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Chapter 4

Multifluid Perturbation Theory

It is the nature of things that they are ties to each other.
—Chuang-tzu, 20

In the standard scenario, small perturbations in the early universe grow by gravitational
instability to form the wealth of structure observable today. At the early stages of this
process, relevant for CMB work, fluctuations are still small and can be described in linear
perturbation theory. What makes the problem non-trivial is the fact that different compo-
nents such as the photons, baryons, neutrinos, and collisionless dark matter, have different
equations of state and interactions. It is therefore necessary to employ a fully relativistic
multifluid treatment to describe the coupled evolution of the individual particle species.

In this chapter, we discuss the framework for the evolution of fluctuations. Since
in linear theory, each normal mode evolves independently we undertake a mode by mode
analysis. In open universes, this decomposition implies a lack of structure above the cur-
vature scale for random-field perturbations. We show why this arises and how it might be
avoided by generalizing the random field condition [111]. The evolution itself is governed by
the energy momentum conservation equations in the perturbed space-time and feeds back
into the metric fluctuations through the Einstein equations. In Newtonian gauge, they
generalize the Poisson equation familiar from the non-relativistic theory.

It is often useful to express the evolution in other gauges, e.g. the popular syn-
chronous gauge and the total matter gauge. We discuss the general issue of gauge trans-
formations and their effect on the interpretation of perturbations. Various aspects of the
evolution appear simplest for different choices of gauge. Those that involve the photons are

most straightforward to analyze in Newtonian form where redshift and infall correspond
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to classical intuition. On the other hand, the evolution of the matter and consequently
the metric perturbations themselves becomes simpler on its own rest frame. We therefore
advocate a hybrid representation for perturbations based on the so-called “gauge invariant”

formalism.

4.1 Normal Mode Decomposition

4.1.1 Laplacian Eigenfunctions

Any scalar fluctuation may be decomposed in eigenmodes of the Laplacian
VQQ = ’YijQuj = —kQQ, (4.1)

where ‘|’ represents a covariant derivative with respect to the three metric 7;; of constant
curvature K = —HZ(1—Qp—Q,). In flat space v;; = d;;, and Q is a plane wave exp(ik-x). As
we shall discuss further in §4.1.3, the eigenfunctions are complete for k > +/— K. Therefore

we define the transform of an arbitrary square integrable function F'(x) as [110, 111]

Fx) = 3 F(k)@(x,m:#
k|>v—-K

/|k|z¢7 PRFK)Q(x, k). (4.2)

In the literature, an alternate convention is often employed in order to make the form appear

more like the flat space convention [175, 83],

Flo) =Y FRQMK) = % /O Y BEFK)Q(x, K), (4.3)
k

where the auxiliary variable k? = k% + K. The relation between the two conventions is

kIE(R)? = K| F (k)
= (K — K)"?|F([F* — K]'/?)? (4.4)

and should be kept in mind when comparing predictions. In particular, note that power
law conditions in k for F' are not the same as in k for F.
Vectors and tensors needed in the description of the velocity and stress perturba-

tion can be constructed from the covariant derivatives of () and the metric tensor,

Qi _k_1Q|ia
Qij = k72Q; + %’)’ian (4.5)
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where the indices are to be raised and lowered by the three metric v;; and v%. The following
identities can be derived from these definitions and the communtation relation for covariant

derivatives (see e.g. [173] eqn. 8.5.1) [99]
Q! = kQ,
V2Qi = —(k* — 3K)Q:,
1
Qi|j = —k(Qij - g’)’ijQ)a

in = Oa
Q" = K - 3K)Qs (46)

and will be useful in simplifying the evolution equations.

4.1.2 Radial Representation

To gain intuition about these functions, let us examine an explicit representation.

In radial coordinates, the 3-metric becomes
yijdridr? = —K'[dx? + sinh? x(d6? + sin?0d¢?)], (4.7)

where the distance is scaled to the curvature radius x = +/—Kn. Notice that the (comoving)
angular diameter distance is sinh x, leading to an exponential increase in the surface area
of a shell with radial distance x > 1. The Laplacian can now be written as

. L o [ . oQ 1.0 (. 0Q . 9, 0%
) L= 2 N 2, 7% 19 =2 _v 2p7 % . 4.
YIQ; K sinh™= y [aX (smh X6X> + sin 089 <s1n0 89) + sin 98(/52 (4.8)

Since the angular part is independent of curvature, we may separate variables such that
Q = X!(x)Y(8,9¢), where v? = k?/(—K) = —(k*/K +1). From equation (4.8), it is
obvious that the spherically symmetric £ = 0 function is

XP(n) = 220, (49)

As expected, the change in the area element from a flat to curved geometry causes y —

sinh x in the denominator. The higher modes are explicitly given by [106, 71]

d“1(cosvx)

L YA B Wt VP W) —2/2 s 1.0
X,(x) = (=1)" M, ""v 7 (v" +1)"""sinh Xd(coshx)“l’

(4.10)
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and become jy(kn) in the flat space limit, where

My = [] Ko,
KO = la
Ky =1—-(2-1D)K/K*  £>1, (4.11)

which all reduce to unity as K — 0. This factor represents our convention for the normal-
ization of the open universe functions,

/Xz x) sinh? xdy = QL(S(V e —-1), (4.12)
v?

and is chosen to be similar to the flat space case. In the literature, the normalization is
often chosen such that Xf = XfM[l/ % is employed as the radial eigenfunction [175, 83].

