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We show that enhancement of the axion relic abundance compared to the standard misalignment
contribution generically leads to the production of nonzero momentum axion modes, resulting in
warm dark matter behavior and enhanced isocurvature perturbations. It leads to universal con-
straints on the axion parameter space that are independent of detailed model assumptions and cos-
mological history. For models enhancing relic abundance with gradient axion modes, observations of
the Lyman-α forest impose a lower bound on the axion decay constant, fa ≳ 1015GeV (10−18eV/ma),
from the free-streaming effect. For models relying on the delay of coherent axion oscillations, we ob-
tain a slightly weaker bound, fa ≳ 1014GeV (10−18eV/ma). We make relatively conservative choices
to establish these universal bounds but also provide scaling parameters that can be calibrated for
stronger constraints in concrete models and updated as observations improve.

I. INTRODUCTION

Axions and axion-like particles (ALPs) are compelling
dark matter candidates arising in many well-motivated
extensions of the Standard Model, including the Pec-
cei–Quinn solution to the strong CP problem [1–7] and
string theory [8, 9]. The axion decay constant and mass
are related in the QCD axion, predicting the so-called
QCD axion line (ma − fa relation). In the broader class
of ALPs, the axion decay constant is independent of its
mass, leaving more parameter space to be searched. If we
require the axion density to reproduce the dark matter
density, the viable ALP parameter space becomes a line
in the standard vacuum misalignment mechanism.

Current experimental searches or astrophysical probes
of ALPs can only reach the axion parameter space with
large couplings, which require an enhancement of their
relic abundance compared to the standard misalignment
mechanism to be the dark matter. There have been
proposals to enhance the axion density, which allows
for a broader target for axion dark matter. Such en-
hancements typically involve delaying the onset of axion
matter-like oscillations through additional kinetic energy
or gradient energy [10–21] (dotted-dashed line in Fig. 1),
leading to gradient modes, or through trapping of the ax-
ion field [22–26] or taking the misalignment angle close
to π [27–32] (dashed line in Fig. 1), which also produces
gradient modes via parametric resonance as we will see.
These modes behave as warm or even relativistic dark
matter at early times and can suppress the matter power
spectrum through free-streaming, which can thus be con-
strained by observations.

There has been recent interest in the free-streaming
effect of wave dark matter in general [33–37], and when
combined with isocurvature constraints leads to a model-
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FIG. 1. In the standard misalignment mechanism, the axion
dark matter density originates from the potential energy and
the axion begins oscillations when the axion mass ma ∼ H.
Gradient modes (GM) or delayed beginning of coherent oscil-
lations (DO) can enhance the axion abundance, allowing for
a smaller decay constant fa.

independent mass bound on dark matter of post-inflation
origin (ma ≳ 10−19 eV) from the Lyman-alpha for-
est [38, 39], which is weaker than the model-dependent
ALP bound from isocurvature constraints alone [40], but
stronger than the pre-inflationary fuzzy dark matter mass
bound (ma > 2× 10−20 eV).
In this work, we will derive a universal bound on the

axion decay constant as a function of the axion mass for
a broad class of enhancement mechanisms. Our study
shows that a wide range of the axion parameter space,
particularly for ultralight axions, is excluded by the re-
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quirement that axions behave as cold dark matter and
remain consistent with large- and small-scale structure.
These results apply broadly across axion models and
provide a powerful, complementary constraint to direct
searches and astrophysical probes.

II. VACUUM MISALIGNMENT

We first present the standard calculation on the ax-
ion zero-mode contribution to the relic abundance. We
consider the following Lagrangian of an axion ϕ

L ⊃ 1

2
∂µϕ∂

µϕ−m2
af

2
a

(
1− cos

ϕ

fa

)
. (1)

It is convenient to define a dimensionless field value, θ =
ϕ/fa. In this work, the axion early-Universe dynamics
and late-time observables are determined by the axion
self-couplings from the cosine potential. In Secs. II, III,
and IV, we assume the axion mass ma is constant over
cosmological time scale. A time-dependent axion mass is
discussed in Sec. V.

