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Chapter 3

Thermalization and Spectral

Distortions

To be continuously transformed with other things is to be untransformed once and for all.

–Chuang-tzu, 25

The CMB exhibits a perfect blackbody form to the precision of current measurements.

The deviations from the intensity of a blackbody are no more than 3 × 10−4 of the peak

intensity [116]. The question arises: how does the blackbody spectrum form and how

is it maintained? We have seen in Chapter 2 that spectral distortions occur when the

photons and electrons are not in equilibrium. Many processes may thus contribute to

spectral distortions. For example, energy may be dumped into the CMB through out-of-

equilibrium particle decays, dissipation of turbulence and acoustic waves in the density

fluctuations, early phase transition relics such as unstable domain walls or strings, and any

astrophysical process that heat the electrons. Moreover, full thermalization of distortions

requires the creation and annihilation of photons. The relevant interactions for cosmology,

bremsstrahlung (e.g. [39]) and double Compton scattering [107], are ineffective below a

redshift of z ∼< 107. Thus spectral distortions are the earliest direct observational probe of

cosmology.

There is always the possibility that an experimental determination of distortions

from a blackbody spectrum will be confirmed: historically, there have been several false

alarms, and even at present, the low frequency measurements continue to show marginally

significant evidence of distortion. To understand the implications of the presence or absence

of spectral distortions, we undertake here a thorough analytic and numerical study [79] of
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thermalization processes in the early universe.

3.1 Collision Equations

3.1.1 Compton Scattering Revisited

By far, the dominant interaction that thermally couples photons and electrons

before recombination is Compton scattering. Assuming homogeneity and isotropy, we can

reduce the collisionless Boltzmann equation (2.9) and the Compton collision term (2.59) to

∂f

∂t
−
∂f

∂p

da

dt

1

a
=

1

mp2

dτ

dt

∂

∂p

[
p4
(
Te
∂f

∂p
+ f(1 + f)

)]
, (3.1)

where recall that dτ/dt = xeneσT . For convenience, we can transform variables into a

dimensionless energy xp = p/Te, not to be confused with xe the ionization fraction. The

Boltzmann equation then becomes(
∂f

∂t

)
K

=

(
dτ

dt

Te
me

)
1

x2
p

∂

∂xp

[
x4
p

(
∂f

∂xp
+ f + f2

)]
+ xp

∂f

∂xp

∂

∂t

(
ln

Te
T0(1 + z)

)
. (3.2)

As we shall see, early on the electron temperature is tightly coupled to the photon tempera-

ture and thus scales with the expansion as Te ∝ (1 + z). In the late universe, the expansion

time is long enough so that during the scattering by say, hot electrons in clusters, the ex-

pansion may be ignored. Hence the last term is usually negligible. Dropping this term, we

obtain the standard form of the Kompaneets equation.

Compton scattering cannot change the number of photons, but can only redis-

tribute them in frequency. This may be directly verified by integrating the Kompaneets

equation (3.2) to form the change in the total number density nγ:(
da3nγ
dt

)
K

∝
∫
dxpxp

2
(
∂f

∂t

)
K

= 0. (3.3)

The energy density evolution can likewise be obtained from integration of equation (3.1)

over frequency

1

a4ργ

∂a4ργ
∂t

= 4
dτ

dt

1

me

(
Te −

1

4ργπ2

∫ ∞
0

p4f(1 + f)dp

)
, (3.4)

where the first and second terms on the right represent the energy transfer from the thermal

Doppler and recoil effects respectively.
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3.1.2 Electron Temperature Evolution

The electron distribution is correspondingly coupled to the photons by Compton

scattering. Since Coulomb interactions with the baryons are extremely rapid, the distribu-

tion is to good approximation Maxwellian at all times and has the same temperature as the

baryons. We can determine the evolution of the electron temperature by considering the

first law of thermodynamics for the photon-electron-baryon system

d(ρa3) + pda3 = dQ, (3.5)

where dQ is a source external to the system. With pγ = 1
3ργ, ρe = me + 3

2neTe, pe = neTe

and similarly for the hydrogen and helium nuclei, this reduces to

a3dργ +
4

3
ργda

3 +
3

2
a3(xene + nH + nHe)dTe + (xene + nH + nHe)Teda

3 = dQ. (3.6)

where nH and nHe are the total number density in ionized and neutral hydrogen and helium.

If Yp is the primordial helium mass fraction, then

ne = (1− Yp/2)nb,

nH = (1− Yp)nb,

nHe = (Yp/4)nb. (3.7)

Thus, with equation (3.4), the evolution equation for the electron temperature becomes

dTe
dt

=
1

3nb
[(1 + xe)/2− (3 + 2xe)Yp/2]−1

(
q

a3
−

1

a4

da4ργ
dt

)
− 2

da

dt

1

a
Te

=
q

3a3nb
[(1 + xe)/2− (3 + 2xe)Yp/2]−1 − 2

da

dt

1

a
Te

−
1

teγ

(
Te −

1

4ργπ2

∫ ∞
0

p4f(1 + f)dp

)
, (3.8)

where the rate of energy injection per comoving volume q = a−3dQ/dt, and

teγ =
3

4

me

σTργ
fcool, (3.9)

with

fcool = [(1 + xe)/2− (3 + 2xe)Yp/8](1− Yp/2)−1x−1
e , (3.10)

which has the limiting forms

xe(1− Yp/2)fcool =

{
(1− 5Yp/8) xe = 1

1
2(1− 3Yp/4). xe � 1

(3.11)



CHAPTER 3. THERMALIZATION AND SPECTRAL DISTORTIONS 46

Thus the electron temperature is determined by a balance of adiabatic cooling from the

expansion, heating from external sources q, and Compton cooling from the CMB. In the

early universe, the latter wins as we shall see.

3.1.3 Bremsstrahlung and Double Compton Scattering

For cosmology, the most effective photon number changing processes are brems-

strahlung, e−+X → e−+X+γ (where X is an ion), and inelastic, henceforth referred to as

double Compton scattering e− + γ → e− + γ + γ. The kinetic equation for bremsstrahlung

takes the form [107]: (
∂f

∂t

)
br

= Qbr
dτ

dt

g(xp)

exp
1

xp3
[1− (exp − 1)f ] , (3.12)

where

Qbr =

√
2

π

(
Te
me

)−1/2

αT−3
e

∑
niZ

2
i . (3.13)

Here ni is the number density of ions with atomic number Zi, and α is the fine structure

constant. For a H + He plasma,
∑
niZ

2
i = [xH + (xHe − xH)Yp]nb ' xenb if the hydrogen

and helium are similarly ionized. The Gaunt factor is given by,

g(xp) '

{
ln(2.25/xp), xp ≤ 0.37,

π/
√

3, xp ≥ 0.37.
(3.14)

We can re-express this in a particularly suggestive form(
∂f

∂t

)
br

= t−1
br

[
1

exp − 1
− f

]
, (3.15)

where

tbr = 3.81× 1023 exp

g(xp)

x3
p

exp − 1
(1− Yp/2)−1(xeΩbh

2)−2Θ
7/2
2.7

(
Te
T

)7/2

z−5/2s, (3.16)

where Θ2.7 = T0/2.7K. Apparently, this is the time scale on which bremsstrahlung can

establish a blackbody distribution f = (exp − 1)−1 at frequency xp.

Much of the early work on the thermalization problem [162, 185, 29, 87, 88] as-

sumed that bremsstrahlung is the dominant photon-creating process in the early universe.

As we can see from the scaling of equation (3.16), in the low baryon density universe implied

by the nucleosynthesis constraint Ωbh
2 = 0.01− 0.02, bremsstrahlung is rather inefficient.
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Double Compton scattering cannot be neglected under such conditions. Lightman [107]

first derived the kinetic equation for double Compton scattering:(
∂f

∂t

)
dc

=
dτ

dt

4α

3π

(
Te
me

)2 1

xp3
[1− (exp − 1)f ]

∫
dxpxp

4(1 + f)f (3.17)

= t−1
dc

I(t)

IP

[
1

exp − 1
− f

]
, (3.18)

where

tdc = 6.96× 1039 x3
p

exp − 1
I−1
P (1− Yp/2)−1(xeΩbh

2)−1Θ−2
2.7

(
Te
T

)−2

z−5s, (3.19)

and

I(t) =
∫
dxpxp

4(1 + f)f. (3.20)

Note that since (1 + fP )fP = −∂f/∂xp, integration by parts yields I(t) = IP = 4π4/15 for

a blackbody of temperature Te. Equation (3.17) is only strictly valid for xp < 1 since its

derivation assumes that the photon produced is lower in energy than the incoming photon.

Double Compton scattering is, of course, inefficient at creating photons above the mean

energy of the photons in the spectrum. However, we will only be concerned with the effects

of double Compton scattering in the low frequency regime where it is efficient. Comparing

equations (3.16) and (3.19) for the time-scales, we see that in a low Ωbh
2 universe and

at high redshifts, double Compton scattering will dominate over bremsstrahlung. We will

quantify this statement in §3.2.3.

The full kinetic equation to lowest order now reads(
∂f

∂t

)
=

(
∂f

∂t

)
K

+

(
∂f

∂t

)
dc

+

(
∂f

∂t

)
br

. (3.21)

Evolution of an arbitrary spectrum under this kinetic equation must in general be solved

numerically. To do so, we employ a fully implicit iterative modified Youngs approach [105].

