] |, the Fees-Sciama (§d.2.2)
effect in the non-linear regime, and the gravitational wave effect for fensor per-
turhations (E4.2.2]. Gravitational waves and lensing alko produce B-modes in
ihe polarization [see §2.7] by which they may be distinguished from acoustic
polarization.

1.2.1 15W ErFFECT As we have seen in the previous sectiom, the polential
an a given soale decays whenever fhe expansion is dominated by a compopent
whose effeckive densily is smooth on that scale. This ocours ab labe Bimes in an
0 = 1 model at the end of matter dominakion and ihe onsst dark enecgy (or
spatial curvature) domination. IF the potential decays betwesn the fime a photon
falls into a potential well and when it climbs out it gets a boost in temperature
af 40 due to the differentinl gravitational redshift and —84 = 50 due fo an
accompanying contraction af the wavelenglh (mee 52,3 ).

Fatential decay doe to residoal radiation was introdoced in B2.E, but that doe
to dark energy or curvature al late times indoces much different changes in the
anmobtropy speckrom. What makes the dark epergy or curvature contribotions

different from bhose due 1o radiation is the longer lengbh aof time over which the
polentials decay, on order fhe Hubble fime today, Residual radiation produces its
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effect quickly, =0 the distance over which photans fi=el the effect = muoch =maller
than the wavelength of the potential fluctuation. FEecall that this meant that
Jil k0] m the integral in Equation (22] could be ==t to ji(&8,) and removed from
the integral. The final efAect tben s proportional o §iE) and adds in phase
with ibe monopole.

The 1SW projection, indeed the projecticn of all seeondaries, = much diferent
[s== Flate 2). Since the duration of the potential change is much longer, pha-
tons Ay pically travel through many peaks and troughs of the perfurbation. This
cancellation implies that many modes bave virtoally no impact on the photon
temperature. The anly modes which do have an impaci are bhose with wasevec-
tors perpendicular fo the line of sight, so that along ihe line of sight the photon
dars not s through crests and trongh=s. What Fraction of the modes contribute
io the effect then? For a given wavenumber & and line of sight instead of the
full spherical shell at radnes Jrrn':zdi.', only the ring 2rkdk with (o L = participate.
Thus, the ansobropy induced is suppressed by a Factor of & (or £ = &7 i angular
space|. Mathematically, this arises in the lineci-sight integral of Equation [23)
from the integral aver the oecillatory Bessel functicn [ drjlx) s (/2842 (e
al=o Flate 2.

The I5W efiect thus generically shows up cnly at the lowest ©s in the power
spectrum (Kodman & Starchinskii 1985]. This speckrum is shown in Flaie 5.
Secondary anisoiropy predictions in this figure are for a model with §2,, = 1,
Oy = /2 6% =002 eh? =016 1 =1, zn = 7 and inflatiomary energy
srale By a0 100 Gey, The [3W effect is especially important o that it is ex-
tremely sersitive to the dark energy: ils amount, equation of state and clustering
properties | Coble et al 1997; Jaldwell et al 1998; Hu 1998, Unfortunately, being
canfined to the low multipoles, the ISW effect sufiers severely from the cosmic
variance in Equation (4] in its delectability. Ferhaps more promising is ils oor-
relation with olber tracers of the gravitational potential (eg. X-ray backgroond
Eoughn ef al 1998 and gravitational lensing, see (424,

This type of cancellation behavior and corresponding suppression of small scale
fluctuations is a common feature of sscondary temperabure and polarization an-
isctropies from large-scale strocture and = quantifisd by the Limber squation
[Limber 1854} and its= 2ME genemlization (Hu & White 1996, Hu 2000a). 11
is the cepiral reasom why sscondary anisotropies fend fo be smaller than the
primary opes from z, @ 1P despite bhe inbervening growth of structure.

1.2.2 REFS-SCLAMA AND Movino Hawo EFFECTS The [SW efect = linear
in the perturbations. Cancellation of bhe 1ISW sffect on small scales leaves seoond
arder and non-linear analogues in its wake (Fees & Sciama 1068). From a single
isolated structure, the potential along the line of sight can change not anly from
evolution in the density prafile bul more imporiantly from il= bulk mation across
the line of sight. In the contect of clusters of galaxies, this i= called the mowing
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cluster effiect (Eirkinshmw L Sull 1982 ), More generally, the bulke motion of dark
miatler hales of all masses cantribute fo this efect (Tuluie & Laguna 1995; Seljak
1986h], and their clustering gives rise to a kow level of anisotropes on a range of

srales but = never the eading source of secondary anisobropies on any scale [see
Flake Sa).

1.2.8  GRAVITATIONAL WavEs A fime-variable f=msor meiric pertur bation sim-
ilarly leave= an imprint in the temperature anisotropy (Sachs & Walle 1967]. A
tenscr metric perturbation can be viewsd as a standing gravitational weoee and
produces a quadrupalar distortion o the spatial metric. 11 ils amplitode changes,
it leaves a quadrupolar distartion in the CME temperature distribution | Folnares
1985]. InAation predicts a nearly scalecinvariant speckrom of gravitational ssowes.
Their amplitude depends strongly on the energy scale of infation,® [power o £
FEubakoy el al 1982; Fabbrl & Follock 1962) and iis relationship io the curvature
fluctuations discriminates between particular medels for infation. Deleckion of
gravitational waves in the UME therefore provides our besi hope to study the
particle physics of infation.