In the vacuum misalignment mechanism, axions be-
have like matter after ma/H ∼ 3 and the amplitude
starts to redshift away. Therefore, the relic abundance
can be expressed as (e.g. [27])

Ωa = αMM
m2

af
2
aθ

2
i

2ρcrit

g⋆S(T0)T
3
0

g⋆S(TMM)T 3
MM

, (2)

where T0 is the current CMB temperature, g⋆S is the
effective entropic degrees of freedom, TMM is defined as
3H(TMM) = ma, and

αMM =
8(Γ[5/4])2

3
√
3π

1 + 0.523x
7/4
θ

1 + 0.0588x
3/4
θ

,

xθ = ln
π

π − |θi|
, (3)

accounts for the rolling of the axion field from an ini-
tial dimensionless value of −π ≤ θi ≤ π before os-
cillating around the minimum and includes a correc-
tion for large misalignment which has been fit to within
∼ 2% of numerical results out to xθ ∼ 30. Note that
limxθ→0 αMM ≈ 0.4.
Given the dark matter abundance, we can invert

Eq. (2) to obtain the axion decay constant under the
misalignment mechanism fMM = fa|MM as

fMM = 1.92× 1016 GeV
1

|θi|

(
10−18eV

ma

)1/4 (
0.4

αMM

)1/2

×
[

1

100

g4⋆S(TMM)

g3⋆(TMM)

]1/8 (
Ωah

2

0.12

)1/2

, (4)

where g⋆ is the effective degrees of freedom for the en-
ergy density. Taking a large misalignment θi → π or
αMM → ∞ can in principle lower fMM but note that the

dependence is only logarithmic in the tuning of the ini-
tial field to the top of the potential. For example even
αMM = 10 or a reduction in fMM by a factor of 5 requires
π/θi − 1 = 2.6× 10−5. Further more, large enhancement
of the abundance is subject to the constraints discussed
in Sec. IV.
Experiments often probe axion parameters at fa ≪

fMM in Eq. (4). While one could be agnostic about
the production mechanism and assume that unknown dy-
namics in the early Universe will reproduce the correct
relic abundance, physically accounting for dark matter
density with fa < fMM requires enhancing relic abun-
dance. In Secs. III and IV, we discuss the enhancement
by an extra gradient energy and a delay in the onset of
axion matter, respectively.

III. GRADIENT AXION MODES

The axion abundance may be enhanced by extra gra-
dient modes of axions. Examples of such mechanism
include parametric resonance [11, 14, 15], the kinetic
misalignment mechanism [13, 16], 1 the acoustic mis-
alignment mechanism [20, 21], long-lived domain walls
[10, 12, 17, 18, 41, 42], etc.

A. Axion abundance

For gradient modes, let us assume that there is a char-
acteristic comoving momentum of the axions q∗. To infer
the relic abundance, let us parameterize their number
density na = αGMmaf

2
a/2 at the scale factor aGM =

q∗/ma when this gradient mode becomes nonrelativistic
due to redshifting q∗ = aGMma. Then fGM = fa|q∗ is

fGM = 1.24× 1015 GeV
1

α
1/2
GM

(
10−18eV

ma

)(
TGM

10 keV

)3/2

×
(
g⋆S(TGM)

4

)1/2 (
Ωah

2

0.12

)1/2

. (5)

Comparing Eq. (4) and (5) we see that fa can be reduced
with a sufficiently low TGM, so that the axions are highly
relativistic at TMM ≫ TGM. We shall see in the next
section that in these scenarios bounds on free streaming
and isocurvature modes constrain TGM and hence fa.
In general, the scaling parameter satisfies αGM ≲ 1

because axions need to behave like nonrelativistic matter
at TGM and hence the energy density of axions is at the
most comparable to the largest possible potential energy
density. Notably the acoustic misalignment mechanism

1 In the kinetic misalignment mechanism, the axion field initially
is coherent but fragments into non-zero modes unless fa is just
below fMM [16].
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can saturate αGM ≈ 1 [21] while other models may lead to
αGM ≪ 1. Now we would like to discuss the observational
bounds on such gradient modes required for enhancing
the axion relic abundance.