It is often more convenient to generate these functions from their recursion rela-
tions. One particularly useful relation is [3]

d ., 14 KUyt +1 ;U2 e
X0 = SR XU g kX (4.13)

Since radiation free streams on radial null geodesics, we shall see that the collisionless

Boltzmann equation takes on the same form as equation (4.13).

4.1.3 Completeness and Super Curvature Modes

Open universe eigenfunctions possess the curious property that they are complete
for £ > v/—K. Mathematically, this is easier to see with a choice of three metric such
that ;; = 6;;/(—K2?), the so-called flat-surface representation [175, 111]. In this system

—0o < <o, —00 <y <oo,0<z< oo and surfaces of constant z are flat. The Laplacian

0*Q , 9°Q 32@) 9Q

+ + K2—2 (4.14)

21 .2
ViQ =Kz (6&:2 oy = 022 0z’

has eigenfunctions

Q = zexp(ikiz + ikoy) K (k1 2), (4.15)

where K;, is the modified Bessel function and k2 = k? + k3. Since the z and y dependences
are just those of plane waves, which we know are complete, we need only concern ourselves

with the z coordinate. As pointed out by Wilson [175], it reduces to a Kontorovich-Lebedev
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transform,

9@ = [ 1@ Kuy)dz,
f(z) = 272z sinh(z7) /OOo 9(y) Kiz(y)ydy, (4.16)

i.e. there exists a completeness relation,
o) 7_(2
/ dvv sinh(nv) Ky (k1 2) K (k1 2') = 72(5(2 - 2. (4.17)
0
Therefore an arbitrary square integrable function F(x) can be decomposed into a sum of

eigenmodes of v > 0,
F(x) = / ysinh(m/)dv/ d/ﬁ/ dk2F(k)Q(x, k),
0 —00 —0
F(k) = i/w%/mdx/ood F(x)Q(x,k) (4.18)
= 9. A e A ) Y ) &)y .

where @ is given by equation (4.15) and x = (x,y,2) and k = (k1, ke,v). Since v > 0
implies k > +/—K, this establishes the claimed completeness.

This completeness property leads to a seemingly bizarre consequence if we consider
random fields, i.e. randomly phased superpositions of these eigenfunctions. To see this,
return to the radial representation. In Fig. 4.1, we plot the spherically symmetric £ = 0
mode given by equation (4.9). Notice that its first zero is at x = m/v. This is related to
the completeness property: as v — 0, we can obtain arbitrarily large structures. For this
reason, v or more specifically k = vv/—K is often thought of as the wavenumber [175, 95].
However, the amplitude of the structure above the curvature scale is suppressed as e™X.
Prominent structure lies only at the curvature scale as v — 0. In this sense, k should be
regarded as the effective wavelength. This is important to bear in mind when considering
the meaning of “scale invariant” fluctuations. In fact, the e™ behavior is independent of
the wavenumber and /¢, if x > 1.

This peculiarity in the eigenmodes has significant consequences. Any random
phase superposition of the eigenmodes X* will have exponentially suppressed structure
larger than the curvature radius. Even though completeness tells us that arbitrarily large
structure can be built out of the X’ functions, it cannot be done without correlating the
modes. This is true even if the function is square integrable, i.e. has support only to a finite

radius possibly above the curvature scale.
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Figure 4.1: Open Radial Eigenfunctions

(a) The isotropic £ = 0 function for several values of the wavenumber v. The zero crossing
moves out to arbitrarily large scales as v — 0, reflecting completeness. However, the
function retains prominent structure only near the curvature scale y ~ 1. A random
superposition of these low v modes cannot produce more than exponentially decaying
structure larger than the curvature scale. (b) Low order multipoles in the asymptotic
limit v — 0. If most power lies on the curvature scale, the {~-mode corresponding to the
angle that the curvature radius subtends will dominate the anisotropy. The normalization
is appropriate for comparing contributions to the anisotropy £(2¢+ 1)C;/4m. Also shown
is the location of the horizon x = nov/—K for several values of {2o. If contributions to the
anisotropy come from a sufficiently early epoch, the dominant ¢-mode for the curvature
scale will peak at this value (see e.g. Fig. 6.10).

Is the lack of structure above the curvature scale reasonable? The fundamental
difference between open and flat universes is that the volume increases exponentially with
the radial coordinate above the curvature scale V(x.) ~ [sinh(2x.) — 2x.]. Structure above
the curvature scale implies correlations over vast volumes [95]. It is in fact difficult to
conceive of a model where correlations do not die exponentially above the curvature radius.
The random phase hypothesis has been proven to be valid for inflationary perturbations
in a pre-existing open geometry [110] and only mildly violated for bubble nucleated open
universes [180].

Lyth and Woszcynza [111] show that the simplest way to generalize random fields
to include supercurvature scale structure is to employ an overcomplete set of eigenfunctions
extended by analytic continuation of the modes to k& — 0. Of course, random phase con-
ditions in the overcomplete set can alternatively be expressed as initially phase correlated
modes of the complete set. In linear theory, the evolution of each mode is independent and

thus there is no distinction between the two. Including supercurvature perturbations merely
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amounts to extending the treatment to the full range of k: 0 < k < co. All of the equations

presented here may be extended in this manner with the understanding that v — |v|.