Cirawitational waves, like scalar fields, otey the Kl=in-Gordon equation in a Aat
wniverse and their amplitudes begin cscillating and decaying onee the perfurba-
tion crosses the horizan. While this process ocours even before recombination,
rapid Thoorson scatiering destroys any quadrupole anisobropy that develops (see
52.6). This fact dicates the geneml structure of the contributions to the power
specirum [ss= Figure 4, leit panel]: they are enhanced at ¢ = 2 the present
guadrupole and sharply suppressed at multipole larger than that of the frst peak
[Abboti & Wise 1984; Starchinskii 1985; Jrittencen et al 19928]. As is the case

B ol 'I-'I:dl:l. the poiuntinl enorgy denuly assccisisd with the scalar HIH[I.:l driving infalcm.
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for the ISW effect, confinement to the low mullipoks means that the isclation of
gravitational waves is seversly limited by cosmic wariance.

The signature of gravitational waves in the polarization is more distinck, Be-
cause gravitational waves canse a gquadrupale temperature anisciropy at the end
af reccanbinaticn, they alsa generate a polaration. The quadrupale genembed by
a gravitational wave has ils main angolar variation transverse to the wavevecior
it=e1f (Hu & White 199Ta). The resulling polarization that resulis has compo-
neols directed both along or crihogonal to the wavevector and atb 45 degres
angles o it. Gravilalional waves {herefore generate a nearly equal amount of £
and B mode polarization when viewed at a dstance that = much greater than
a wavelength of the fluctuation [Kamionkowski et al 1987; Zaldarriaga & Seljak
1%7]. The H-componeni presenis a promising means of measuring the gravita-
tional waves from indlaticn and hence the energy scale of mfation (see Figume 4,
right panel]. Models of inflabion correspond to points n the n, B plane {Dodel-
=on el al 1997], Thersfore, the anticipated constraints will discriminate among
different. model= of inflation, probing fundamenial phy=ics at scales well beyond
theee accessible in acceletators.

4.2.4  GraviTaTional LeExsiNg  The gravitational polentials of large-scale
structure alsn lens the CME photlons. Since lensing comserves surface bright-
ne=s, it only affects anisatropies and bence is second order in perturbation theory
[Elanchard & Schneider 1987). The photons are deflecied according to the an-
gular gradient of the patential projectsd along the line of sight with a weighting
af 2[3, — /(2,0 Agan the cancellation of paralle] modes implies that it is
mainly the large=scale potentials that are responsitile for defections. Specifically,
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the angular gradient of the projected potential peaks at a multipale € - 60 cor-
respording lo smales of a ko~ dew 1072 Mpe—! (Hu 2000%). The deflsctions are
therefore coherent below the degres scale. The coberence of the deflection should
not be confused with ils rms valee which in the model of Flate 1 has a value of
a few arcminufes.

This large coherence and small amplitude ensures that linear theary in the
potential is sufficient to describe the main efecls of lensing. Sinee lensing is a
ane-{oeone mapping of the soarce and image planes it simply distorks the images
formed from the acoustic oscillations in accord with the defection angle. This
warping naturally alo distorts the mapping of physical scales in the acoustic
peaks to angular scales §2.8 and hence smooths features in the temperature and
polarization [Seljak 1996a). The smocothing scale is the coherence scale of the
defection angle Af 5= 60 and = sufficiently wide to alter the acouslic peaks with
A o B0, The contributions, shown in Flate 5a are therefore negative |[dished )
an scales corresponding to bhe peaks,

For the polarzation, the remapping not cnly smooths the acoustic power spec-
trum bub actually generates H-mode polarzation [sse Flate | and Zaldarriaga
L& Seljak 1988), FEemapping by the lenses preserves the orientation of the po-
laration but warps its spatial dstribution in a2 Gassian random fashion and
hence does not. preserve the symmebry of the original Eomode. The HBomodes
from Jersing ==is a detection threshold for gravitational waves for a fnite patch
af sky (Hu 2001h].

Cirawitational lensing also generates a small amount of power in the anisolmopies
an its own but this is only noticable beyond the damping ail where diffusion. has
desiroyed the primary anesotropies (=ee Flate 5). On these small scales, fhe
anesotropy of the TOME = approcimately a pure gradient on the sky and the
inhomogensaus distribution of lensss introduces ripples in the gradient on the
=srale of the ensss (Seljak & Ealdarriaga 2000). In factk the moving halo effect of
54.2.2 can be described as fhe gravitational lensing of the dipole anisobropy doe
io the peculiar mobion of the halo (Eirkinshaw & Gull 1983,

Eecame the lenssd TKE diiribution is not linear in the flucfuations, it i=s
nod completely deseritss] by changes in bhe power spacbrom. Much of the recent
work in the literature has been devoled 1o utilzing the non-Ganssianity o isolate
lensing efiecks (Fernardean 1997, 189E; Faldarriaga & Seljak 1999; Faldarriaga
2000 and their cross-correlation with the ISW effect (Gaoldberg & Spergel 1996
Seljak & Faldarriaga 1999). In particular, there is a quadmatic combination af the
ansnbropy data that optimally reconstructs the projects] dark matter potentials
for use in this crosscorrelation [Hu 2000c]. The crcss cormelabion & especially
important in thab in a flab universe it is a direct indication of dark energy and
can be used to study the properties of the dark energy beyond a simple equation
af state 1 Hu 2000h].
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4.8 Seallenng Secondaries

From the ohservations both of the lack of af 2 Sunn-Felerson tromgh (Sunn
& Felerson 1965] in guasar spectra and its preliminary detection (Becker et al
2001, we know thal hydrogen was reionized ab @ 2 6. This is thought o
accur through the ionizing radiation of the first generation of massive stars [ see
eg. Loeh & BEarkana 2001 for a review]. The consequent reccupling of CWME
phatons to the baryons causes a few percent of them io b= rescattered. Linearly,
rescattering induces three changes to the photon detnbotion:  suppression of
primordial ansobropy, generation af large angle polarization, and a lage angle
Coppler effiect. The labter tao are sup pressed cn small scales by the cancellation
highlighted in §4.2.1. MNon-linear efects can counter this suppression; these are
the subject of active ressarch and are ooblined in §4.2.4.