B. Free Streaming Bound

Free streaming of dark matter particles or waves of a
characteristic momentum q∗ suppresses structure below
the maximal free streaming length. Integrating the free
streaming through to the matter dominated epoch, this
scale is [34],

λFS =

√
2

aeqHeq

q∗
aeqma

ln

(
8aeqma

q∗

)
, (6)

in comoving coordinates. As discussed above, we can
reexpress this in terms of the scale factor at which the
axions become nonrelativistic through aGM = q∗/ma to
cast this in a mass independent way

λFS =

√
2

aeqHeq

aGM

aeq
ln

(
8aeq
aGM

)
. (7)

A bound on the free streaming scale thus becomes a
bound on how far before equality the dark matter must
have been nonrelativistic.

For a monochromatic spectrum of a single momentum
q∗, the suppression of the linear matter power spectrum
due to free streaming can be characterized by a relative
transfer function [33, 34]

Trel(k) =
sin(λFSk)

λFSk
. (8)

This suppression is bounded by observations of small
scale structure in the Universe, for example the Lyα for-
est in the translinear regime and bound structures in the
fully nonlinear regime.

The former provides conservative bounds on aGM or
equivalently TGM that can be estimated directly from
the transfer function. The best studied case where free
streaming is bounded by the Lyα forest is in the context
of warm dark matter (WDM) where the relative transfer
function integrated over the momentum distribution is
given by [43]

TWDM(k) = [1 + (βk)2ν ]−5/ν , (9)

where ν = 1.12 and

β = 0.070

(
keV

mX

)1.11 (
ΩXh2

0.12

)0.11

Mpc. (10)

Here mX is the mass of the WDM particle in the thermal
scenario. We adopt the prescription from Ref. [38] for
translating a bound on WDM to a case with a different
shape to the relative transfer function by matching the

scale k3/4 at which the linear power reaches 3/4 of its un-
suppressed value. This prescription matches direct tests
of WDMmass constraints and zero mode axion mass con-
straints. We further take a bound on mX > 3.1 keV from
Ref. [44] who used ΩXh2 ≈ 0.12. This gives

λFS < 0.084Mpc. (11)

Note that if we instead matched the power at the k1/2
point which is common in the literature, the bound would
change negligibly to 0.085Mpc due to the similarity in
the relative transfer function. Using Eq. (7), this puts a
bound of

aGM

aeq
< 5.07× 10−5

(
Ωmh2

0.14

)
. (12)

To account for different spectra of momenta we can in-
troduce a scaling parameter αFS and finally convert to
temperature

TGM > 15.5αFSkeV. (13)

Following Ref. [34], we consider a range of spectra de-
fined by white noise field fluctuations with a constant
power spectrum for q < q∗ and a q−n power law fall
off for q > q∗. For the range of power laws n = 4,∞,
0.8 < αFS < 4 approximately. Note that the range ex-
tends to higher αFS more than lower since it only takes a
small fraction of the dark matter at higher momenta to
impact the transfer function given the larger free stream-
ing length. Our fiducial choice of αFS = 1 is therefore on
the conservative side.
Using Eq. (5) this places a lower bound on fa from

gradient-mode mechanisms as

fGM > 2.36× 1015 GeV
α
3/2
FS

α
1/2
GM

(
10−18eV

ma

)(
Ωah

2

0.12

)1/2

,

(14)

where we have taken g⋆S(TGM) = g⋆S(T0) as appropriate
for the evaluation of the lower bound.