4.1.4 Higher Angular Functions

We will often need to represent a general function of position x and angular direc-
tion 4y, e.g. for the radiation distribution. As we have seen, vector and tensors constructed
from () and its covariant derivatives can be used to represent dipoles and quadrupoles,
G1 ='Q; and Gy = %’yi’ijij. We can generalize these considerations and form the full

multipole decomposition [175]

Zi k)Go(x,7, k), (4.19)
=0

where
Gg(X, Y, k) = (_k‘)_zQHL..iZ (Xa k)Pglze (Xa 7)a (420)
and
Py =1, P! =
. 1 o g
Py = 537" =),
i 20+ 1 (i) pig.igss) U (iyip pyiziesa)
Pyt = 71 P — +1) P, (4.21)

with parentheses denoting symmetrization about the indices. For flat space, this becomes
Gy = (—i)exp(ik - x)Py(k - 7), where P, is an ordinary Legendre polynomial. Notice
that along a path defined by fixed -, the flat Gy becomes j,(kn) after averaging over k-
directions. Traveling on a fixed direction away from a point is the same as following a
radial path outwards. Thus fluctuations along this path can be decomposed in the radial

eigenfunction. It is therefore no surprise that Gy obeys a recursion relation similar to X2,

; d .0 B
VG = dnG[ x(n),y(n)] = a -Gy + 4" 9 ——Gy
V4 {41
=k {ngGg_l — %——HGL’J} s (422)

which follows from equation (4.20) and (4.21) via an exercise in combinatorics involving

commutations of covariant derivatives [64]. Here we take x(n) to be the integral path
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along 7. By comparing equations (4.13) and (4.22), the open universe generalization of the

relation between Gy and the radial eigenfunction is now apparent:
1/2 ¢
Gelx(n),y(m)] = M, "X, (n). (4.23)

The only conceptual difference is that for the radial path that we decompose fluctuations
on, 7 is not constant. The normalization also suggests that to maintain close similarity to
the flat space case, the multipole moments should be redefined as
= 1/2
F(x,v)= Y. Y F(k)M, '“Gix,v,k), (4.24)
k|>v~K =0
1/2

which again differ from the conventions of [175, 83] by a factor M,’".

4.2 Newtonian Gauge Evolution

4.2.1 Metric Fluctuations

In linear theory, the evolution of each & mode is independent. We can therefore
assume without loss of generality that the equation of motion for the kth mode can be

obtained by taking a metric of the form,

goo = —(a/ag)*(1 +29Q),
goi = 0,
gij = (a/ag)?(1+ 22Q)vsj, (4.25)

assuming the Newtonian representation, and correspondingly

—(ao/a)*(1 - 29Q),
0’

g% —
g% —
9" = (ao/a)*(1 — 22Q)yj, (4.26)
where employ the notation ¥(n,x) = ¥(n)Q(x), etc. and drop the k index where no con-

fusion will arise. Note that we have switched from time to conformal time as the zero

component. The Christoffel symbols can now be written as

a .
T = =+ 70,
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I = —kPQ;,
I = —kPQ,

) a . )
Io; = (a + 2Q)d",

[+ (220 + 270 + &) Q1.
T — kO(6,Qr + 0%Q; — 1k @), (4.27)

ro%;
T
where (S)Fijk is the Christoffel symbol on the unperturbed 3-surface -;;.

Finally we can write the Einstein tensor as G, = C_r*w, + 0G , where

G% =Gy =0 (4.28)

are the background contributions and

5GO = 2 (@)2 [3 (9)2\1; _ 3%@ — (K* - 3K)‘I>1 Q,

a a
2 .
5G%:2<@> F%W_MﬂQ“
a a

o
I

2 .
5GF —QCE> Fk@-ké]@é
a a

o2 {0

U+ 20 — ¢
a

k2 . a 1 .
—— U - b — —B — (k> - 3K)® ;5.
3 a 3( ) }63@
0\ 29 + 0)Q
5 ) K+, (4.29)

are the first order contributions from the metric fluctuations.

4.2.2 Conservation Equations

The equations of motion under gravitational interactions are most easily obtained
by employing the conservation equations. The stress-energy tensor of a non-interacting fluid
is covariantly conserved T"7 = 0. The v = 0 equation gives energy density conservation,

i.e. the continuity equation; the v = ¢ equations give momentum conservation, i.e. the Euler
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equation. To first order, the stress energy tensor of a fluid x, possibly itself a composite of

different particle species, is

Th = ~(1+&Q)ps,

TS = (po +po)VaQs,

T = ~(ps +Pa) Vo,

T'; = pa(8} + %P 51 “Q +11,QY), (4.30)
where p, is the energy density, p, is the pressure, 0, = dp,/p, and II, is the anisotropic
stress of the fluid.