3.2 Thermalization Optical Depths and Rates

Although the Compton scattering time,

tC = (
dτ

dt
)−1 = 4.47× 1018(1 + z)−3(1− YP /2)−1(xeΩbh

2)−1s, (3.22)

from equation (3.1) is quite short compared with most other time scales, its thermalization

abilities are hindered by two properties:
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1. There is no energy transfer in the Thompson limit. Energy exchange only occurs to

O(v2
e), i.e. O(Te/me).

2. There is no change in photon number by Compton scattering.

We will first examine the effects of energy transfer and define an optical depth to

Comptonization. At low Comptonization optical depth, the effect of Compton scattering is

to transfer any excess thermal energy from the electrons to the photons. At higher optical

depth, energy exchange can bring the whole distribution to kinetic equilibrium and create a

Bose-Einstein distribution. Since Compton scattering does not change the photon number,

a blackbody distribution cannot be attained unless the optical depth to absorption/emission

from bremsstrahlung and double Compton scattering is high. We quantify these arguments

below.

3.2.1 Comptonization

The time scale for energy exchange through Compton scattering is given by equa-

tion (3.4) as

tK =

(
4
dτ

dt

Te
me

)−1

= 2.45× 1027(1− Yp/2)−1(Ωbh
2)−1Θ−1

2.7

(
Te
T

)−1

(1 + z)−4s. (3.23)

Notice that the rate increases with the free electron density and temperature. Conversely,

the time scale associated with changes in electron energy from Compton scattering is con-

trolled by the photon density. From equation (3.9), the Compton cooling rate is

tcool =
3

4

me

σT ργ
fcool

= 7.66× 1019fcoolΘ
−4
2.7(1 + z)−4s, (3.24)

where recall fcool was defined in equation (3.10). The difference in the time scales reflects

the fact that nγ � ne since a given electron scatters more frequently with photons that a

given photon with electrons. Alternatively, the heat capacity of the photons is much greater

than that of the electrons.

There are two other rates associated with the evolution of the electron energy. The

expansion causes adiabatic cooling in the electrons on the Hubble time scale

texp ≡ H
−1 =

a

da/dt
' 4.88× 1019(z + zeq + 2)−1/2Θ−2

2.7(1 + z)−3/2s, (3.25)
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Figure 3.1: Compton-y distortion
Compton upscattering by hot electrons leaves a constant Rayleigh-Jeans decrement of
y ≡ (∆T/T)RJ and a Wien excess that is overestimated by equation (3.31) as compared
with the diffusion integral (3.30). The crossover is at xp = 3.83 and is independent of y
and allows a clean separation between y distorted and temperature shifted spectra.

where recall that the redshift of equality zeq = 4.20 × 104Ω0h
2Θ−4

2.7(1− fν) with fν as the

neutrino fraction fν = ρν/(ρν + ργ). The Compton and expansion cooling rates are equal

at redshift

1 + zcool = 9.08Θ
−16/5
2.7 (Ω0h

2)1/5f
2/5
cool. (3.26)

Thus for an ionized plasma, Compton cooling dominates until late times. However, astro-

physical or other processes can continuously inject energy into the electrons at some rate

q associated perhaps with structure formation. There are two limits of Comptonization to

consider then: when the energy injection is strong such that Te � T and when it is weak

and the system is dominated by Compton cooling.

a. Hot Electrons and Compton-y Distortions

If the electrons are strongly heated, Te/me � p/me at the peak of the spectrum,

and we can ignore the recoil term in equation (3.4),

1

a4ργ

∂a4ργ
∂t

= t−1
K . (3.27)
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This suggests that we may define the “optical depth” to Comptonization, as

τK =
∫
dt/tK =

∫
4
dτ

dt

Te
me

dt. (3.28)

The fractional energy distortion from Comptonization thus becomes δργ/ργ = τK .

With this parameter, the Kompaneets equation itself takes on a simple form if

recoil is neglected,
∂f

∂τK
=

4

x2
p

∂

∂xp

(
x4
p

∂f

∂xp

)
, (3.29)

which is merely a diffusion equation in energy corresponding to the upscattering in frequency

from the thermal Doppler effect. This equation has the exact solution [185]

f(τK , xp) =
1

√
πτK

∫ ∞
0

f(0, w)exp

(
−

(lnxp − lnw + 3τK/4)2

τK

)
dw

w
. (3.30)

For an initial spectrum f(0, xp) of a blackbody, small deviations can alternately be solved

iteratively by inserting f(0, xp) on the right hand side of (3.29). This yields the characteristic

“Compton-y distortion” [185]

δf

f
= y

xpe
xp

exp − 1

[
x

(
exp + 1

exp − 1

)
− 4

]
, (3.31)

where here y = τK/4. This approximation breaks down in the Wien limit where fractional

deviations from a blackbody can be quite large due to exponential suppression in f (see

Fig. 3.1). In the xp � 1 Rayleigh-Jeans limit, this becomes δf/f = (δT/T )RJ = −2y =

−τK/2 and reflects the fact that upscattering causes a photon deficit at low energies.

The Comptonization optical depth τK/4 = y ∼ (Te/me)τ is generally smaller than

the Compton optical depth τ . However if the electrons are sufficiently hot, distortions are

measurable. In clusters of galaxies, τ ' 0.01−0.1 but Te ' 1−10 keV yielding a distortion

of the type given by equation (3.31) with y ' 10−5 − 10−3. This is the cluster Sunyaev-

Zel’dovich effect [162]. Distortions in the upper portion of this range represent a significant

Rayleigh-Jeans decrement and have been detected in several bright X-ray clusters [90, 13].

It can be cleanly separated from distortionless temperature shifts through the Doppler and

gravitational redshift effects by its spectral signature. In particular, note that independent

of the value of y, there is a null in the distortion at xp ' 3.8. On the other hand, no

isotropic or average y-distortion has yet been detected on the sky, y < 2.5 × 10−5 (95%

CL) [116]. This places serious constraints on the amount of global reheating and ionization

allowable and consequently on some models of structure formation (see §7.1.2).
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Figure 3.2: Thermalization from y to µ
An initial y-distortion at z = 1.9× 105 with the characteristic Rayleigh-Jeans suppression
thermalizes to a Bose-Einstein distribution as both low-frequency and high-frequency pho-
tons are shifted to xp ∼ 1 by Compton scattering. Curves are equally spaced in redshift
between z = 1.9× 105 − 0.1× 105 from highest to lowest (∆T/T)RJ . Bremsstrahlung and
double Compton scattering have been artificially turned off.

b. Compton Cooled Limit

Before zcool, Compton cooling is so efficient that the electrons are strongly ther-

mally coupled to the photons. In this case, the electron and photon temperature never

deviates by a large amount, and we must retain the recoil terms in the Kompaneets equa-

tion. If the spectrum is initially blackbody before some injection of energy, we may employ

iterative techniques to solve the equation. A blackbody spectrum of temperature T satis-

fies f + f2 = −(∂f/∂p)T . Thus for small deviations from a blackbody, the Kompaneets

equation takes the form of the diffusion equation (3.29) if instead of y = τK/4 we employ

y =

∫
dτ

dt

Te − T

me
dt. (3.32)

Thus we see that small deviations from a blackbody due to heating of the electrons can

always be expressed as a Compton-y distortion of the form (3.31) below the Wien tail and

before the Comptonization optical depth becomes large.

If τK � 1, energy exchange brings the distribution into kinetic equilibrium (see

Fig. 3.2). Since Compton scattering conserves photon number, the kinetic equilibrium
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solution is a Bose-Einstein spectrum at the electron temperature,

fBE =
1

exp+µ − 1
, (3.33)

where µ is the dimensionless chemical potential. If Te ' T , then this occurs near

τK '
1

2

texp
tK
'

1

2

(
z

zK

)2

' 1, (3.34)

assuming radiation domination. Here

zK ' 7.09× 103(1− Yp/2)−1/2(xeΩbh
2)−1/2Θ

1/2
2.7 . (3.35)

Notice that zK is the redshift at which the energy exchange time scale tK equals the ex-

pansion time scale texp. Rate comparison thus serves as a simple and useful rule of thumb

for estimation purposes. In reality, a pure Bose-Einstein distribution will form for [24]

z ∼> 4
√

2zK , (3.36)

whereas only if

z ∼< zK/8 (3.37)

will the spectrum be adequately described as a Compton-y distortion of equation (3.31). In

the intermediate regime, the distortion appears as the Rayleigh-Jeans decrement of the y

distortion but a less substantial Wien enhancement (see Fig. 3.2).

After external electron heating stops, the electron temperature rapidly approaches

its equilibrium value [130, 184],

Te =
1

4

∫
p4f(f + 1)dp∫

p3fdp
, (3.38)

by Compton cooling off an arbitrary photon distribution. The total energy density of the

photons, except for expansion, henceforth does not change as it evolves,(
da4ργ
dt

)
K

= 0, (3.39)

as we can see from equation (3.4). It is easy to check that if f = fBE, a Bose-Einstein

distribution at temperature T ,

fBE(1 + fBE) = −
∂fBE
∂p

T (3.40)

and equation (3.38) implies Te = T , as one would expect in the equilibrium state.
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3.2.2 Chemical Potential Formation

Let us consider the Bose-Einstein distribution and its formation more carefully.