1.-4.1 FEAK SUPPRESSION Like scatiering before recombination, scattering at
late times suppresses ansobropies in the deiribotion that hawe alresdy frmed.
FEromization thersfore suppresse= the amplitude of the acoostic peaks by the
fraction of photons rescattered, approcimately the optical depth o 7y (see Flate
Gh, dotted line and negative, dashed line, contributions corresponding o [S5%%[42
between the 2 = Tamd zq =0 mn-ci-cl:]. Urnlike the plasma before recombination,
the medium is optically thin and =o ihe mean free path and difusion length af
the photons = of arder the horizon tsslf. New acoustic carillations cannot Farm.
O scales approaching the borizom at reionization, inbomogeneities bave yet to
b= comverted inbo anisotropes (ss= §2.5] and =0 large angle Auctuations are oot
suppresed. While these effacts are relatively large compared with the expected
preciion of fulure experiments, they mimic a change in the overall narmalization
af Auctuations execepl at the lowesl, cosmic variance limited, mualtipales.

1.48.2 LARGE-ANGLE FOLARIEATION The rescatbered radiation becomes polar-
ized =ince, as discussed n 2 8 temperature inhomogeneities, berome anisciropies
by projection, passing through quadropole aneotropies when the perturbations
are on the horizon scale ab any given time. The resall is a tump in the power
spectrum of the E-polarization on angular scales corresponding to the horizon
al reionimation [see Flate 1], Eecause of the low optical depth of recnization
and the finite range of scales that conbribwie to the quadrupole, the polarization
cankributions are on the order of tenths af pl on scales of £ -~ few. In a perfect,
foreground free world, this is not beyond the reach of experimenis and can be
userd to isolate bhe reionization epoch [Hogan et al 1982; Zaldarciaga et al 1997],
As i the ISW effect, cancellation of contributions along the line of sight guar-
antee=s a sharp suppression of contributions at higher muliipolks o linear theary.
Spatial modulation af the aplical depth due ta density and ionization (see G424
does produce higher onder polarization tat at an entirely pegligible level 0 most
models ( Hu 200040,
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1.3.3 DorPLER EFFECT Maively, velocily felds of order w v 1077 (s o,
Strauss & Willick 1985 for & review) and optical depths of a few pereent would
imply a Doppler efiect that rivals the acoustic peaks themselves. That this is
nol bhe case = the joint comssgquence of the cancellation descrited in Bd.2.1 and
the fact that the acoustic peaks are nol “Doppler peaks™ [see §2.E) Since the
Cappler eifect comes from the peculiar velecity along the line of sight, it retains
na coniributions from linear mades with savevectors perpendicular ta the line of
=ight. Fut as we have ssen, these are the only modes thatl socvive cancellation
[#ee Flate 2 and Kawser 1984). Consequently, the Doppler effect from reionization
is strongly suppresssd and is entirely neglipble below € 107 unless the apkical
depth in the reonization epoch approaches unily [se=e Flake 5h].

1.4.4 MopulaTED RorPLER EFFECTE  The Doppler efiect can survive can-
cellation i the optical depth has moedulations in a direction oribogonal fo the
bulk velocity. ‘This modulation can be the resuli of either density or onization
fluctuations in the gas. Examples of the farmer include the effect in clusters, and
linear as well as non-linear large-scale strociores,

CLUSTER MopuLaTios: The strongly non-linear modulation provided by the
presence of a galaxy cluster and ils asociated gas leads to the &netic Sunyasy-
Feldovich effeck. Tlaster opiical depths on crder 1072 and pecaliar velocities
af 107% imply signals in the [ regime in individual arcminute-scale clusters,
which are af course rare objects. While thi=s signal is reasonahbly large, it is
generally dwarfed by the Shermal Sunyasv-Fel'dovich efect (see 50.3.5) and has
yel io be detected with high significance [see Zarlstrom et al 2001 and references
thersin). The kinetic Sunyasyv-Zel*dovich effect has negligible impact on the power
specirum of anisotropies due fo the ranty of clusters and can ke incleded as part
af the more general density modulation.

LINEAR MoODULATION: Ab the opposite exireme, linear density Auctuations mod-
ulate the aptical depth and give rise 1o a Doppler effect as pointed out by Ostriler
& Vishniac [I.'EIEE:I and caleulated by Vishniae (1987 ] [se also Efstathiou & Eand

1987]. The result = a signal at the pl leve]l peaking at £~ few =107 that in-
cresees roughly logarithmically with the reionization redshift (see Flate Sh].

GENERAL DESEITY MODULATION: Eoth ibe clusier and linear modulations are
limiting cases of the more general effect of density modulation by the large scale
structure of the Universe, For the low reionization redshifls corrently expecied
[z = 6 — T mest of the effect comes peither from clusters nor the linear regime
bt intermediate =male dark matier hales. An upper limit to the {otal effect
can he oblained by assuming the gas traces the dark matter [Hu 2000a)] and
implies signals on the order of A o few Pl at f = 10* {see Flate 5h). Based an
simulations, this asumplion should held in the cuter profiles of halos [Fearce el al
2001; Lewis el al 20000 but gas pressure will tend i smooth out the distribution
in the cores of hales and reduce =mall scale conbribotion= In the absence of
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=utstantial cooling and star formation, these net effects can be modelesd uncder
the assumption of hydrostatic squilibrivm [Komatsa & Saljak 2001 in the halos
and included in a halo approach to the gas distribution [Cooray 2001].