Continuity Equation
The zeroth component of the conservation equation becomes
—0T% = 9,1 +T1°,,7°F 4 1% ;7%

where we have dropped second order terms. For pedagogical reasons, let us evaluate each

term explicitly

T = (1+6,Q - 29Q) (a0/a)’pa;
BT = [(1+6, Q—Q‘PQ)(——Q ) + (0z — 29Q)] (ao/a)pa,

13

Ti0|i = (1 + ww)kaQ (aO/a) Pz,

[T = [2(145,Q - 20Q) + ¥Q)] (ao/a)?pe,
I“OijTij = 3ww[a( 1+ (;pj@ —20Q) + 2Q] (ao/a)?p,
ri 700 — 3[?(1 + 5,0 — 20Q) + Q] (ap/a)2pa, (4.32)

where w, = p,/p. gives the equation of state of the fluid.
The zeroth order equation becomes
Pz a
— =-=3(1 —. 4.33
b= 514w (4.33)

—3(1+wz)

For a constant w,, p, x a , L6 Wy = % and p, o< a~* for the radiation, w,, ~ 0 and

pm o< a~> for the matter, and w, = —1 and p, = constant for the vacuum or cosmological
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constant contribution. The first order equation is the continuity equation for perturbations,
8o = —(1 + wa)(kV, + 38) — 3%5w,, (4.34)
a
where the fluctuation in the equation of state

Y petope
o

= (== —w, ) d,. 4.35
(5;)95 w) (4.35)

This may occur for example if the temperature of a non-relativistic fluid is spatially varying
and can be important at late times when astrophysical processes can inject energy in local
regions.

We can recast equation (4.34) into the form

d O . a
= = - &) — 3%w,T 4.
a <1+w$> (kV, + 39) ?)(lwgC . (4.36)

where the entropy fluctuation is

with the sound speed c2 = p,/p,. Here we have used the relation

. Pz Da
Pz Pz
a
= —3(1+wy)(c2 — we) =, (4.38)

which follows from equation (4.33). Entropy fluctuations are generated if the fluid is com-
posed of species for which both the equation of state and the number density fluctuations
differ. For a single particle fluid, this term vanishes.

Let us interpret equation (4.36). In the limit of an ultra-relativistic or non-
relativistic single particle fluid, the quantity

0p Oy
1+ w, - Ny

(4.39)

is the number density fluctuation in the fluid. Equation (4.36) thus reduces to the ordinary
continuity equation for the number density of particles in the absence of creation and
annihilation processes. Aside from the usual kV, term, there is a 3® term. We have shown

in §2.1.2 that this term represents the stretching of space due to the presence of space
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curvature, i.e. the spatial metric has a factor a(1+ ®). Just as the expansion term a causes
an a2 dilution of number density, there is a corresponding perturbative effect of 3® from
the fluctuation. For the radiation energy density, there is also an effect on the wavelength

which brings the total to 4® as equation (4.34) requires.

Euler Equation

Similarly, the conservation of momentum equation is obtained from the space

component of the conservation equation,

—0oT" = 9;TV + T, s + T, ,T%

= 77

DT + 207 T% + T T + T%, T + 7,17, (4.40)

Explicitly, the contributions are

1 < (-2 0
R T
[T = —k¥Q' (ag/a)’pe,
T T = %(1 +w2)Q (ag/a)?pa,
= 10,17
_ %FQOT"O. (4.41)

These terms are all first order in the perturbation and form the Euler equation

Wy 0Dz /0P 2wy 9
— Ve kb, — ——— (1 — 3K/k*)kIL, + kWV. (4.42
Trw, " Trw, 3T w, [R)RIL + k. (4.42)

v, — —%(1 — 3w,V

Employing equation (4.38) for the time variation of the equation of state and equation
(4.37) for the entropy, we can rewrite this as

02

. a w 2 w
Vo4 —(1-32)V, = —2—ké Lk, — ——=
w+a( ) Ve 1+ w, gg—i_l—i—wgC 314w,

(1 —3K/E*)kI, + kP.  (4.43)

The gradient of the gravitational potential provides a source to velocities from infall. The
expansion causes a drag term on the matter but not the radiation. This is because the ex-
pansion redshifts particle momenta as a~!. For massive particles, the velocity consequently

decays as V,,, o< a~!. For radiation, the particle energy or equivalently the temperature of
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the distribution redshifts. The bulk velocity V. represents a fractional temperature fluc-
tuation with a dipole signature. Therefore, the decay scales out. Stress in the fluid, both
isotropic (pressure) and anisotropic, prevents gravitational infall. The pressure contribution
is separated into an acoustic part proportional to the sound speed c2 and an entropy part

which contributes if the fluid is composed of more than one particle species.

4.2.3 Total Matter and Its Components

If the fluid z in the last section is taken to be the total matter T, equations
(4.34) and (4.43) describe the evolution of the whole system. However, even considering
the metric fluctuations ¥ and ® as external fields, the system of equations is not closed
since the anisotropic stress Il and the entropy 't remain to be defined. The fluid must
therefore be broken into particle components for which these quantities are known.

We can reconstruct the total matter variables from the components via the rela-

tions,
pToT = Zpi(sz‘, (4.44)
opr = > 0pi, (4.45)
(pr +pr)Vr = 3 (pi +pi)Vi, (4.46)
prily = ZPin‘, (4.47)
prey = imc?, (4.48)

which follow from the form of the stress-energy tensor. Vacuum contributions are usually

not included in the total matter. Similarly, the entropy fluctuation can be written

prl't = opr — ]?_T(SPT
T

i Pi  Pr
= 0pi — Z0pi+ (.— - —) opi
p Pi pi  PT

= > il + (¢} — 7)opi- (4.49)

7
Even supposing the entropy of the individual fluids vanishes, there can be a non-zero I'r
due to differing density contrasts between the components which have different equations

of state w;. If the universe consists of non-relativistic matter and fully-relativistic radiation
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only, there are only two relevant equations of state w, = 1/3 for the radiation and w,, ~ 0
for the matter. The relative entropy contribution then becomes,
41 — 3wt

p=—
=311 wr

S, (4.50)

where the S is the fluctuation in the matter to radiation number density

S = (i /nr) = O — 25’"’ (4.51)

and is itself commonly referred to as the entropy fluctuation for obvious reasons.
Although covariant conservation applies equally well to particle constituents as to

the total fluid, we have assumed in the last section that the species were non-interacting.