Spectral distortions leave the regime of Comptonization when the optical depth to energy

transfer τK ' 1 or z ∼> zK . In the absence of external sources, Compton scattering does not

change the number [equation (3.3)] or energy [equation (3.39)] density of the photons during

the era when the electrons are thermally coupled. Thus any external energy injection can

be characterized by two quantities: the fractional number density of photons δnγ/nγ and

energy density δργ/ργ involved. Moreover, the equilibrium distribution is described by a

single number, the chemical potential µ, and collapses this two dimensional parameter space

onto one. There will therefore be some degeneracy between number and energy injection.

Let us quantify this.

The energy in a Bose-Einstein distribution can be expressed as

ργBE =
1

π2

∫
fBEp

3dp = ργP (Te)ψ(µ), (3.41)

where

ψ(µ) '


6
I3

exp(−µ), µ� 1,

1− 3 I2I3
µ, µ� 1,

(3.42)

and ργP (Te) = I3T
4
e /π

2 = aT 4
e = 4σBT

4
e , the energy density of blackbody radiation, with

σB = π2k2
B/60h̄3c2 = π2/60 as the Stefan-Boltzmann constant. Similarly, the number

density is given by

nγBE =
1

π2

∫
fBEp

2dp = nγP (Te)φ(µ), (3.43)

where

φ(µ) '


2
I2

exp(−µ), µ� 1,

1− 2 I1I2
µ, µ� 1,

(3.44)

with nγP (T ) = (I2/I3)aT 3 = I2T
3/π2. Here the constants In are defined by the Riemann

Zeta function as follows: In =
∫∞
0 dx xn

ex−1 = n!ζ(n+1), e.g. I1 = π2/6 ' 1.645, I2 = 2ζ(3) '

2.404, I3 = π4/15 ' 6.494.

The number of photons in a Bose-Einstein distribution decreases with increas-

ing chemical potential. In particular, a spectrum with µ < 0 has more photons than a

blackbody, µ = 0; conversely, a spectrum with µ > 0 has fewer photons. Parenthetically,

note that with equation (3.40), we can express the double Compton scattering integral

[equation (3.20)] as

IBE =
∫
dxpxp

4(1 + fBE)fBE = 4I3ψ(µ), (3.45)



CHAPTER 3. THERMALIZATION AND SPECTRAL DISTORTIONS 54

for the case of a Bose-Einstein distribution.

Now if we require energy and number conservation, equations (3.41) and (3.43)

tell us:

ργBE =
I3

π2
T 4
e ψ(µ) = ργP (Ti)(1 + δργ/ργ) =

I3

π2
T 4
i (1 + δργ/ργ), (3.46)

and

nγBE =
I2

π2
T 3
e φ(µ) = nγP (1 + δnγ/nγ) =

I2

π2
T 3
i (1 + δnγ/nγ), (3.47)

where Ti represents the temperature of the radiation before injection. For small chemical

potentials, we may solve equations (3.46) and (3.47) simultaneously to obtain:

µpred(zh) '
1

2.143

[
3
δργ
ργ
− 4

δnγ
nγ

]
µ� 1, (3.48)

to first order in the perturbations. The numerical factor comes from 8I1/I2 − 9I2/I3. This

is the chemical potential established near the epoch of heating zh after a time t > tK but

before photon-creating processes have taken effect.

The end state Bose-Einstein spectrum is independent of the precise form of the

injection and is a function of the total number of photons and energy density of the pho-

tons injected. This is a very powerful result. For instance, direct heating of the elec-

trons is equivalent to injecting a negligible number of high energy photons. Furthermore,

an arbitrary distribution of injected photons can be parameterized by the single quantity

µ(δnγ/nγ , δργ/ργ) alone. Given the independence of the evolution to the specifics of the

injection for most cases, it is convenient to employ injections which may be represented as

“delta functions” (i.e. peaked functions localized in frequency) located at some frequency

xh.

Let us examine the qualitative behavior of equation (3.48). Injection of energy

even in the form of photons tends to heat the electrons and cause Te > Ti [see equation

(3.38)]. Since the number of photons in a blackbody is proportional to T 3, this would make

the spectrum underpopulated with respect to the blackbody at Te. However, this deficit

of photons can be partially or wholly compensated by the number of photons involved in

the injection. In fact, unlike the case of pure electron heating where δnγ/nγ = 0, the

chemical potential can become negative if the energy is injected at a frequency xh ∼< 3.6.

An even more curious effect happens if energy is injected either at, or symmetrically about,

this critical value. In this case, the number of photons and the corresponding energy

injected is just enough so that the electrons are heated to a temperature at which there are
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exactly enough photons to create a blackbody spectrum. This implies that an arbitrarily

large amount of energy may be injected at this critical frequency and, given sufficient time

for the photons to redistribute, still leave µ = 0, i.e. the spectrum will remain a perfect

blackbody. This effect will be considered more carefully in §3.3.4. Presumably, however,

any physically realistic process will inject photons over a wide range of frequencies and

destroy this balance.

In the absence of number changing processes, negative chemical potential spectra

become Bose-Einstein condensates from the downscattering of excess photons [87]. However,

although it may be that double Compton scattering and bremsstrahlung are ineffective near

the frequency of injection, their effect at low frequencies plays a crucial role in the evolution

of the whole spectrum. Compton scattering will move excess photons downward in frequency

only until they can be absorbed by double Compton scattering and/or bremsstrahlung. We

therefore expect stability against condensation if |µ| is less than or equal to the frequency

at which the photon absorbing processes are effective. This limits the range of accessible

negative chemical potentials. To better quantify these considerations, we must examine the

role of number changing processes in thermalization. It is to this subject we now turn.

3.2.3 Blackbody Formation

Blackbody formation must involve bremsstrahlung and/or double Compton scat-

tering to create and destroy photons and reduce the chemical potential to zero. Let us

examine the rates of these processes. The full kinetic equation (3.21) shows that at high

redshifts, Compton and double Compton scattering will dominate over bremsstrahlung.

Thus early on, double Compton scattering will be responsible for creating/absorbing pho-

tons at low frequencies, while Compton scattering will redistribute them in frequency. The

net effect will be that a blackbody distribution is efficiently established. Notice that (3.16)

and (3.19) imply that double Compton scattering and bremsstrahlung become increasingly

efficient as the photon frequency decreases. Even at low redshifts, bremsstrahlung can

return the spectrum to a blackbody form at low frequencies.

Now let us examine the rates quantitatively. It is useful to define an optical depth

to absorption by the double Compton or bremsstrahlung processes.

τabs =
∫ t

th

dt′(t−1
br + t−1

dc )
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'
1

3

texp
tbr

+ 2
texp
tbr

, (3.49)

where the last line assumes radiation domination. For the double Compton process, we

also assume the integral (3.20) I(t) ' IP , as is appropriate if deviations from a Planck

distribution in the high frequency regime are small. Note that if there were no photons to

begin with, I(t) = 0 and double Compton scattering does not occur. This is because there

must be an incoming photon for the scattering to take place. Double Compton scattering

itself cannot create a Planck distribution ex nihilo. Bremsstrahlung can since it only needs

electrons and ions in the initial state.

Thus above the redshift at which tbr = tdc, double Compton should be the domi-

nant photon-creating process. This occurs at

zdc,br ' 8.69× 105(xeΩbh
2)2/5Θ

−11/5
2.7 [g(xp)]

2/5, xp � 1, (3.50)

which is roughly independent of frequency due to similar scaling of their rates. For estima-

tion purposes, we assume that Te ' T here and below.

Ignoring Compton scattering for the moment, we can write down the kinetic equa-

tion as a trivial ordinary differential equation

∂f

∂τabs
=

1

exp − 1
− f, (3.51)

where we hold the frequency xp fixed. This has the immediate solution

f(τabs, xp) = (exp − 1)−1 {1− [1− f(0, xp)]exp(−τabs)} . (3.52)

The initial spectrum f(0, xp) is exponentially damped with optical depth leaving a black-

body in its place. This is natural since the fraction of photons which have not been affected

by absorption decreases as e−τabs.

When the optical depth to absorption drops below unity, thermalization becomes

inefficient. As equation (3.49) shows, this is approximately when the absorption time scales

tbr and tdc equal the expansion time scale texp. Since the absorption rate is frequency

dependent, the photon absorbing processes are effective below a frequency

xexp,br ' 1.1× 10−2(1− Yp/2)−1/2[g(xexp,br)]
1/2xeΩbh

2Θ
−11/4
2.7 z1/4,

xexp,dc ' 4.3× 10−10(1− Yp/2)−1/2(xeΩbh
2)1/2Θ−1

2.7z
3/2, (3.53)
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where tbr(xexp,br) = texp and tdc(xexp,dc) = texp. Combining the two, we obtain

x2
exp = x2

exp,br + x2
exp,dc, (3.54)

as the frequency above which photon creation and absorption are ineffective.

Now let us include Compton scattering. The time-scale for establishing a Bose-

Einstein distribution via Compton scattering tK is independent of frequency. We therefore

expect that the number-changing processes will dominate over Compton scattering below

the frequency at which the rates are equal. For xp � 1, we may approximate this as:

xc,br ' 8.0× 101[g(xc,br)]
1/2(xeΩbh

2)1/2Θ
−9/4
2.7 z−3/4,

xc,dc ' 3.0× 10−6Θ
1/2
2.7 z

1/2, (3.55)

where tbr(xc,br) = tK(xc,br) and tdc(xc,dc) = tK(xc,dc). Note that g(xp) is only logarithmi-

cally dependent on frequency. Let us define,

x2
c = x2

c,br + x2
c,dc. (3.56)

Above the frequency xc, the spectrum will be Bose-Einstein given sufficient time to establish

equilibrium. This is true even if number changing processes are effective compared with

the expansion because the created photons are rapidly carried away by Comptonization to

higher frequencies. Below this frequency, the spectrum returns to a Planck distribution if

either the bremsstrahlung or double Compton processes are effective compared with the

expansion.