[ORIZATION MODULATION: Finally, optical depth modulation can also come from
variations in the jonization fraction {Aghanim et al 1996; Gruzinoy & Hu 1998,
Fnox et al 1998, Fredictions for this efieck are the most uncerfain as it involves
boib the jormation aof ihe first icnizing objects and the subssquent radiative
transfer of the jonizing radiation (Eruscoli ek al 2000; Berson ek al 2001). 14
is however unlikely o dominats the density modulated sfect except perhaps at
very high mullipokes ¢ ~ 107 {crudely estimated, following Gruinoy & Hu 1998,
in Flate Sb).

1445 SUNYAEY-ZEL'DOVICH EFFECT [nternal motion of the gas in dark matter
halcs alsa give rise to Doppler shifts in the CME photons. Asin the linear Roppler
effect, shifts that are Arsl order in the velocity are canoeled as photans scatber
aff of eleckrons moving i different directions. Al second crder i the velocity,
there = a residual effect. For clusters of galaxies where ihe lempermture of the
gas can react T, ~ 10keY, the thermal motioms are a substantial fraction of the
spesd of light o, = (2T, /m %2 w 0.2, The second order effect represents a
net fransfer of energy between the hob electron gas and the cooler CME and
leaves a spectral distortion in the OME where photons on the Rayleigh-leans
siche are iransferred to the Wien {ail. This effect is called the thermal Sunyaey-
Zel'dovich I:EI] effect (Sunmvasy L Ffal'dovich 1972). Eecause the net efisct = af
R Ty b T 0% T d . ik is & probe of the gas pressure. Like all CME effects,
ance imprinted, distorbions relative 4o the redshifting background femperature
remain unaffected by cosmclogical dimming, =0 one might bope to find clusiers
at high redshiit using the 82 effect. However, the main effect comes from the
me=l massive clusters becauss of the strong temperatore weighling and thess
have formed only recently in the standard cosmological model.

Gireal strides have recently been made in observing the 5% efiect in individoal
clusters, following piopeering attempts that spanned two decades (Eickinshay
1589]. The theorelical hasis has remained largely unchangesd sae for small rel-
ativistic corrections & T, /m, approches unity. FEoth developements are com-
prehensively reviewsd in (Carkirom et al 2001). Here we instead comsider its
implications as a source of secondary ansobropies.

The 5% effect from clusiers provides bhe mest substantial conbribution to tem-
perature anisobropies beyond the damping tail. On scales much larger than an
arcmimite where clusters are unresalvesl, contribotions 1o the power spectrum
appear as uncormelated shot noise (Cy = const. or Ar e ). The additional
cankribution doe to the spatial correlation of clusters furns oot o be almost neg-
ligihle in compariscn due to the rarity of clusiers (Komaisu & Kifayama 1909],
Eelow this scale, cantributions furn cver as the clusters berome resolved. Though

40 Hu & Dodelson

there has been much recent progress in simulations | Refregier et al 2000; Seljak
et al 2001; Springzl et al 201) dynamic range still presents a serioas limitation.

Much recent work has been devoded to semi-analytic modeling following the
techinique of [Euli: & Kaiser 1985, where the 8% correlations ane descrited in
terms of the pressure profles of clusters, their abundance and their spatial cor-
relations [now commonly referred fo an application of the “halo model” see Ko-
miatsy & Kitayama 1998; Afric-Eamndela & Mickel 1999; Jooray 2001; Komat=n
& Seljak 3001]. We show the predictions of a simplified version in Flate Sh, where
the pressure prodile = approcimated by the dark matier haloprofle and the virial
temperature of hale, While this treatment s comparatively crude, the inaccu-
racies bhat result are dwarfed by “missing physics” in both the simulaticns and
more ssphisticated modelling, eg the non-gravitational sources and sinks of en-
ergy Lhat change the temperatore and density profile of the cluster, often modsled
as a uniform “preheating™ of the intercluster mediom [Helder & Carlstrom 2001].

Although the 5% eAect is expecled fo dominate the power specirum of sec-
andary ansotropies, il does not pecessarily make the oiber sscondaries unmea-
surable or contaminate the aconstye peaks. = distinct Frequency signature can
be used fo isolate il from other sscondaries (s eo.g. Joocay ek al 20000, Aeldi-
tiomally, it mainly comes from massive chusters which are intrinsically rare. Hence
conbributions to the power spectrum are non-Ganssian and concentrated in rare,
spatially localized regioms. FEemowval of regions identified as closters throngh X-
rays and aplical surveys or nlbimatsly high resslotion CME maps themselves can
greatly redooe contribotions at large angular scales where bhey are unreschoed
[Fersi et al 1995; Komatsu & Kikayama 1999],

4.4 Non-Gonssianaby

A= we have seen, most of bhe secondary anisobropies are nob linear in nature and
hence praduce non-Ganssian signatures, Non-Gaussianily in the lensing and 5&
signals will be important for their isclation. The same is irue for contaminants
such as galackic and extragalactic foregrounds. Finally the lack of an initial non-
Ganssianity in the Auctuations = a testable prediction of the simplest inflationary
models [Guth & Fi 1985; Bardeen et al 1982, Jonsequently, non-Gaussianity
in the ZME is currently a wery ackive field of ressarch. The primary challenge
in studies of non-Gaussianily is in chocsing the statistic that guantifies it. Nan-
Gaussianily says what the dstribution is not, not what it is. The sscondary
challenge = io optimize the statistic against the Saussian “noise™ of the primary
ansotropies and instrumental or astrophysical systematics.