To generalize the conservation equations, we must consider momentum transfer between

components. Let us see how this is done.

4.2.4 Radiation

In the standard model for particle physics, the universe contains photons and
three flavors of massless neutrinos as its radiation components. For the photons, we must
consider the momentum transfer with the baryons through Compton scattering. We have
in fact already obtained the full evolution equation for the photon component through
the derivation of the Boltzmann equation in Chapter 2. In real space, the temperature

fluctuation is given by [see equation (2.63)]

d o ) .0
— ) = U4 gt — ) Yt — )
dn(@+ ) =0+ +waxz(@+ )+7671(@+ )
. . ) 1 -

=¥ =2 +7(0 — O+ vy + 1e71LY), (4.52)

recall that 7 is the Compton optical depth, ©g = ¢,,/4 is the isotropic component of ©, and
Hff the quadrupole moments of the photon energy density are given by equation (2.64).
The angular fluctuations in a given spatial mode ) can be expressed by the mul-

tipole decomposition of equation (4.24)
O(n,%,7) = > Ocln)M; *Colx, ). (4.53)
£=0

Be employing the recursion relations (4.22), we can break equation (4.52) into the standard
hierarchy of coupled equations for the /-modes:

k

-0, -
3 1 )

& =
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@1 =k|Og+V¥ — 5K1/2@2] - ’f(@l - %)a

: 2 9

Oy = k|3 K%, - ?Kéﬂ@ ] - 1570

. : 5 1/2 l+1 /2 )

where v;v}(x) = V,G1(x,7) and recall Ky =1 — (¢2 — 1)K /k*. Since V., = ©1, comparison
with equation (4.43) gives the relation between the anisotropic stress perturbation of the
photons and the quadrupole moment

12
I, =

(1 - 3K/k?) %0, (4.55)
Thus anisotropic stress is generated by the streaming of radiation from equation (4.54)
once the mode enters the horizon kn 2 1. The appearance of the curvature term is simply
an artifact of our convention for the multipole moment normalization. For supercurvature
modes, it is also a convenient rescaling of the anisotropic stress since in the Euler equation
(4.43), the term (1 — 3K /k?)KIL, = 12(k? — 3K)'/20,/5 is manifestly finite as k — 0.

By analogy to equation (4.54), we can immediately write down the corresponding
Boltzmann equation for (massless) neutrino temperature perturbations N (n,x, ) with the

replacements

Op — Ny, 7 — 0, (4.56)

in equation (4.54). This is sufficient since neutrino decoupling occurs before any scale of

interest enters the horizon.

4.2.5 Matter

There are two non-relativistic components of dynamical importance to consider:
the baryons and collisionless cold dark matter. The collisionless evolution equations for
the baryons are given by (4.34) and (4.43) with w, ~ 0 if T.,/m. < 1. However, before
recombination, Compton scattering transfers momentum between the photons and baryons.
It is unnecessary to derive the baryon transport equation from first principles since the
momentum of the total photon-baryon fluid is still conserved. Conservation of momentum
yields

(py +py)0Vy = g/’"r(sv"r = O Vp. (4.57)



CHAPTER 4. MULTIFLUID PERTURBATION THEORY 96

Thus equations (4.34), (4.43) and (4.54) imply

& = —kV; — 39,
Vi, = —%Vb + kU + 7(V, — Vi)/R, (4.58)

where R = 3py/4p,. The baryon continuity equation can also be combined with the photon
continuity equation [¢ = 0 in (4.54)] to obtain

. 3.

0=—-kW-V,)+ Z(Sﬂ,. (4.59)
As we shall see, this is useful since it has a gauge invariant interpretation: it represents the
evolution of the number density or entropy fluctuation [see equation (4.51)]. Finally, any
collisionless non-relativistic component can described with equation (4.58) by dropping the
interaction term 7. The equations can also be obtained from (4.34) and (4.43) by noting
that for a collisionless massive particle, the pressure, sound speed and entropy fluctuation

may be ignored.

4.2.6 Einstein Equations

The Einstein equations close the system by expressing the time evolution of the

metric in terms of the matter sources,
G = 81GT), (4.60)

where T, is now the total stress-energy tensor (including any vacuum contributions). The
background equations give matter conservation for the space-space equation. This is already

contained in equation (4.33). The time-space component vanishes leaving only the time-time

(%)2 +K = % (%)2 (o1 + po); (4.61)

where p, is the vacuum contribution and we have used equation (4.28). This evolution

component

equation for the scale factor is often written in terms of the Hubble parameter,

. (1 da>2 B (@a())?
“\adt) \aa
4 2
- <@> %‘17;”1901{3— <@> K + QuHE, (4.62)
a Geq + Qg a

where recall Qo = pr/perit and Qp = py/perit With perie = 3HE/87G. Here aeq is the epoch

of matter-radiation equality. Notice that as a function of a, the expansion will be dominated
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successively by radiation, matter, curvature, and A. Of course, either or both of the latter
terms may be absent in the real universe.