Figure 3.3 displays these critical frequencies and redshifts for the representative

choices of Ωbh
2 = 0.025 and 0.0125. Notice the transition to double Compton scattering

dominance for z > zdc,br and small deviations from the simple power law approximations

for xp ' 1 and z < zeq. Here Ω0h
2 = 0.25, but the total matter content plays only a small

role in the thermalization process, entering only through the expansion rate for z < zeq.

3.3 Low Frequency Evolution

The quantitative study of thermalization involves the time evolution of the spec-

trum. Let us assume that it is distorted at a reheat redshift zh by some non-equilibrium

process that injects an arbitrary amount of energy and/or photons into the CMB. In this

general case, thermalization must be studied numerically. However, we shall see that for
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Figure 3.3: Critical Frequencies and Redshifts
Comparative rates for an Ω0h

2 = 0.25 universe and Ωbh
2 = 0.0125 (heavy) and 0.025

(light) Solid line is xc, dashed line is xexp, long dashed lines represent critical redshifts as
labeled.

small distortions, analytic approximations are accurate and useful in understanding the

thermalization process.

We shall see that thermalization to blackbody is determined at low frequencies

where photons are most efficiently created and destroyed. Moreover, the low frequency

regime carries the largest temperature distortions and is not yet well constrained by obser-

vation (see Fig. 1.1 and note that xp = 1 is ν = 1.9cm−1).

At last scattering z∗, early spectral distortions are frozen in. However, Compton

energy exchange is already ineffective at a higher redshift zK . Up to z = zK , Compton

scattering moves the photons produced at low frequencies up or excesses at high frequencies

down. It therefore plays a crucial role in the reduction of the chemical potential. After

z < zK , the high frequency chemical potential distortion is effectively frozen in, but the low

frequency side can continue to evolve under bremsstrahlung.

An analytic approximation first employed by Zel’dovich and Sunyaev [185] and

extended by Danese and De Zotti [41] to include double Compton scattering is quite useful

for understanding the evolution. It assumes that one or more of the three processes are

effective enough to establish quasi-static conditions:(
∂f

∂t

)
=

(
∂f

∂t

)
K

+

(
∂f

∂t

)
br

+

(
∂f

∂t

)
dc

' 0, (3.57)
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i.e. the rate of change of the spectrum can be considered slow. Because of the frequency

dependence of double Compton scattering and bremsstrahlung, equation (3.57) is valid for

the entire spectrum only when z � zK .

3.3.1 Chemical Potential Era

Let us first consider early evolution. We may always re-express the spectrum in

terms of a frequency-dependent “chemical potential,”

f(xp) =
1

exp[xp + µ′(xp)]− 1
, (3.58)

without loss of generality. The complete kinetic equation in the quasi-static approximation,

i.e. equation (3.57), then becomes

1

x2
p

d

dxp

[
x4
p

exp[xp + µ′(xp)]

(exp[xp + µ′(xp)]− 1)2

dµ′

dxp

]
=(

tK
tbr

+
tK
tdc

IBE
IP

)
exp

exp − 1

exp[µ′(xp)]− 1

exp[xp + µ′(xp)]− 1
. (3.59)

If we make the further approximation that g(xp) ' g(xc,br), we may express this as

1

x2
p

d

dxp

[
x4
p

exp[xp + µ′(xp)]

(exp[xp + µ′(xp)]− 1)2

dµ′

dxp

]
= 4x2

c

exp

x3
p

exp[µ′(xp)]− 1

exp[xp + µ′(xp)]− 1
, (3.60)

for xp � 1. Here we have used the relations tK/tbr = (xc,br/xp)
2 and tK/tdc = (xc,dc/xp)

2.

For µ′(xp)� xp, equation (3.60) has the solution

µ′(xp) = C1exp[−2xc/xp]. (3.61)

We have taken the solution corresponding to µ′(0) = 0, since at very low frequency the

spectrum is a Planck distribution. At high frequencies xp � xc, we expect that the spectrum

will be Bose-Einstein with chemical potential µ. Thus if µ < xc as is relevant for small

distortions, the two solutions must match at the junction, i.e. C1 = µ.

It is convenient to describe these distortions from a blackbody spectrum as a ratio

of the frequency dependent effective temperature to the temperature of an equilibrium

distribution at Te before last scattering,

T

Te
=

xp
ln[(1 + f)/f ]

. (3.62)
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Figure 3.4: Low Frequency Evolution

Positive chemical potentials. Initial spectrum: injection at xh = 6, zh = 6 × 105 with
δnγ/nγ = 2.5 × 10−3, δργ/ργ = 5.5 × 10−3, for Ω0h

2 = 0.25, Ωbh
2 = 0.025. (a) Estab-

lishment of the Bose-Einstein spectrum, 4.75 × 105 < z < 6.00 × 105 where z5 = z/105

and curves are equally spaced in redshift. (b) Quasi-static evolution, z∗ < z < 3.5 × 105

and Bose-Einstein freeze out zK < z < z∗. Long dashes represents best fit Bose-Einstein
spectrum and the undistorted Planck distribution.

Notice that a spectrum of the form given by equation (3.61) obtains its peak distortions at

xpeak = 2xc, µ < xc(z) (3.63)

at a value (
ln
T

Te

)
max

= ln

(
1 +

C1

xce

)
= ln

(
1 +

µ

2xce

)
. (3.64)

Figure 3.4 shows the evolution of a spectrum, with µ(zh) > 0 (δnγ/nγ = 2.5 ×

10−3, δργ/ργ = 5.5 × 10−3) from the heating epoch zh = 6 × 105 to recombination. In

Fig. 3.4a, the initial delta function injection is thermalized by Compton scattering and

forms a Bose-Einstein distribution at high frequencies on a time scale comparable to tK .

Figure 3.4b displays the further quasi-static evolution of the spectrum and the gradual

freeze-out of the processes for z ∼< zK ' 5 × 104. Notice that significant evolution of the

low frequency spectrum occurs between z∗ < z < zK , where quasi-static equilibrium cannot

be maintained across the spectrum.

It is instructive to consider the evolution of this spectrum in some detail. Figure

3.4a displays the process of chemical potential formation via Compton scattering. At the

epoch of heating zh, the energy injected rapidly heats the electrons by Compton heating.
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Initially, the temperature of the photons is thus lower than Te across the spectrum. There-

fore, there is a deficit of photons in comparison with a Planck distribution at temperature

Te. Scattering off hot electrons then comptonizes the spectrum, causing low frequency pho-

tons to gain energy. The high frequency deficit is consequently reduced at the expense of

the low frequency until a Bose-Einstein distribution is attained at high frequencies. At this

point, the spectrum ceases to evolve rapidly and comes into quasi-equilibrium. Bremsstrah-

lung and at the low redshifts considered here, to a lesser extent double Compton scattering,

supplies photons at low frequencies. Thus the low frequency spectrum returns to a black-

body distribution at xp � xc(z). The overall spectrum is described well by equation (3.61).

For example, at z = 4.75 × 105, xpeak ' 6 × 10−3 whereas 2xc = 5.6 × 10−3. The peak

value is slightly underestimated by (3.64) due to the finite rate of Compton scattering. The

peak amplitude of distortions is (logT/T0) = 0.184 whereas equation (3.64) predicts 0.183.

The chemical potential is accurately predicted by equation (3.48): at z = 4.75 × 105 has

a high frequency tail with µ = 3.05 × 10−3 whereas µpred = 3.06 × 10−3.

Figure 3.4b displays the subsequent quasi-static evolution of the spectrum. At

xc(z) < xp < xexp(z), photons are effectively produced and can be scattered up to affect the

high frequency spectrum (i.e. reduce the chemical potential). Low frequency photons pro-

duced at xp < xc(z) are absorbed by inverse bremsstrahlung and inverse double Compton

scattering before they can be scattered up in frequency. Under the joint action of Compton

scattering and the photon-creating processes, the spectrum evolves under equation (3.61).

The peak of the distortion moves to higher frequencies since photons created by brems-

strahlung and double Compton scattering reduce the low frequency distortions. Higher

frequency distortions are also affected as the newly created photons are scattered to higher

and higher frequencies. However at these low redshifts, there is insufficient time to alter

the chemical potential significantly. We will return to consider these effects in §3.4.