Early theoretical work an the bispecirum, the harmonic analogue of the three
point function sddressed its detectakility in the presencs af the cosmic variance
af the Ganssian Ancltoations (Luo 185 and showed that the infAationary coniri-
butiom is not expected to be detectable in most models (Allen ef al 198T; Falk
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el al 1093}, The bspectrum is defined by a triplet of moltipoles, or configura-
tion, that defines a triangle in harmonic space. The large cosmic wariance in an
individual confgoration is largely offsst by the great mamber of posible riples.
Interest wis spurresd by reports of significant signals in specific bispectrum con-
figurations n ithe J0OEE maps [Ferreita ek al 1998 thai turned ouk 1o be doe
to systematic errors (Eanday et al 2000). Recent rvestigations have focussed on
the signatures of s=ccndary anisatropies (Goldberg & Spergel 1999; Cooray & Ho
2000]. These turn cut to be deteclakle with experiments that have both high
rescilution and angular dypamic range bubk require ithe measurement of a wide
range af configurations of the bispecirum. Data analysis challenges for measur-
ing, the full hispectrum largely remain to ke addressed (.4, Heavens 1998; Spergel
L Goldberg 1999; Fhillips & Kogut 2001].

The trispectrum, the barmoni analogue of the four point funclion, also has
advantages for the study of ssrondary anisoiropies. s great number of config-
urations are specified by a quintuplet of multipeles thatl correspond 1o the sides
and dingonal of a quadrilateral in harmonie space [Hu 2000a). The trispectrum is
important in that it gquantifies the covarianoe of the power spectrom across muol-
tipales that is often very strong in nop-linear effects, =g the 5% effect (Cooray
2001 ). I is also intimately related to the power specira of quadratic combina-
tions af the temperature field and has been applied to study gravitational lensing
effects (Fernardeau 1997; Zaldarriaga 2000; Hu 2001a].

The bEpectram and trispectrum quantify pon-Gaussanity in harmonic space,
and have clear applicaticms for sscondary ansobropies. Tests for non-Gaossianity
localized in angular space inclade the Minkowski junclionals [including the geoas)
[(Winitzlki & Kosowsky 1997), the statisbics of temperaiure exirema (Kogutb el al
1006, and wavelet coeficents [.l’n,ghanilm Y Farni 109079, T hes= may be more
usreful for examining Bregronnd cantamination and trace amounts of topalogical
defects.

& [DATA ANALYHIB

The very large OME data sebs that have begun arriving require new, innovative
tools of analysis. The fundamental tool for analy=ing CME data - the likelihood
function = has been wsed since bhe early days of anisobropy ssarches | Readhead
b al 158%; Fond et al 199]; Codelson & Julas 1992 ) Erote force likelihooo
analyses (Tegmark & Funn 1995] were performed even oo the relabively lampge
COERE dala set, with =ix thousand pixels in ils map. Fresenk data seis are a
factor of 1en larger, and this factor will scon get larger by yeb anobher factor af
a hundred. The brube force approach, the time for which scales as the oumber of
pixels cubed, oo longer suffices.

In response, analysts have devissd a hast of techniques that move beyond the
early brule force approach. ‘The simplicity of OME physics - due io linearity
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— 15 mirrored I analy=ix by the apparent Gaossianity of both the signal and
many sources of node, In the Saussian Dimit, cptimal statishics are sasy to iden-
tify. These compress the data =a that all of the informaticon is retained, but the
subsequent analysis — because of the compression — becomes irctable,

The Gaussianity of the CME = nof shared by other cosmological systems since
gravitational nen-lipearities turn an mitially Saussian distribution ints & nan-
Gianssian one. Montheles, many of the technigques deviesd {o study the DRE have
been propesed for studying: the 202 galaxy distritution [Tegmark et al 1988], the
212 galaxy distribution (Efstathion & Meocdy 2000; Huterer ef al 2000 the Lyman
alpha jorest (Hui et al 2001), the shear field from weak lensing (Hu & White
2001, amomg abhers, Indssd, these techniques are now indispensible, powerful
tools jor all cosmologists, and we would be remiss nod to at east ootline them in
a disnssion of the CKE, the context in which many of them were developed.

Figure 5 summarizes the path from the data analyis starting point, a timesiream
ai data points, to the end, the delermination of cosmological parameters. Fre-
ceding this starking point comes the calibration and the removal of systematic
errors from the raw data, bob being experiment specific, we do not attempt to
cower such issues here! Each step radically compresses the data by redocing
the numhber of parameiers used to describe ik, Although this data pipeline and
aur discussion below are focused on femperabure anisolropies, similar steps have
bieen elucidated far polarizaticn (Funn 2001; Tegmark & de Oliveira-Costa 2001 ;
Lewis et al 20001,

5.1 Maopmaking

An experiment can be charcterized by the data &g taken at many diffierent times;
a pairting matriz i, relating ibe dala timestream to the underlying signal at
pixelized positions indeosd by @, and a noise maitrix ©yp characterizing the

! Apide from COBRE, exparimanta ta dabs have had asizabke calibration smree I:H-' E-JD';'E:I which
musk he fmclored inko the mberprebsiion of Plake 1.
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covarance of the poise n the timestream. A model for the data then is d; =
F 8, 4+ ny twith implicit =um cver the repeating index i); it i= the =sum of signal
plus poime, Here g is drawn from a distribotion (odten Saussian] with mean
zero and covariance (ngng ] = Ciar. Inils simplest form the painting matnx 2
cantains rows — which corresponds to a particular fime — with all zeroes in il
except for cne column with a one (see Figure 5], That column corresponds to
the particular piwel cheereed at the time of interesi, Typically, a pixel will be
sranned many times during an experiment, so a given column will have many
anes in ik, corresponding to the many times the pixel has been observed.