The first order equations govern the evolution of ¥ and ®. They are the time-time

term,
a\? Q. ) a2
3 (—) ¥ - 3%% (12 - 3K)® = —4xC (—) P (4.63)
a a ag
the time-space term,
. 2
29 — & = anG <i> (1 +wr)prVr/k, (4.64)
a ag
and the traceless space-space term
a\2
kQ(\I; + ‘b) = 871G (a—> prllr. (4.65)
0

The other equations express the conservation laws which we have already found. Equations

(4.63) and (4.64) can be combined to form the generalized Poisson equation
9 a2 a
(k2 — 3K)® = 47 G (a—> pridr +32(1+ wr)Vr /K] (4.66)
0

Equations (4.65) and (4.66) form the two fundamental evolution equations for metric per-
turbations in Newtonian gauge.

Notice that the form of (4.66) reduces to the ordinary Poisson equation of Newto-
nian mechanics if the last term in the brackets is negligible. Employing the matter continuity
equation (4.34), this occurs when kn > 1, i.e. when the fluctuation is well inside the horizon
as one would expect. This extra piece represents a relativistic effect and depends on the
frame of reference in which the perturbation is defined. This suggests that we can simplify

the form and interpretation of the evolution equations by a clever choice of gauge.

4.3 Gauge

Sayings from a perspective work nine times out of ten, wise sayings work seven times out of
ten. Adaptive sayings are new every day, smooth them out on the whetstone of Heaven.

—Chuang-tzu, 27

Fluctuations are defined on hypersurfaces of constant time. Since in general rel-
ativity, we can choose the coordinate system arbitrarily, this leads to an ambiguity in the
definition of fluctuations referred to as gauge freedom. There is no gauge invariant mean-

ing to density fluctuations. For example, even a completely homogeneous and isotropic
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Friedmann-Robertson-Walker space can be expressed with an inhomogeneous metric by
choosing an alternate time slicing that is warped (see Fig. 4.2). Conversely, a fluctuation
can be thought of as existing in a homogeneous and isotropic universe where the initial
time slicing is altered (see §5.1.2). Two principles are worthwhile to keep in mind when

considering the gauge:

1. Choose a gauge whose coordinates are completely fixed.

2. Choose a gauge where the physical interpretation and/or form of the evolution is

simplest.

The first condition is the most important. Historically, much confusion has arisen from
the use of a particular gauge choice, the synchronous gauge, which alone does not fix
the coordinates entirely [133]. An ambiguity in the mapping onto this gauge appears, for
example, at the initial conditions. Usually this problem is solved by completely specifying
the initial hypersurface. Improper mapping can lead to artificial “gauge modes” in the
solution. The second point is that given gauge freedom exists, we may as well exploit it by
choosing one which simplifies either the calculation or the interpretation. It turns out that
the two often conflict. For this reason, we advocate a hybrid choice of representation for
fluctuations.

How is a hybrid choice implemented? This is the realm of the so-called “gauge in-
variant” formalism. Let us consider for a moment the meaning of the term gauge invariant.
If the coordinates are completely specified, the fluctuations are real geometric objects and
may be represented in any coordinate system. They are therefore manifestly gauge invari-
ant. However, in the new frame they may take on a different interpretation, e.g. density
fluctuations in general will not remain density fluctuations. The “gauge invariant” program
reduces to the task of writing down fluctuations in a given gauge in terms of quantities in
an arbitrary gauge. It is therefore a problem in mapping. The only quantities that are not
“gauge invariant” in this sense are those that are ill defined, i.e. represent fluctuations in
a gauge whose coordinates have not been completely fixed. This should be distinguished
from objects that actually have a gauge invariant interpretation. As we shall see, quantities
such as anisotropies of £ > 2 are the same in any frame. This is because the coordinate
system is defined by a scalar function in space to describe the “warping” of the time slicing

and a vector to define the “boost,” leaving higher order quantities invariant.
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Figure 4.2: Gauge Ambiguity

Gauge ambiguity refers to the freedom to choose the time slicing on which perturbations
are defined. In this simple example, a homogeneous FRW universe appears to have density
perturbations for a warped choice of time slicing. One usually employs a set of standard
“observers” to define the coordinate slicing. The Newtonian gauge boosts observers into a
frame where the expansion rate looks isotropic (shear free). The synchronous gauge can be
implemented to follow the collisionless non-relativistic particles. The total matter gauge
employs the rest frame of the total energy density fluctuations.

4.3.1 Gauge Transformations

The most general form of a metric perturbed by scalar fluctuations is [99]

goo = —(a/ag)*[1 + 2AGQ],
90; = —(a/ap)*B€Q;,
i = (a/ao)?[yi; + 2HE Qi + 2HEQy5], (4.67)

where the superscript G is employed to remind the reader that the actual values vary from
gauge to gauge. A gauge transformation is a change in the correspondence between the

perturbation and the background represented by the coordinate shift

n=n+TQ,
P =1+ LQ". (4.68)

T corresponds to a choice in time slicing and L the choice of the spatial coordinate grid.