3.3.2 Chemical Potential Freeze Out

Compton upscattering ceases to be effective when the fractional energy shift drops

below unity. Numerical results [24, 79] show that at τK = 16 or after

zfreeze = 4
√

2zK

= 4.01× 104(1− Yp/2)−1/2(xeΩbh
2)−1/2Θ

1/2
2.7 , (3.65)
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Figure 3.5: Low Frequency Spectrum

Positive chemical potentials (a) Comparison with analytic results. Initial spectrum: in-
jection with δnγ/nγ = 1.2 × 10−3, δργ/ργ = 2.7 × 10−3 at xh = 6, zh = 4 × 105 for
Ω0h

2 = 0.25, Ωbh
2 = 0.025. The spectrum evolves significantly from Bose-Einstein

freeze out at zc = 4
√

2zK due to bremsstrahlung at low frequencies. The analytic es-
timation of the absorption optical depth provides an accurate description of the spec-
trum. (b) Baryon dependence of bremsstrahlung absorption. Initial spectrum: injection
with δnγ/nγ = 1.2 × 10−2, δργ/ργ = 2.7 × 10−2 at xh = 6, for Ω0h

2 = 0.25.,
Ωbh

2 = 0.0025, zh = 1.2 × 106 and Ωbh
2 = 0.10, zh = 1.5 × 105. The peak distortion

measures the baryon content.

assuming radiation domination, the spectrum begins to deviate from Compton quasi-equi-

librium equation (3.58),

f(zfreeze, xp) = [exp(xp + µe−2xc(zfreeze)/xp)− 1]−1. (3.66)

However number changing processes are still effective at low frequencies (see Fig. 3.4b) and

continue to return the spectrum to blackbody at higher and higher frequencies.

Let us see how to characterize the distribution [40, 24]. The kinetic equation in

the absence of Compton upscattering can be described by the quasistatic condition

∂f

∂t
'
(
∂f

∂t

)
br

+

(
∂f

∂t

)
dc

' 0. (3.67)

We have already shown in equation (3.52) that its solution given an initial spectrum

f(zfreeze, xp) is

f(z, xp) = (exp − 1)−1{1− [1− f(zfreeze, xp)]exp(−τabs(zabs, xp))}, (3.68)

where zabs is the redshift at which photon creating processes can act independently of

Compton scattering. If bremsstrahlung dominates over double Compton scattering and
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Figure 3.6: Negative Chemical Potentials

Initial spectrum: injection at xh = 1, zh = 6× 105 with δnγ/nγ = 7.5× 10−3, δργ/ργ =
2.7 × 10−3, for Ω0h

2 = 0.25, Ωbh
2 = 0.025. (a) Establishment of the Bose-Einstein

spectrum 4.75 × 105 < z < 6.00 × 105 where z5 = z/105 (equally spaced in redshift).
(b) Quasi-static evolution and freeze out z∗ < z < 3.5 × 105. The analytic approximation
for bremsstrahlung absorption is adequate but less accurate than for positive chemical
potentials.

radiation over matter,

τabs(zabs, xp) = 2
texp(zabs)

tbr(zabs, xp)
= 1, (3.69)

but bremsstrahlung only returns the spectrum to a blackbody after

tK(zabs)

tbr(zabs, xp)
= 1. (3.70)

Thus the optical depth reaches unity and can create a blackbody only after

2
texp(zabs)

tK(zabs)
= 1. (3.71)

Employing equation (3.34), we obtain the absorption redshift for equation (3.68)

zabs =
√

2zK (3.72)

' 1.00× 104(1− Yp/2)−1/2(xeΩbh
2)−1/2Θ

1/2
2.7 , (3.73)

which is of course close to but not exactly equal to zK . As Fig. 3.5a shows, the agreement

between this approximation and the numerical results is excellent. Notice that the final low

frequency spectrum is quite sensitive to the baryon content Ωbh
2 since it is bremsstrahlung

that returns the spectrum to blackbody (see Fig. 3.5b).
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3.3.3 Negative Chemical Potentials

The simple analysis of energy and number balance of equation (3.48) shows us

that negative chemical potentials are possible if the injection involves substantial photon

number. Unlike positive chemical potentials however, at xp ≤ |µ|, the spectrum becomes

unphysical and requires the presence of photon absorbing processes to insure stability. If

the predicted µ ∼< xexp(z), absorption is rapid enough to stabilize the spectrum. If not,

down scattering will continue until µ is reduced to this level. Let us therefore first consider

small negative chemical potentials where the stability criterion is satisfied.

Figure 3.6 displays the time evolution of a small µ < 0 injection (δnγ/nγ =

7.5 × 10−3, δργ/ργ = 2.7 × 10−3, zh = 4 × 105) for Ω0h
2 = 0.25, Ωbh

2 = 0.025. Thermal-

ization progresses in Fig. 3.6a as excess photons are downscattered until quasi-equilibrium

is established with a µ < 0 high frequency tail. In this case, number changing processes are

effective at the xp = |µ| instability and equation (3.48) gives a reasonable approximation

to the chemical potential: µ = −9.8 × 10−3, µpred = −1.0 × 10−2. Quasi-static evolution

is shown in Fig. 3.6b. During this stage, a small negative chemical potential behaves very

much like a small positive chemical potential and obeys the form given by equation (3.61).

After zK , bremsstrahlung and double Compton scattering no longer have to compete with

Compton scattering and sharply reduce the low frequency distortions, leaving the high fre-

quency spectrum untouched. Again, the evolution of the spectrum between zK and zrec

moves the peak of the distortion slightly upward in frequency. The analytic prediction of

equation (3.68) accurately locates the frequency of the peak distortion but somewhat over-

estimates its magnitude due to the instability at xp ≤ |µ|. For larger negative chemical

potentials, this instability leads to rapid evolution as we shall show in §3.4.

3.3.4 Balanced Injection

One exceptional case is worth considering. When energy and number balance

predicts µ ' 0 by equation (3.48), a more careful analysis is necessary. For injection at the

critical frequency, xh ' 3.6, µ vanishes to first order in the perturbations. However, there is

a difference between a µ ' 0 case in which δnγ/nγ and δργ/ργ are balanced so as to in effect

cancel, and a case in which µ ' 0 purely due to the intrinsic smallness of perturbations.

Given sufficient time, the two will evolve toward the same final spectrum. However, the

spectrum may not reach equilibrium by recombination since in the balanced case we can
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Figure 3.7: Balanced Injection

The number and energy injection are balanced to give µ = 0 after reshuffling by Compton
scattering. (a) Initial spectrum: injection at xh = 3.7, zh = 2.5 × 105 with δnγ/nγ =
0.16, δργ/ργ = 0.22 for Ω0h

2 = 0.25, Ωbh
2 = 0.025. Dashed lines are best analytic fit

for high frequencies (Bose-Einstein with negative chemical potential) and low frequencies
(exponentially suppressed positive chemical potential). Note that low frequency distortions
can be much larger than high frequency distortions would imply. (b) Time evolution of
the spectrum for the same parameters as (a) save that zh = 3.0 × 105, 4.0 × 105, 5.0 ×
105, 6.0 × 105, 7.0 × 105 in order of decreasing distortions.

inject an arbitrarily large amount of energy. Large distortions take longer to thermalize

even under Compton scattering. Specifically, the spectrum does not relax down to the final

equilibrium configuration implied by equation (3.48) on a time-scale tK . Instead, another

type of quasi-equilibrium spectrum is established which in turn relaxes toward the actual

equilibrium at a slower rate.

At injection, the electrons are heated as in the case of a positive chemical poten-

tial. Photons are then scattered up from low frequencies leaving a low frequency deficit

of photons. However, just as in the case of the negative chemical potential, there is also

an excess of photons at high frequencies. In fact, there is exactly the number needed to

fill in the deficit at low frequencies. A quasi-equilibrium spectrum forms in which the high

frequency spectrum behaves like a Bose-Einstein distribution with negative chemical po-

tential, whereas the low frequency spectrum mimics one of a positive chemical potential.

Given sufficient time, redistribution in frequency will reduce both the high frequency excess

and the low frequency deficit. However, it is quite possible that the Comptonization process

will freeze out before this has occurred.

Figure 3.7a displays an example. A large injection, δnγ/nγ = 0.16, δργ/ργ = 0.22,
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is introduced at xh = 3.7 and zh = 2.5 × 105 in a universe with Ω0h
2 = 0.25, Ωbh

2 = 0.015.

The small shift in the critical frequency is due to the finite width of our so called “delta

function” injection and second order effects. The high frequency spectrum fits well to

µ = −2.89 × 10−3, whereas the low frequency spectrum behaves as if µ ' 10−2 – almost

an order of magnitude greater than the actual chemical potential at high frequencies.

If the injection occurs at earlier times, we expect that distortions will be reduced

by the mechanism described above. Figure 3.7b displays the dependence on zh for the

same initial spectrum described for Fig. 3.7a. In order of decreasing distortions, the curves

represent zh = 3.0 × 105, 4.0 × 105, 5.0 × 105, 6.0 × 105, 7.0 × 105. The high frequency

regions can be fit to a Bose-Einstein spectrum of µ = −1.35 × 10−3, −3.22 × 10−4, −8.02 ×

10−5, −2.87 × 10−5 and µ ' 0 respectively. For a redshift of zh = 7.0 × 105, the

spectrum is fully thermalized under Compton scattering, leaving essentially no distortions

from blackbody.

Notice also that even these curious spectra retain the same structure for the peak

temperature distortion. This is because the analysis above for the location of the peak

depends only on the balance between the number-changing processes and Compton scatter-

ing. This balance, in turn, depends on Ωbh
2 alone not the details of the positive, negative,

or “zero” chemical potential injection. Equivalently, a measurement of the peak frequency

yields information on the baryon density Ωbh
2 of the universe.

3.4 High Frequency Evolution

In §3.3.4, we have seen a special case in which the chemical potential can evolve

purely under Compton scattering. However in the general case, the chemical potential only

evolves if photons can be produced or absorbed at low frequencies. Furthermore, significant

evolution of the high frequency spectrum, xp � xc, can only occur at z > zK since Compton

scattering must be effective to redistribute these photons.