C. Isocurvature Bound

If the dark matter is primarily composed of nonzero ax-
ion modes, the dark matter density is not initially nearly
homogeneous on spatial scales ∼ 1/q∗ as compared with
the radiation. This represents a dark matter isocurvature
mode.
The initial power spectrum of isocurvature perturba-

tions will be peaked at q∗ = aGMma and constant or
white for k ≪ q∗ due to causality, which allows us
to extrapolate the power spectrum to larger scales at
kobs ≪ k∗. Following Ref. [40], we define the ratio of
isocurvature to adiabatic fluctuations as

f2
iso =

αiso

As

(
kCMB

aGMma

)3

, (15)
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FIG. 2. Constraints on f−1
a for models that raise it

through gradient modes (top) and delayed coherent os-
cillations (bottom). For ma ≳ 10−18 eV free streaming
bounds exclude f−1

a ≳ 10−15GeV−1(ma/10
−18 eV) and ≳

10−14GeV−1(ma/10
−18 eV) respectively. At lower masses

the two mechanisms differ in their constraints. For gra-
dient modes, isocurvature bounds place a lower limit and
for delayed oscillations, the efficiency of parameteric reso-
nance and a limit on the maximal abundance from the min-
imal delay temperature TDO provide the relevant bounds.
Dashed lines indicate the regions where one otherwise forbid-
den mechanism can be replaced by an allowed mechanism,
e.g. standard misalignment for f−1

MM. Our fiducial bounds
employ relatively conservative choices of the scaling param-
eters αFS = 1, αGM = 1, αiso = 1, αMM(θi = 1) = 0.43,
αDO = 3, αPR = 1 (see text for discussion of ranges).

where k3Pζ/2π
2 = As(k/kCMB)

ns−1 with an amplitude
As = 2.054 × 10−9 at kCMB = 0.05Mpc−1. αiso is the
analogous normalization of the white noise power extrap-
olated to q∗, k3Piso/2π

2 = (k/q∗)3αiso. Note that the ac-
tual isocurvature power spectrum need not be white out
to k ∼ q∗ as long as it is white between kCMB and the
observational scale of the bound. Relatively less power
at high k is possible in many scenarios [21, 45], and given
rms density δrms, taking αiso ∼ δ2rms can then substan-
tially underestimate the actual amplitude at kCMB. Con-
versely, δrms itself may not reach unity for all mecha-
nisms. Therefore, we adopt αiso = 1 for our benchmark
limits but take 0.1 − 100 as a plausible range. Current

Lyα constraints require fiso < 3× 10−3 which equates to

aNR

aeq
> 4.07× 10−5α

1/3
iso

(
10−18 eV

ma

)(
Ωmh2

0.14

)
, (16)

or

TGM < 19.3 keVα
−1/3
iso

( ma

10−18 eV

)
, (17)

where we have used g⋆S(TGM) = g⋆S(T0) given the low
keV temperatures involved. Unlike the free streaming
bound, this places an upper limit on TNR and the com-
bined bound gives

ma > 8.0× 10−19 eVαFSα
1/3
iso . (18)

Note that this mass bound does not specifically require
the dark matter to be an axion but does require the large
stochastic fluctuations in density that occurs in the gra-
dient mode axion mechanism (see [33]).2 When applied
to the axion, the isocurvature bound through Eq. (5) im-
plies an upper bound on fa that is higher than that of
fMM for masses much larger than this minimum

fGM < 3.28× 1015 GeV

(
1

αisoαFS

ma

10−18 eV

Ωah
2

0.12

)1/2

.

(19)
Once this bound crosses fMM then the allowed mod-
els in the fa − ma plane that remain are zero mode
models, e.g., for PQ symmetry breaking before inflation.
In Fig. 2 (upper panel), we plot the axion parameter
space constrained by the free-streaming effect and en-
hanced isocurvature perturbations, and the shaded re-
gion is excluded with relatively conservative choices of
α scaling parameters: αFS = 1, αGM = 1, αiso = 1 with
αMM(θi = 1) = 0.43 computed from Eq. (3). Values for
g⋆S(TMM) and g⋆(TMM) are taken from [47], Tab. A1.
The region below f−1

MM curve is not excluded since zero
modes can explain the relic density for which the free
streaming and isocurvature bounds do not apply.
The ranges of scaling parameters discussed above affect

the bounds as follows: for 0.8 < αFS < 4 the upper
bound on f−1

a varies, mostly in the stronger direction, by
a factor of 0.7−8; for αGM ≪ 1 the bound strengthens as