They transform the metric as

_ i Ox® 9z° i i
g;w(m x ) = ﬁwgaﬁ(n -TQ,z" - LQ )

~ g (n, w’) + gar 02, + gapdx®, — gm,7,\6w)‘. (4.69)
7# b
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From this, we obtain the relations for the metric fluctuations
~ . a
AG = A —T - ~T,
a

B¢ = B® + [+ kT,

- E_ a
HY = HY - 2L - -T
[: L 3 a )
HY = HS + kL. (4.70)

An analogous treatment of the stress energy tensor shows that

=09+ 1,
5 = 6% +301 —i—ww)%T,

= ¢, (4.71)

Therefore any ambiguity in the time slicing T leads to freedom in defining the density
contrast d,. Notice that the anisotropic stress II, has a truly gauge invariant meaning as

does any higher order tensor contribution. Furthermore, relative quantities do as well, e.g.

o oy 98 o
14w, l+w, l+w, 1+w,’
vf—vfzvf—vf,
ré = 19, (4.72)

the relative number density, velocity, and entropy fluctuation. We hereafter drop the su-

perscript from such quantities.

4.3.2 Newtonian Gauge

In the Newtonian gauge, BY = HY = 0. Physically, it is a time slicing in which
the expansion is isotropic. This considerably simplifies the interpretation of effects such as
gravitational infall and redshift. From an arbitrary coordinate system G, the Newtonian

gauge is reached by employing [see equation (4.70)]

T = ~BS/k+ H§ /.
L = —HS/k. (4.73)
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From equations (4.70) and (4.71), the fundamental perturbations on this choice of hyper-
surface slicing are
_ 4N ¢ ld. a G2
aan

o=HY = HS ¢ %Hg + %(BG/k — HE |K?),
5N = 5% +3(1+ wﬁ)%(—BG/k + HE k%),
opl = 6pS +32p.(1+ wx)%(—BG/k + HF /),
Ve =vl =% - HE /K. (4.74)

This is commonly referred to as the “gauge invariant” definition of Newtonian perturbations.

Note that the general form of the Poisson equation becomes

b — 4nG (%)2 pr (5%‘ 4 3%(1 +wr) (0§ — BG)/k> . (4.75)

As we have seen, density perturbations in this gauge grow due to infall into the potential
¥ and metric stretching effects from ®. In the absence of changes in ®, they will therefore

not grow outside the horizon since causality prevents infall growth.

4.3.3 Synchronous Gauge

The synchronous gauge, defined by A% = BS = 0 is a popular and in many cases
computationally useful choice. The condition A% = 0 implies that proper time corresponds
with coordinate time, and B® = 0 that constant space coordinates are orthogonal to con-
stant time hypersurfaces. This is the natural coordinate system for freely falling observers.

From an arbitrary coordinate choice, the synchronous condition is satisfied by the

transformation
T = a_l/dnaAG—i—cla_l,
L= —/dn(BG+kTG) + ¢z, (4.76)

where ¢; and cg are integration constants. There is therefore residual gauge freedom in
synchronous gauge. It manifests itself as a degeneracy in the mapping of fluctuations onto
the synchronous gauge and appears, for example as an ambiguity in (5;? of 3(14+w,)c1a/a.
This represents an unphysical gauge mode. To eliminate it, one must carefully define the

initial conditions.
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It is a simple exercise in algebra to transform the evolution equations from New-

tonian to synchronous representation. The metric perturbations are commonly written as

hy = 6HY,

1
np = —Hp — gﬂﬁ.

Equation (4.76) tells us that

T = —L/k= @Y —vd)/k

T

1. ,
= §(hL + 617) /K2,

from which it follows

T Vi Rt I

T

dn

Furthermore, the density and pressure relations

6 = 65 = 3(1+wn) T (v} — ) /k,

T

P
o = o7 = 3(1+ wi) e, (o) — )/,

and equation (4.38) yields

BN 8 (1w {3@» L+

k> —9(c2 — wy) (—

and

op a \dpF

Thus the continuity equation of (4.34) becomes

S S, a (ops

Likewise with the relation

T Tz

. a . a
05+ —vd = ol + —ol — kY,
a a

and equation (4.38), the transformed Euler equation immediately follows:

a
oY = ——(1- 3wy)v? vs +

1+ w, l+w, * 31+

Wy g, OP5/0p% s 2 W

Z)j (W —v

. N . S SN\ 2
a

Wy

(1 — 3K /k?)kIL,.

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)

. (4.82)

(4.83)

(4.84)

(4.85)



CHAPTER 4. MULTIFLUID PERTURBATION THEORY 103

Finally, one can also work in the reverse direction and obtain the Newtonian variables in
terms of the synchronous gauge perturbations. Given the residual gauge freedom, this is a
many to one mapping. The Newtonian metric perturbation follows from equation (4.75),

BS =0, and the gauge invariance of IIz:
2 a\? g .0 s
(k2 — 3K)® — 4rG (a—> pr(o8 + 3% (1 + wr)of /],
0

k(0 + ®)

2
a

—81G (—) prllr. (4.86)
ao

They can also be written in terms of the synchronous gauge metric perturbations as

1 [ G

oo L L a :

e [hL+677T+ —(hr +6ir)|
1 a

T a(hL + 6n7). (4.87)

¢ = -—nr+

In fact, equations (4.86) and (4.87) close the system by expressing the time evolution of the
metric variables nr and hz, in terms of the matter sources.