3.4.1 Analytic Approximations

The low frequency behavior governs the rate at which photons may be produced

or absorbed and thus is critical in determining the evolution of the chemical potential. If

there is no energy release after the epoch of heating zh, the rate of change of the chemical

potential can be derived in a fashion similar to equation (3.48) for a static chemical potential.
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If we consider the number and energy density in the spectrum to be dominated by the high

frequency Bose-Einstein form, equations (3.43) and (3.41) tell us

1

a3nγBE

da3nγBE
dt

=
1

nγP

dnγP
dTe

dTe
dt

+ 3
1

a

da

dt
+

1

φ

dφ

dµ

dµ

dt
,

1

a4ργBE

da4ργBE
dt

=
1

ργP

dργP
dTe

dTe
dt

+ 4
1

a

da

dt
+

1

ψ

dψ

dµ

dµ

dt
= 0. (3.74)

We may solve these two equations simultaneously to obtain:

dµ

dt
= −

(
4

a3nγBE

da3nγBE
dt

)
/B(µ), (3.75)

where

B(µ) = 3
d lnψ(µ)

dµ
− 4

d lnφ(µ)

dµ
. (3.76)

Equation (3.75) was first derived by Sunyaev and Zel’dovich [162].

The rate of change of the number density is given by integrating the kinetic equa-

tion (3.21):

1

a3nγBE

da3nγBE
dt

=
1

I2φ(µ)

∫
dxpxp

2 ∂fBE
∂t

=
1

I2φ(µ)

(
IBE
IP

Jdc + Jbr

)
, (3.77)

where IBE is defined in equation (3.45) and

Jdc =
∫ xM

0
dxpx

2
p

1

tdc

[
1

exp − 1
− f

]
,

Jbr =

∫ ∞
0

dxpx
2
p

1

tbr

[
1

exp − 1
− f

]
. (3.78)

We have introduced a cutoff xM ' 1 in the integration for the double Compton scattering

source term since the kinetic equation (3.17) is not valid for high frequencies. However,

since double Compton scattering is extremely inefficient at high frequencies, we expect that

the error involved in truncating the integral is negligible.

As we can see from equation (3.78), the change in the number of photons depends

on the integral of the low frequency spectrum. From equation (3.61), we employ

f(t, xp) =
1

exp[xp + µ(t)exp(−2xc/xp)]− 1
, (3.79)

which is valid for small chemical potentials, µ(t) < xc. In the limit that only double

Compton scattering is effective, we obtain

dµ

dt
= −

µ

tµ,dc(z)
, (3.80)
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by employing equation (3.75). Here,

tµ,dc(z) =
1

2
BI2

tK
xc,dc

= 2.09× 1033(1− Yp/2)−1(xeΩbh
2)−1Θ

−3/2
2.7 z−9/2s. (3.81)

As one might have guessed, the time scale is on order the Compton upscattering time

tK weighted by the portion of the spectrum where photons can be created and efficiently

upscattered. The solution at the present time is

µ(z = 0) = µ(zh)exp[−(zh/zµ,dc)
5/2], (3.82)

with

zµ,dc = 4.09× 105(1− Yp/2)−2/5Θ
1/5
2.7 (xeΩbh

2)−2/5. (3.83)

This solution was first obtained by Danese and De Zotti [41].

For the case that bremsstrahlung dominates, a very similar equation holds:

dµ

dt
= −

µ

tµ,br(z)
, (3.84)

where

tµ,br(z) =
1

2
BI2

tK
xc,br

,

' 3.4× 1025(1− Yp/2)−1(xeΩbh
2)−3/2Θ

5/4
2.7 z

−13/4s, (3.85)

and we have approximated g(xc,br) ' 5.4. These equations yield the solution

µ(z = 0) = µ(zh)exp[−(zh/zµ,br)
5/4], (3.86)

where

zµ,br ' 5.6× 104(1− Yp/2)−4/5(xeΩbh
2)−6/5Θ

13/5
2.7 . (3.87)

Let us call the smaller of these two redshifts zµ. The characteristic redshifts for double

Compton scattering and bremsstrahlung are equal for a universe with

Ωbh
2
dc,br ' 0.084(1− Yp/2)−1/2x−1

e Θ3
2.7. (3.88)

For a universe with a higher baryon density, bremsstrahlung should dominate the evolution

of the chemical potential.
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Figure 3.8: Positive Chemical Potential Evolution

(a) Small µ. Initial spectrum: injection of δnγ/nγ = 5.4×10−3, δργ/ργ = 2.0×10−2 (top)
and of δnγ/nγ = 2.5× 10−3, δργ/ργ = 5.5× 10−3 (bottom) (b) Large µ. Initial spectrum:
injection of δnγ/nγ = 1.5 × 10−1, δργ/ργ = 5.5 × 10−1 (top) and of δnγ/nγ = 4.4 ×
10−2, δργ/ργ = 1.6× 10−1 (bottom). All injections at xh = 6 with Ω0h

2 = 0.25, Ωbh
2 =

0.025.

3.4.2 Numerical Results

The analytic solutions are only valid in the case µ(z) < xc(z) � 1, for all z. In

many cases, µ(z) < xc(z) during some but not all epochs of interest z < zh. Furthermore, a

small chemical potential today could have originated from a large distortion µ ∼> 1 at high

redshifts. Thus we must examine the behavior numerically and look for deviations from the

forms of equations (3.82) and (3.86).

Let us now examine the evolution of the chemical potential in a low Ωbh
2 universe

as implied by nucleosynthesis. Numerical solutions suggest that equation (3.82) is indeed a

good approximation for sufficiently small chemical potentials. The bottom curve of Fig. 3.8a

shows such a case (the solid line is the numerical result, the dotted line is the best fit) for

a initial spectrum µ(zh) = 3.15 × 10−3 with Ω0h
2 = 0.25, Ωbh

2 = 0.025. For comparison,

zµ,pred = 1.9 × 106 whereas zµ,fit = 2.0 × 106. For very low redshifts, there has been

insufficient time to scatter photons upwards in frequency to establish a perfect Bose-Einstein

spectrum. Thus the effective chemical potential deviates toward larger distortions that

equation (3.48) predicts. The top curve of Fig. 3.8a shows an intermediate case: µ(zh) =

1.84 × 10−2 for Ω0h
2 = 0.25, Ωbh

2 = 0.025. We see that equation (3.82) still describes the

evolution adequately but not entirely. The best fit value of the critical redshift has shifted
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Figure 3.9: Negative Chemical Potential Evolution

(a) Time evolution and instability: (A) δnγ/nγ = 7.5 × 10−3, δργ/ργ = 2.7× 10−3; (B)
δnγ/nγ = 1.5×10−2, δργ/ργ = 5.5×10−3; (C) δnγ/nγ = 3.8×10−2, δργ/ργ = 1.4×10−2;
(D) δnγ/nγ = 7.5 × 10−2, δργ/ργ = 2.7 × 10−2; (E) δnγ/nγ = 1.5 × 10−1, δργ/ργ =
5.5×10−2; (F) δnγ/nγ = 3.0×10−1, δργ/ργ = 1.1×10−1. All for injection at xh = 1 with
Ω0h

2 = 0.25, Ωbh
2 = 0.025. (b) High baryon case. (A) δnγ/nγ = 1.5× 10−1, δργ/ργ =

5.5× 10−2; (B) δnγ/nγ = 3.0× 10−1, δργ/ργ = 1.1× 10−1, for injections at xh = 1 with
Ω0h

2 = 0.25, Ωbh
2 = 0.10.

upwards however, zµ,fit = 2.2 × 106. This is because µ > xc(z) for a significant portion of

the evolution and the spectrum evolves more slowly than the exponential suppression given

in equation (3.82) suggests.

We can see this effect quite clearly for larger chemical potentials. Figure 3.8b

shows such an evolution again for Ω0h
2 = 0.25, Ωbh

2 = 0.025. The top curve has an initial

spectrum with µ(zh) = 4.9 × 10−1 and the bottom µ(zh) = 1.6 × 10−1. Dashed lines

represent the predictions of equation (3.82). For redshifts much less than zµ, the chemical

potential stays roughly constant, evolving more slowly than predictions. However, the fall

off at high redshifts is correspondingly much more precipitous than equation (3.82) would

imply. The effective redshift at which a substantial suppression of the chemical potential

occurs is increased but only by a factor of order unity. Attempts to fit the curves to the form

of equation (3.82) yield zµ,fit = 3.5 × 106, 3.0 × 106 for (A) and (B) respectively. Note

that in these cases, unlike Fig. 3.8a, the form of equation (3.82), even leaving zµ arbitrary,

does not accurately trace the evolution. In general then, a large positive chemical potential

will exhibit stability up to a redshift z ' zµ and then fall dramatically.