Given this model, a well-posed question is: what is the oplimal estimator jor
the signal 9,7 i.e. whal is the best way to constructk a map? The answer stems
from bhe likeliboad function £, defined a=s the probability of getting the data given
the theory £ = Fldatalihecry]. In this cee, the theory is the st of parameters
2,

1
Laldy) = xp |~ (e — Pl O30 (do — Poy93)| . (26)

1
e
(2N det T
Thal is, the noise, the difference between the data and the modulated signal, is
assumed to be Ganssian with covariance T 4.
Thers are two important thearems vseful in the construction of a map and

more generally in mach step of the data ppeline [Tegmark et al 1997]. The Frst
is Eayes’ Theorem. In this context, it says that P|3;d], the probability that
the temperatures are equal 1o 9 given the data, is proportional to the likelihood
function times a pricr P[5; ). Thu, with a unifarm priar,

Palay] = Plde|2] = Loide), {27

with the normalzation constant determined by requiring the integral of the prob-
ability over all 9; to be equal io cne. The probability on the left is the one of
interest. The mest likely values of 9; therefore are those which maximize the
likelihoed funclion. Since the log of the likelihood funckion in question, Equation
(3], i= quadrakic in the paramelers 9, it is stmightiorward 4o fod this maxi-
mum point. Eifferentiating the argument of the exponential with respect to 9;
and setiing to zero leads immediately to the estimator

= O PieCy ot (28]

where Ty = (FYC7UF]~ 1 As the notation suggests, the mean of ihe estimator
ig squal to the actual 85 and the variancs is squal to Ty

The s=comd thearem states that this maximum likelihood estimator is also the
minimum variance estimator, The Cromer-Rae inequality says no estimator can
mezsure the 9, with errors smaller than the diagonal elements of 7!, where the
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Fizker mafriz is defined &=
FE,-_,-E(:—'?:'“‘:E'). {29

Inspection of Equation [26) shows that, in this cose the Fisher matnx is precisely
equal to Oyt Therefore, the Cramer-Fao theorem implies thatb the estimator of
Equation [28) is oplimal: it has the smallesi possible variance (Tegmark 1997a).
Nao information is kst if the map = ussd in subssquent analysis instesd of the
timestream data, but buge factors of compression have been gained. For example,
in the recent Eoomerang experiment [Netiecdfield e al 2000), the fimesiream
comtained 2 = 10% pumbers, while the map had orly 57,000 piels. The map
resulied in compression by a factor of 2500,

There are numerous camplications that must be dealt with in realistic appli-
calioms of Equation (28], Ferhaps the most difficult is estimation of Sz, the
timestream noise covariance, This typically must be done from ihe data itseli
[Ferreira & Jaffe 2000; Siompor ef al 2001). Ewen if T4 were known perfiecily,
evaluation af the map involves inverting T, a process which scales as the oumber
af raw data poinis cubed. Far both of thess problems, the assumed stotfanarity of
e (it depends only am ¢ — #] 38 of considerable utility. Terative technicques to
approximate matris inversion can also assist in this process [Wright et al 1986].
Anather issue which has received much attention is the choice of pixelization.
The community has converged on the Healpiz pixelzation scheme®, now freely
availahle.

Ferhaps the most dangerous com plication arises from astropby=ical fregrounds,
both within and from ouiside the Galaxy, the main cnes being syochrobron,
bremmest rahlung, dust and point source emission. Al of the main fregrounds
have different spectral shapes than the blackbody shape of the CME. Madern
sxporimenis typically obs=rve at several different frequencies, =0 a well-posed
question is: how can we best extract the CME signal from the different fre-
quency channels [Eouchet & Gispert 199937 The blackbody shape of the DME
relafes {he =ignal in all fhe channels, leaving one free parameter. Similarly, if
the foreground shapes are known, each foreground comes with just cne free pa-
rameter per piel. A Jkelihood funckion for the data can again be written down
and the best estimator for the CME amplifode determined analytically, While in
the absence of joregrounds, ope would exiract the ZKE signal by weighting the
frequency channels according to inverse nose, when foregrounds are present., the
aplimal comhbination af different frequency maps = a more clever weighting that
sublracks cut the foreground contribotion (Codelsan 1997), One can do better if
the pixel-to-pixe]l correlations of the Bregrounds can also be modeled from power
specira (Tegmark & Efstathion 199%6] or templabes derived From exlernal data,

:I:.ttp: v aps copf eciencehealpie)



OMR Anfsolropies 45

This piciure is complicated scmewhat becauses the fareground shapes are nod
preciEsly knawn, varying across the sky, eog. from o spatially varving dust tem-
perature. This too can be meellesd in the covariance and addressed n the likeli-
hood [ Tegmark 1988; White 19985, The resulting cleansd CME map is obviously
naizkr than if foregrounds were not arcund, bui the multiple channels keep the
degradation managable. For example, the errors cn some cosmmalogical parame-
ters coming from Flanck may degrade by almost a factor of ten as compared with
the no-foreground case. Howewer, many ecrors will not degrade at all, and even
the degraded parameters will still be defermined with unprecedented precision
[Hnm: 1899; Frunet ef al 2000; Tegmark ef al 20000,

Many fregrounds tend io be highly non-Gaonssian and in parbicular well-
lecalized in particular regions of the map. These pixels can be removed from
the map a5 was done for the region around the galactic disk for COEE. This
technigque can also be highly efeckive against point sources, Indeed, even if there
is only ope frequency channel, external foreground femplates seb the fom of
the addifional coniribution=s to Ty, which, when properly included, immunize
the remaining operations in the data pipeline 4o such contaminanis [Eond et al
193], The same technique can be used with templates of residual systematics
ar constraints impossd on the data, from e.g. the removal of a dipole.