α
1/2
GM; for 0.1 < αiso < 100 the lower bound on f−1

a varies
by 0.3 − 10, again mostly in the stronger direction. A
fine tuning of initial misalignment angle to 10−5 similarly

2 We take the free streaming and isocurvature bounds as indepen-
dent constraints under the assumption that where the isocurva-
ture bound is stronger, the free streaming scale is below the Lyα
scale so that isocurvature modes grow gravitationally in mat-
ter domination [37, 46] and when the free streaming bound is
stronger, isocurvature modes can be ignored. When they are
comparable the competition between suppressed growth of the
additional isocurvature modes and free streaming reduction of
the adiabatic modes can change the shape of the matter power
spectrum and the details of the joint constraint.
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would only increase f−1
MM by a factor of 5 which would

only affect the allowed region below ma = 10−18 eV.
In summary, the excluded region in Fig. 2 (upper

panel) gives a model-independent bound on axion dark
matter whose relic density is enhanced through introduc-
ing gradient energy that errs on the conservative side.

IV. DELAYED COHERENT OSCILLATIONS

Another way to enhance the axion abundance in com-
parison with the misalignment production is to delay the
beginning of the coherent oscillation by taking |θi−π| ≪
1 or trapping the axion field at θ ̸= 0 and releasing it
at T = TDO ≪ TMM. We have already seen in Eq. (3)
that a large initial misalignment which retains fully co-
herent oscillations only gives a logarithmic enhancement
as θi → π. For the trapping case, possible UV comple-
tions can be found in [22–26].

A. Axion abundance

To produce the correct relic abundance, the axion de-
cay constant is required to be

fDO = 1.24× 1015 GeV
1

|θi|

(
10−18eV

ma

)
(20)

×
(

TDO

10 keV

)3/2 (
g⋆S(TDO)

4

)1/2 (
Ωah

2

0.12

)1/2

.

TDO cannot be arbitrarily small. Since dark matter does
not exist at T > TDO, we expect O(1) differences in the
matter power spectrum for length scales shorter than the
horizon size at T = TDO, e.g. [48]. We generically expect
that the Lyα forest constraint on the 3/4 power scale
k3/4 from §III B provides a constraint

k3/4 > aDOH(TDO)αDO, (21)

where αDO = O(1) depends on the specific details of
the trapping mechanism, which we again infer from the
WDM bound to be

TDO > 1.19keV/αDO. (22)

We take αDO = 3 as a fiducial value but consider a very
conservative range 1 ≤ αDO ≤ 100.

Using θi < 1 for the maximum abundance and the
bound in Eq. (22), we obtain

fDO > 5.0× 1013 GeV
1

α
3/2
DO

(
10−18eV

ma

)(
Ωah

2

0.12

)1/2

,

(23)

which must be satisfied on top of all the other criteria
discussed below. Here and below g⋆ and g⋆S are taken at
their low-temperature limits.

B. Free Streaming Bound

Although the axion can be initially coherent, the self-
interaction of the axion can produce axions in non-zero
modes. The linearized equation of motion of the fluctu-
ations ϕq right after the release is

ϕ̈q +

(
q2

a2DO

+m2
a −

1

2
θ2im

2
acos

2[ma(t− tDO)]

)
ϕq = 0.

(24)

Here we neglect the cosmic expansion on the oscillation
time scale, take the small-amplitude limit, and hence take
the zero mode oscillation of the axion as sinusoidal. Re-
casting the equation of motion to Mathieu’s equation, we
find that the parametric resonance occurs with a rate of
Γ ≃ 1