For negative chemical potentials, the spectrum can only establish such a quasi-

static equilibrium as required for the analytic form if |µ| < xexp(zµ). For larger negative
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chemical potentials and z > zµ, inverse double Compton scattering absorbs excess photons

and returns the distribution to |µ| ' xexp(zµ) nearly instantaneously. Thus regardless of

initial input of photons the evolution for z > zµ will be approximately the same. Figure

3.9 displays this effect for Ω0h
2 = 0.25, Ωbh

2 = 0.025. Here, we inject successively larger

numbers of photons and energies at the same frequency xh = 1 (see figure captions for

details). At high redshifts, we see that µ(z) saturates at some maximum value regardless of

the initial input. For lower redshifts z < zµ, double Compton scattering is not sufficiently

efficient and must wait for Compton scattering to bring photons down to low enough fre-

quencies to be absorbed. As can be seen in Fig. 3.9, large negative chemical potentials

are rapidly evolved away under such a process. Quasi-equilibrium is never established and

deviations from equation (3.82) are large. Small negative chemical potentials (A) exhibit

the same stability as positive chemical potentials at redshifts z < zµ. Note also that this

effect is only weakly dependent on Ωbh
2 (assuming double Compton scattering dominance):

xexp,dc(zµ) ' 0.1(xeΩbh
2)−1/10Θ

−7/10
2.7 , (3.89)

and so the critical chemical potential µc ∼ −xexp(zµ) is roughly independent of both energy

injection and Ωbh
2. Fig. 13 (curves A, B) shows the evolution of the same initial spectra

as Fig. 12 (curves E, F) for Ωbh
2 = 0.10. Notice that µc is roughly the same in both

cases. Of course, we expect the estimate of the numerical constant above to be extremely

crude, since zµ itself is only an order of magnitude estimate of the epoch of effectiveness

of double Compton scattering. Figures 12 and 13 show that the actual value is µc '

−0.02 and is reasonably independent of Ωbh
2. Thus, elastic and double Compton scattering

conspire to eliminate negative chemical potentials greater than a few percent. This result

is approximately independent of the details of injection given reasonable choices of the

cosmological parameters.

In summary, the analytic formulae equations (3.82) and (3.86) describe the evolu-

tion adequately (to order of magnitude) within the range −10−2
∼< µ ∼< 1. The existence

of a small positive chemical potential would place tight constraints on the energy injection

mechanism. If the injection took place at zK < z < zµ, the energy injected would have to be

correspondingly small. Only if it took place in the narrow region, zµ < z < few× zµ, would

a large energy injection and a small chemical potential be consistent. Any earlier, and an

arbitrarily large injection would be thermalized. On the other hand, the existence of a small

negative chemical potential is not a priori as restrictive, since a large amount of energy can
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Figure 3.10: Comparison with Observational Data

Observational low frequency data compared with (a) numerical results for µ = 0.005
(dotted) and µ = 3.3×10−4 (solid line) with Ωbh

2 = 0.015 and Ω0h
2 = 0.25. Only the latter

satisfies the high frequency FIRAS data [116]. (b) Balanced injection µ = −1.3 × 10−3,
−3.2 × 10−4, −8.0 × 10−5 in the Wien tail. Notice that this special case has large low
frequency and small high frequency distortions.

be injected and still lead to a small value for |µ|. However, for an extremely small negative

chemical potential, µ ∼< −3.3×10−4 as required by observation, these considerations do not

apply since we have determined numerically that the critical chemical potential for stabil-

ity is µ ' −10−2. Extremely small negative chemical potentials are stable and equally as

restrictive as small positive chemical potentials.

The non-existence of µ-distortions of course would rule out non-standard cosmolo-

gies with energy injection in the range zK < z < zµ but say very little about the physics for

z > zµ. The one case that escapes these consideration is the balanced injection scenario.

The chemical potential is driven to zero not by photon-creating processes but by Compton

scattering itself and thus zµ is not the critical redshift for this process. Furthermore, an

arbitrary amount of energy can be injected and still maintain a small chemical potential

even at comparatively low redshifts. However, even this case is likely to leave a low fre-

quency signature which is potentially observable (§3.3.4). Thus the lack of low frequency

distortions would set tight bounds on all possible injections in this redshift range. Let us

now consider the observational status of spectral distortions.
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3.5 Comparisons and Constraints

3.5.1 Observational Data

The COBE FIRAS experiment [116] places tight constraints on the presence of a

Bose-Einstein distortion in the Wien tail, |µ| < 3.3 × 10−4. However, as we have shown

in §3.3, the Rayleigh-Jeans regime is also interesting. It is there that we expect to see

the largest temperature distortions, specifically at the frequency xpeak ' 2xc(zK). For

a positive chemical potential, the effective temperature of the Rayleigh-Jeans part of the

spectrum is lower than that of the Wien tail. Figure 3.10 plots the observational results. As

is immediately obvious, the average effective temperature of the CMB in the Rayleigh-Jeans

region is apparently lower than that of the Wien tail. Note we normalize the distortions so

that “Te” is the temperature of the Wien tail which is fixed by FIRAS to be 2.726K [116]. We

have also plotted the results of our numerical integration for comparison. This marginally

significant distortion implies a quite large chemical potential in the Wien tail (dotted line,

µ = 0.005) that is inconsistent with the FIRAS results. If we were to require that the Wien

distortions be consistent with FIRAS (solid line, µ = 3.3× 10−4), the predicted distortions

in the Rayleigh-Jeans region are far too small to explain the effect of the systematically low

effective temperature.

There exists one loophole: the case of balanced injection (see §3.3.4). Although,

µ → 0 given sufficient Comptonization, the distortions will typically freeze in before this

occurs. Particularly interesting is the fact that Rayleigh-Jeans distortions can be significant

while Wien distortions remain minimal (see Fig. 3.10b). Note that the distortions on the low

frequency side are consistent with large deviations, implied by the low effective temperature

of the measurements, even when high frequency distortions are consistent with the already

restrictive |µ| < 3.3× 10−4. Alternatively, we can say that the injection of a large amount

of energy even for this exceptional case in which high frequency distortions vanish will lead

to significant low frequency distortions in many cases.

Low frequency distortions of this type may eventually be confirmed, and it is there-

fore interesting to see what information can be gained from them. As described in §3.3,

their behavior is governed by the balance between bremsstrahlung and Compton scattering

which is in turn sensitive to Ωbh
2 [see equation (3.55)]. At low frequencies, bremsstrah-

lung returns the spectrum to a Planck distribution. Thus, the critical frequency at which

distortions peak is a measure of Ωbh
2. For illustrative purposes, Fig. 3.11 displays the
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Figure 3.11: Rayleigh-Jeans Baryon Dependence
Predicted spectral distortions with µ = 3.3× 10−4 for Ωbh

2 = 0.0025, 0.015, 0.050, 0.25 in
order of decreasing distortions for Ω0h

2 = 0.25.

spectra obtained numerically for Ωbh
2 = 0.0025, 0.015, 0.050, 0.25 respectively, for a fixed

Bose-Einstein Wien tail with µ = 3.3× 10−4. Note that the distortions are independent of

the heating epoch, zh, and the details of injection as long as the Wien tail is fixed in this

manner. On the other hand, the location of the peak distortions is measurably different for

various choices of Ωbh
2. Even in the balanced case, the dependence of the peak distortion on

Ωbh
2 is essentially unchanged. Thus improved measurements in the Rayleigh-Jeans regime

are desirable for a twofold purpose. If distortions are seen, they will give an interesting

constraint on Ωbh
2 in all possible cases. If they are not seen, it will close the last loophole

in the regime zrec < z < zµ for significant injection of energy. Let us now consider two

specific examples of energy injection constraints implied by the FIRAS measurement.

3.5.2 Constraints on Decaying Particles

If the energy injection arises from the decay of a massive particle, we may translate

the constraint on µ into one on the massmX , lifetime tX and branching ratio fX for decay to

photons of such a species [142, 53, 78]. For this case, the number density of photons injected

is negligible compared with that in the background. Therefore, the spectral distortions are

determined by the integral of the fractional contributions to the CMB energy per comoving

volume during the decay. Assuming that the comoving number density of species X decays
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Figure 3.12: Particle Decay Constraints

FIRAS constraints on µ and y limit the energy injection from massive unstable particles.
Dashed lines are the analytic approximation. Dotted vertical lines mark the approximate
transition between µ and y distortions. In reality the constraint curve makes a smooth
transition between the two. For low Ωbh

2, double Compton dominates the thermalization,
whereas for high Ωbh

2 bremsstrahlung is most efficient.

exponentially in time with lifetime tX , we obtain

δεγ
εγ

=
mX

T (teff)

(
nX
nγ

)
fX , (3.90)

where T (t) is the CMB temperature and (nX/nγ) is the ratio of the number densities before

decay. The functional form of equation (3.90) is identical to the case in which all particles

decayed at a time teff = [Γ(1 + β)]1/βtX for a time temperature relation of T ∝ t−β . Here

Γ is the usual gamma function.

Let us first consider the case of a low Ωbh
2 universe as implied by nucleosynthesis

where double Compton scattering dominates the thermalization process. For small energy

injection, the analytic considerations of §3.4.1 yield

µ0 ' 4.0 × 102
(
tX
s

)1/2

exp
[
− (tµ,dc/tX)5/4

]( mX

1GeV

)
fXnX/nγ

< 3.3× 10−4, (3.91)

where

tµ,dc = 1.46 × 108Θ
−12/5
2.7 (xeΩbh

2)4/5(1− Yp/2)4/5s. (3.92)

We have assumed here that we are in the radiation-dominated epoch where T ∝ t−1/2.
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If Ωbh
2
∼> 0.1, bremsstrahlung dominates and this constraint becomes

µ0 = 4.0 × 102
(
tX
s

)1/2

exp
[
− (tµ,br/tX)5/8

]( mX

1GeV

)
fXnX/nγ

< 3.3× 10−4 (3.93)

where

tµ,br ' 7.7 × 109Θ
−36/5
2.7 (xeΩbh

2)12/5(1− Yp/2)8/5s. (3.94)

The weaker of the two constraints, equations (3.91) and (3.93), is the relevant one to consider

for intermediate cases.