5.8 Bondpower Estimation

Figure 5 indicales that the pext siep in bhe compression process is extracting
bondpassers from the map. What is a band power and how can it be extracted from
the map? To answer these questions, we must construct a new likelihood funckion,
ane in which the estimated 3; are the data. No theory predicts an individoal
2%, but all predict the distribution from which tbe individoal femperatures are
drmwn. For example, if the thecry predicis Gaussian Auctuabions, then 5 is
distribuied as a Saussian with mean zero and covariance eqqual 1o the sum of the
namEe covariance matrix Oy and the ocovarianee doe to the finile sample af the
cosmic signal &y, Inverting Equation [1] and using Equation [2) for the ensemble
average leads to

Osi = 188) = 3 AF Wiy, {=0)

£

where AT, depends on bthe theorebical parameters through O (see Equation
(2], Here W, the window function, is proportional io the Legendre palynomial
Felf; - 7ay] and a beam and pixel smearing factor 8. For example, 1 Gassian
beam of widih o, dictates that the obseresd map is actoally a smoothed picture
af troe signal, insensitive to stroctune on scales smaller than o 17 bhe pixel scale
is much smaller than the beam scale, 5 e~ 8+ Tachpiques for handling
asymmetric beams have also recently been developed [Wo el al 2001; Wandeli
& Dorski 2001; Souradeep & Ratra 20015 Using bandpowers corresponds to
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assuming that .'3-.%-:5 is constant over a finite range, or bond, of £, equal ta 5, for
£, — 2 = F < £, +4F /2. Flaie 1 gives a sen=e of the width and number of
bands N, probed by existing experiments.

For Gaussian theories, then, the likelibood function is

] 1
= _lg-1a. a
Lol = o rer ot 2 ﬂpl: 1787 ) ) =

where Zg = Tg+ T and I, is the number of pixels in the map. A= before,
Lgis Ganssian in the anisobropies &, bot o this case 8; are et the parameters
to be determined; the theorelical parameters are the 8o, wpon which the covari-
ance matriz depends, Thersfore, the likelihood funclion is nob Saussian in the
parameters, and ihere is oo simple, analytic way fo find the poini in parameter
space (which is mulli-dimensional depending en the number af bands being fit) at
which £ iz a maximum. An allernative is to evaluate Cp numercally at many
points in a grid in parameter space. The maximum of the £5 on this grid then
determines ihe best At values of the parameiers,. Confidence levels on sy ) can
be determined by finding bhe region within which J':d'ﬂ'||n?="= j'dlﬂ| Lp = 0.05
sy, for BE0E limits,

The possibility is no longer viakle due io the sheer volume of data. Consider
the Eoomerang experiment with W, = 57,000, A single evaluation of £g imolves
coamputation of the imverse and determinant of the N, = N, mairic Tg, both
of which scale as ). While this singl evaluation might be posible with a
poweriul computer, a single evaluation does not sufiice. The parameter space
comsists aof Ay = 19 band powers equally spaced from [, = 100 vp to ; = 1000,
A blindly placed grid on this space would require at least ten evaluations in each
dimersion, s the time required to adequately evaluate the andpowers wouald
scale as 107N, Mo compuier can do this. The situation is rapidly getbing worss
[better) since Flanck will have of order 107 pixels and be seositive to of order a
107 hands.

It s clear that a “smart™ sampling of the likelibood 0 parameter space is pec-
e=mary. The numerical problem, searching for the fecal maximum of a function,
is well-posed, and a number of search algarithms might be used. g tends o
be sufficiently struciureless that these fechnigques suffice. Eond et al [1958) pro-
po=ed the Newtan- Raphson method which bas become widsly used. One pxpands
the derivative of the log of the likelihood funckiom = which vanishes at the true
maximum of Sg — around a irial point in pamameter space, E;I.u:'. Kesping terms
sernnd arder in £, — E'L":' Jeard= ko

LE2]

where the curvalure matrix Fs_.ﬁ = the second derivative of — In £g with respect
io B, and By Note the subile distinction between the curvature makriz and
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the Fisher matrix in Equation [29], I = (¥). In general, the curvature matrix

depends on the data, on the 9;. In practice, though, analysts typically use the
inverss of the Fizher matrix in qu.ul.i-:ln £32). In that e, the estimator becomes

f f 1 g A, .
B, = BI" + EF.E.L:. (5,-.:',5}&. a::’*c,g"ﬁs,- - Og%; EE:':] , {22

quadratic in the data 5;. The Fisher matrix is equal to

1 Egk o S E
Fead = ,C84 am, TBM ap,
[n the spirit of the Newton-Faphscn method, Equation (22] is wsed iteratively
but aften converges after just a handiul of ilerations. The usual approgimation
is then 1o fake the covariance hetween the bands as the inverss of the Fisher
matrix evaluated at the comvergent point Sp = 5", Indesd, Tegmark [1997h)
derived ihe identical estimator by considering all unhiased quadratic sstimators,
and dentifving this one as the ane with the smallest varianoe.