Now let us return to the gauge mode problem. The time slicing freedom can be
fixed by a choice of the initial hypersurface. The natural choice is one in which the velocity
vanishes vf (n;) = 0 for some set of “observer” particle species z. This condition fixes ¢; and
removes the gauge ambiguity in the density perturbations. Notice also that the synchronous
gauge has an elegant property. Since it is the coordinate system of freely falling observers, if
the velocity of a non-interacting pressureless species is set to zero initially it will remain so.
In the Euler equation (4.85), the infall term that sources velocities has been transformed
away by equation (4.84). Thus in the absence of pressure and entropy terms, there are no
sources to the velocity.

The synchronous gauge therefore represents a “Lagrangian” coordinate system as
opposed to the more “Eulerian” choice of a Newtonian coordinate system. In this gauge,
the coordinate grid follows freely falling particles so that density growth due to infall is
transformed into dilation effects from the stretching of the grid. Although the coordinate
grid must be redefined when particle trajectories cross, this does not occur in linear pertur-
bation theory if the defining particles are non-relativistic. Thus in synchronous gauge, the
dynamics are simpler since we employ the rest frame of the collisionless matter. The only
drawback to this gauge choice is that physical intuition is more difficult to obtain since we

have swept dynamical effects into the behavior of the coordinate grid.
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4.3.4 Total Matter (Gauge

As an obvious extension of the ideas which make the synchronous gauge appealing,
it is convenient to employ the rest frame of the total rather than collisionless matter.
The total matter velocity is thus set to be orthogonal to the constant time hypersurfaces

vh = BT. With the additional constraint HY = 0, the transformation is obtained by

T = (vﬂq - BG)/ka
L = —HE/k, (4.88)

which fixes the coordinates completely. The matter perturbation quantities become

A, =67 = 6% 1301 +w$)%(v$ — B9k,

a
a(qu - BG)/ka
Ve=V!E =8 - HS k. (4.89)

opL = 0pS + 3(1 + wy)c2pa

Notice that the Newtonian gauge BY = HL = 0 and vI = v) = V,. In synchronous
gauge, B% = 0 as well. If the rest frame of the total matter is the same as the collisionless
non-relativistic matter, as is the case for adiabatic conditions, 65 ~ AT if vJ(0) = 0.

The evolution equations are easily obtained from Newtonian gauge with the help

of the following relations,

40)--4[)

which follows from equation (4.61) and

. . 2 2
9\1/+<I>:§[<9> +K—<i> O\HE
a

3 2
(1+3wr) + S (1+wr) (%) QuHZ, (4.90)

> (14 wr)Vr/k (4.91)
a ap

from equation (4.64). The Newtonian Euler equation can also be rewritten as

d (a a\? adpy N
2 (2a V) = —(2) (1-3wn@ Vi + 22T g
a (a( + wr) T) (a) ( wr)(1+ wr) T+a(5p¥ T
2 ) a
—gawT(l —3K/k°)kIlr + (1 —i—wT)ak\I/

_%(1 + 3wr) (1 + wr) [(%)2 + K| Vp

2
+g(1 + wr)? (f) QAH2Vr. (4.92)
0
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With this relation, the total matter continuity and Euler equations readily follow,

A — 3wT%AT = —(1-3K/k)(1 +wr)kVr — 2(1 — 3K/k2)%wTHT, (4.93)
. a c2 wr 2 wr
V4 —Vp = —L kA + kU kTp — =(1 — 3K /k? Ellp. (4.94
T+aT 1+ wr T+ +1—|—wT T 3( / )1+wT 7 )

The virtue of this representation is that the evolution of the total matter is simple. This is

reflected by the form of the Poisson equation,
a2
(K = 3K)® — 4nG (-) prAr, (4.95)
ag
a\2
kQ(\I; + <I>) = —81G (a—> prllr. (4.96)
0

In the total matter rest frame, there are no relativistic effects from the velocity and hence
the Poisson equation takes its non-relativistic form. Again the drawback is that the inter-

pretation is muddled.

4.3.5 Hybrid Formulation

We have seen that the Newtonian gauge equations correspond closely with classi-
cal intuition and thus provide a simple representation for relativistic perturbation theory.
However, since density perturbations grow by the causal mechanism of potential infall, we
have build a fundamental scale, the particle horizon, into the evolution. Frames that co-
move with the matter, i.e. in which the particle velocity vanishes, have no fundamental
scale. This simplifies the perturbation equations and in many cases admit scale invariant,
i.e. power law solutions (see §5). Two such frames are commonly employed: the rest frame
of the collisionless non-relativistic mater and that of the total matter. The former is imple-
mented under a special choice of the synchronous gauge condition and the latter by the total
matter gauge. For the case of adiabatic fluctuations, where non-relativistic and relativistic
matter behave similarly, they are essentially identical. For entropy fluctuations, the total
matter gauge is more ideal.

Since we can express fluctuations on any given frame by combination of variables
on any other, we can mix and match quantities to suit the purpose at hand. To be explicit,
we will hereafter employ total matter gauge density fluctuations A, = 62, but Newtonian

temperature © = (54\[ /4 and metric perturbations ¥ and ®. The velocity perturbation is
N

the same in both these frames, which we denote V,, = v)Y = 1. To avoid confusion, we will



CHAPTER 4. MULTIFLUID PERTURBATION THEORY 106

hereafter employ only this choice. We now turn to the solution of these equations and their

implications for the CMB.