Since the analytic formulae are only valid for small injections of energy δργ/ργ � 1,

we expect deviations from these predictions when particles decay near the thermaliza-

tion epoch. Large distortions are thermalized less rapidly than the analytic approxima-

tions above would imply. Figure 3.12 displays the results of numerical integration for (a)

Ωbh
2 = 0.015 and (b) Ωbh

2 = 0.25. In both cases, particles with a short lifetime that

decay during the critical epoch for thermalization are more stringently constrained than

analytic predictions, also plotted, would suggest. For late decays, Compton scattering can

no longer establish a Bose-Einstein spectrum. Instead, the spectrum can be described by

the Compton-y parameter which is related to the energy release by δργ/ργ = 4y. We also

plot the constraints implied by the most current value of y < 2.5 × 10−5 [116].

3.5.3 Dissipation of Acoustic Waves

Energy injection into the CMB occurs even in standard models for structure for-

mation through the dissipation of acoustic waves by photon diffusion (see §5.2.3). The

energy stored in the perturbations of the spatial distribution of the photons is transferred

to distortions in the spectrum. The lack of observable spectral distortions can be used to

limit the amount of power in acoustic waves before dissipation. By comparing this with the

amount of power measured at large scales by the COBE DMR experiment, we can constrain

the slope of the primordial power spectrum [163, 38, 179, 76].

By employing the relation between energy injection and chemical potential dis-

tortions equation (3.48), we can generalize equation (3.80) for the evolution of chemical

potential distortions to the case where energy is being continuously injected into the CMB,

dµ

dt
' −

µ

tµ,dc
+ 1.4

Q

ργ
, (3.95)
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where Q/ργ is the rate of fractional energy injection. This equation can immediately be

solved as

µ ' 1.4

∫ t(zfreeze)

0
dt
Q(t)

ργ
exp[−(z/zµ,dc)

5/2], (3.96)

where zµ,dc is given in (3.83) and t(zfreeze) is the time of Bose-Einstein freeze out when

energy injection can no longer be thermalized [see equation (3.65)].

The average energy density in a plane acoustic wave in the photon-baryon fluid

is given by ρs ' ργbc
2
s〈∆

2
γb〉, where ργb = ργ + ρb and ∆γb are the density and density

perturbation in the photon-baryon fluid, and the brackets denote an average over an oscil-

lation of the acoustic wave. Since µ distortions arise at z > zfreeze > zeq, we can take the

radiation–dominated limit, where the sound speed is c2
s = 1/3, and

〈δ2
γb〉 ' 〈|∆γ(t, k)|2〉 =

1

2
|∆γ(η, k)|2. (3.97)

Therefore, the rate of fractional energy injection

Q(t)

ργ
= −

∑
k

1

3

d〈|∆γ(k, t)|2〉

dt
. (3.98)

The energy density perturbation in the photons ∆γ in the acoustic phase is discussed in

§5.2.3 and found to be related to the initial potential perturbation Φ(0, k) by

∆γ(t, k) = 6Φ(0, k)exp[−(k/kD)2], (3.99)

for adiabatic perturbations, where the diffusion scale is kD(z) = 2.34 × 10−5Θ2.7(1 −

Yp/2)1/2(ΩBh
2)1/2z3/2 Mpc−1.

To perform the sum over k modes, we must make an assumption about the form

of the initial power spectrum. The simplest and most often employed assumption is a pure

power law k3|Φ(0, k)|2 = Bkn−1 , where n = 1 is the scale-invariant Harrison-Zel’dovich

spectrum. Inserting these expressions into equation (3.96), both the sum over k and the

integral over time can be performed analytically for leading to,

µ = 1.4F (n)
Vx
2π2

36k3
D|Φ(0, kD)|2

∣∣∣∣
z=zµ

, (3.100)

where

F (n) =
1

10
Γ[(n+ 1)/2] Γ[3(n− 1)/5, (zfreeze/zµ)5/2]. (3.101)

with Γ(m, x) as the incomplete gamma function. If n is significantly greater than unity, the

incomplete gamma function Γ(m, x) → Γ(m) since zfreeze/zµ � 1 and F (n) is roughly of

order unity.
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It is easy to interpret this result. If n > 1, the smallest waves carry the most

energy, and the distortion comes almost entirely from the waves that damped at the ther-

malization epoch. Prior to thermalization, no distortion survives due to the rapidity of the

double Compton process. On the other hand if n < 1, the fractional energy injection from

dissipation will be a maximum at the latest relevant time, i.e. recombination. This implies

that the constraint from spectral distortions will come from the upper limit on Compton-y

distortions. However if the spectrum is normalized at large scales, for n < 1 the power

decreases at small scales leaving no useful constraint.

Let us see how perturbations on the damping scale are related to the large scale

temperature fluctuations seen by the COBE satellite. In adiabatic models, these arise

mainly from the Sachs-Wolfe effect,

C` '
9

200
√
π
BV η1−n

0

Γ[(3− n)/2]Γ[`+ (n− 1)/2]

Γ[(4− n)/2]Γ[`+ (5− n)/2]
(3.102)

from equation (6.10), where the observed rms anisotropy is(
∆T

T

)2

rms
=

1

4π

∞∑
`=2

(2`+ 1)W`C`, (3.103)

and is measured to be (∆T/T )rms = 1.12± 0.10× 10−5 [10]. The COBE window function

is approximately W` = exp[−`(` + 1)σ2], with σ = 0.0742 being the gaussian width of

the 10◦ FWHM beam. This relation sets the normalization B for the initial conditions

k3|Φ(0, k)|2 = Bkn−1 as a function of the spectral index n. Substitution back into equation

(3.100) yields the amplitude of the chemical potential distortion.

Note that the dependence on the cosmological parameters Ω0, Ωb, h is quite weak:

approximately µ ∝ (Ω
1/10
b h

6/5
)1−nΩ

(2−n)/2
0 . Hence for n ' 1, µ is completely independent

of h and Ωb. Moreover, µ is nearly independent of Ωb for all n, since raising Ωb makes both

the damping length shorter and the thermalization redshift smaller.

It is also useful to provide an approximate inversion of equation (3.100):

n ' 1 +
ln[C1Ω−0.46

0 µ/(∆T/T )2
10◦]

ln[C2(Ωbh2)−1/10(Ω0h2)−1/2I(Ω0)]
(3.104)

where we find the constants C1 = 5.6× 10−3 and C2 = 8.9× 105 and the small logarithmic

correction I(Ω0) ' 1 − 0.085 lnΩ0. One can verify that this is an excellent approximation

within the range 1.0 < n < 2.0 and the allowable cosmological parameters. Note that the

dependence of n− 1 on µ and the normalization is only logarithmic, and its dependence on
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Figure 3.13: Diffusion Dissipation and Limits on n

Spectral distortions from the dissipation of acoustic waves for an initial adiabatic density
perturbation spectrum of k3|Ψ(0, k)|2 = Bkn−1 in an Ω0+ΩΛ = 1 flat universe, normalized
to give the COBE DMR rms of (∆T/T)10◦ = 1.12 × 10−5. With the uncertainties on
both the DMR and FIRAS measurements, the conservative 95% upper limit is effectively
µ < 1.76 × 10−4. The constraint on n is weakly dependent on cosmological parameters.
We have also plotted the optimistic limit of µ < 0.63× 10−4 discussed in the text.

the cosmological parameters is almost entirely negligible. Even relatively large changes in

µ or the normalization will not greatly affect the constraint on n.

The best fit value of µ to the spectral data from the FIRAS experiment is µ =

−1.2±1.1×10−4 (68% CL) [116]. Naively speaking, this provides an upper limit on positive

µ < 0.6 × 10−4 (95% CL). However since µ ≥ 0 for damping distortions, a more conser-

vative bound is obtained by renormalizing the quoted probability distribution, assumed to

be Gaussian, under the condition that µ is positive. This is clearly the most reasonable

approach if µ < 0 were unphysical, which is not necessarily the case. Nonetheless, since

this method provides a conservative limit, we employ it for the main result of our analy-

sis. Taking into account the COBE DMR measurement errors and adopting a 4µK cosmic

variance, (∆T/T )rms(10◦) = 1.12± 0.18× 10−5 [10], we find

µ

(∆T/T )2
10◦

< 1.4× 104 (95%CL). (3.105)

This would be equivalent to an upper limit of µ < 1.76 × 10−4 for a fixed normalization

at the mean value of the DMR detection. Using equation (3.105), we set a limit on the

slope n < 1.60 for h = 0.5 and n < 1.63 for h = 1.0 (see Fig. 3.13) for Ω0 = 1 with
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similar but slightly less stringent limits for Λ-dominated universes (Ω0 < 1). If we were

even more conservative, using |µ| < 3.3 × 10−4 to imply µ < 3.3 × 10−4, the constraints

shift negligibly: n < 1.65 (h = 0.5) and n < 1.68 (h = 1.0). On the other hand, employing

the more optimistic bound and taking into account the COBE DMR measurement, we

obtain µ < 0.63× 10−4 which implies n < 1.54 (h = 0.5) and n < 1.56 (h = 1.0). These

limits are nearly independent of ΩB and do not change within the nucleosynthesis bounds

of 0.011 < ΩBh
2 < 0.016 [171, 151].