Although the estimator in Equation (22] represenis a ~ 10" improvement
aver brute force coverage of the parameler space — converging o just several
iterations — it =il requires cperations which scale as 1‘!':. Oe meares of speeding
up the calculations is to bransiorm the data from the picel besis fo the soocalled
signal-lo-noise basis, based on an initial guess as to the signal, and throwing out
theere modes which have low signal-to-noise | Bond 1985 Eunn & Sugiyama 1905,
The drawback is that this procedure still requires at lesest cne N7 operation and
polentially many as bhe guess ab ithe signal impraves by iteration. Methods to
truly avoid this prohbibitive Nj scaling [Ovh et al 189%; Wandelt & Harsen 2001 )
have been devised for experiments with particular =can strategies, but the general
problem remains open. A potentially promising approach invalves exiracting the
real space correlation functions as an intermediate step bebween the map and
the bandpowers [Szapudi et al 2001]. Another involves comsstently analyzing
coarsely pixelized maps with fnely pixelized sub-maps | Rore =t al 2001 ).

55 Cosmelogionl Peremeler Esfimation

The huge advaniage of bandpowers = that they represent the natural mesting
ground of theary and experiment. The above o seclions oufline same of the
steps involved in extracting them from the observations. Once they are exbracted,
any theary can be compared with the ab=ervations without knowledge of eper-
imental details. The simplest wsay to estimate the cosmological parameters in a
=l g is fo approximate the likelihood as

. 1 . .
£o0B,) = Ho — Bo)Cp (B — E"a:'] . (=a)

1
(ZalNeizfdet T T [_ 2!

18 Hu & Dodelson

and evaluate it at many points In parameter space |[the bandpowers depend on
the crmmalogical parameters|. Since the number of cosmaological paramet=rs in
the working model is A- ~ 10 this represents a final radical compression of
information in the original timestream which recall has up to Wy ~ 10'% daka
points,

In the approcimation that the band power covariance Ty is independent of
the parameters o, maximizing the likelihoed is the same as minimizing 3=, This
has been done by dozens of groups over the last few yoars especially since the
release of CMBTAST [Seljak & Faldarriaga 1996), which allows fasli compuoiation
af theoretical speckra. Even afler all the conpression summarized in Figuare 5,
these analyses are still computationally cumbersame due io ibe large numbers
af parametsrs varisd. Varicus methods of speeding up spectra computation have
been propesed | Tegmark & Faldarriaga 2000), sed on the understanding of the
physics of peaks outlinoed in B2, and Monte Carlo explorations of the likelihood
Ffunction {Thristens=en e al 20015,

Apgain the inverss Fisher matrix gives a quick and dirby estimate of the ermors.
Here the analogue of Equatian (29 for the cosmological parameters becoanes

O, BB

. L26]
de; B ge

Foig =
In fact, this estimate has been widsly vesd to forecast the optimal srrors on oos-
mological parameters given a proposed experiment and a band covariance matrix
g which includes diagonal sample and instrumental noiss wariance, The reader
should be aware {hat no experiment ta date bas even come close 4o achieving the
precision implied by =uch a forecast
A= we enter the age of precision cosmalogy, a number of caveats will become in-
cresmingly imporkant. Mo theoretical spectra are truly fAat io a given band, =0 the
question of how o weight a theoretical spectrom to obtain 5, can be imporiant.
In principle, cne must convolve the theoretical spectra with window funcbions
[Knme 1999 distincl from those in Equation [20) to produce B,. Among re-
cent experiments, BAS] (Fryke et al 2001) among others have provided these
functions. Another complication arises sinoe the troe likelibood function for S
is nobt Saussian, i.e. nob of the form o Equal:-il:-n {25). The true distribotionm is
skewed: the commic variance of Equation (4] leads to larger errors for an apward
fluctuation than For a downward fluctuation. The troe distribution is closer 1o
log-normal [ Fond ei al 20000, and several groups have alresdy sccounted for this
in their parameter exicactions

E  IFIBCITSEIDM

Measuremeni= of the acoustie peaks in the CME femperature specirum have
already shown that the Universe is pearly spatially Hat and began with a nearly
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scale-invariant spectrum of curvature fluctuations, comEtent with the simplest
af infAationary models. In a remarkable confirmation of a langstanding prediction
af Big Bang Nuclemsynbhesiz, the CME measurements bhave now verified that
baryons arcount for aboub four percent of the critical demsity.  Furiber, they
suggest thatl the matter density = some ten times higher than this, implying the
existence of nan-baryonic dark matier and dark energy.

Future measurements of the meorphology of the peaks in the temperature and
palarization should determine the baryanic and dark matter content of the Uni-
verse with exguisite precision. Eeyond the peaks, gravitational wave imprint on
the polarizabion, the gravitational lensing of the CME, and gravitational and
scatlering seoondary anisatropies hold the promise of understanding the phy=ies
af inflaticn and the impact of dark epergy on strockures formatian.

The ance and future success of the 2ME anisobropy enterprise rests on three
erpually impartant pillars: advances in experimental technique, precision in the-
ary, and development of data analysis fechniques. The remarkable progress in
the field cver the last decade owes much ba the eforts of ressarchers in all Ehree
disciplines. That much more effort will be required to Ffulfill the bright promise
af the TME suggesi=z that the feld will remain active and prodoctive jor years to

OO,
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