16θ
2
ima and produces axions with a comoving wave

number

q∗ ≃ αPR

2
θimaaDO, (25)

where αPR = O(1) for the resonance band and poten-
tially larger if the resonantly produced axions efficiently
upscatter.
The condition for producing enough nonzero modes

through parametric resonance that have comparable en-
ergy to zero-modes is

Γ

H(TDO)
=

3
√
10

16πg
1/2
⋆

maMpl

T 2
DO

θ2i > ln
fa

maθ
1/2
i

, (26)

where we conservatively assume that the initial seeds of
the fluctuations are given by quantum fluctuations to get
the right hand side. Note that given the large hierarchy
between fa and ma, it is a good approximation to drop θi
in logarithm as well as O(1) coefficients implicit in this
approximation. When the above condition is satisfied,
we will have a free streaming bound due to the finite q∗
momenta.
Let us first consider the case where the resonance con-

dition (26) is satisfied. With the assumption that the
resonant axions at q∗ ≈ aDOαPRθima/2 are nonrelativis-
tic at aDO,

3 we can estimate the free streaming bound by
integrating a non-relativistic velocity v = q∗/ama from
aDO to give

λFS =
1√

2aeqHeq

aDOαPRθi
aeq

ln

(
4aeq
aDO

)
< 0.084Mpc. (27)

Up to the log term, the trapping constraint behaves
similarly to the gradient constraint but with aGM →

3 Relativistic axions would only strengthen the free streaming
bound as well as require a larger fa to compensate for the kinetic
energy lost to redshifting.
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aDOαPRθi/2 ∝ θi/TDO. Notice that the free streaming
scale is suppressed for small θi/TDO and we can place
a lower bound on fDO from the lower bound on TDO in
Eq. (22).

Now let us consider the case where resonance does not
occur. The relic abundance is still given by Eq. (20)
but the axions are in the zero mode. The condition for
resonance not occurring in Eq. (26) also requires small
θi/TDO and therefore the lower bound on TDO in Eq. (22)
again puts a lower bound on fDO.

With these bounds, models are allowed either if they
satisfy the free streaming bound with resonance

fDO > 2.73× 1013 GeV
αPR

α
1/2
DO

(
10−18eV

ma

)
(28)

× ln

(
6036

αDO

)(
Ωah

2

0.12

)1/2

,

or if resonance does not occur

fDO > 6.68× 1014 GeV
1

α
1/2
DO

(
10−18eV

ma

)1/2

×
[
ln

(
fa
ma

)]−1/2 (
Ωah

2

0.12

)1/2

, (29)

where the implicitness of the log term can be iteratively
resolved. If either of the above condition is satisfied, it is
possible to arrange a θi and TDO to make the parameter
space viable.

In Fig. 2 (lower panel), we show the resultant exclusion
region for αDO = 3 and αPR = 1. For ma ≲ 10−18 eV
the lack of parameteric resonance sets the more relevant
bound and for ma ≲ 10−19 even without resonance, the
axion abundance itself from Eq. (23) is insufficient given
the lower limit on TDO from Eq. (22). For the range
1 ≤ αDO ≤ 100 the bound on f−1

a changes by a factor
of 0.5− 10 with resonance and 0.6− 6, where the higher
values are very conservative. Parameteric resonance and
scattering that produces αPR > 1 would strengthen the
resonance upper bound as α−1

PR.
Finally, in deriving the bounds in Eq. (28) and (29),

θi is taken to be the most optimal value to evade the
free-streaming bound to derive a model-independent con-
servative bound. In a specific class of models, however,
θi is not a free parameter but is a prediction of the the-
ory [23]. More generally, small θi may require fine-tuning
of the parameters of theories. For a fixed θi, the lower
bounds from free streaming are given approximately by

TDO > 0.726 keVαPRθi ln(10885αPRθi) (30)

provided TDO is higher than the bound in Eq. (22). The
coefficients here are set to match the mathematical result
at αPRθi = 0.1, 1 and the form is a good approximation
at the few percent level down to αPRθi ∼ 10−2, whereas
αPRθi > 1 is physically limited by the use of the non-
relativistic approximation to the resonant axions. Using
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FIG. 3. Bounds on gradient modes and delayed oscillations
from Fig. 2 combined with those on the axion-photon coupling
assuming gaγγ = αEM/(2πfa) from astrophysical photon con-
version γ → a and blackhole (BH) superradiance compiled in
[49], neither of which require the axions to be the dark mat-
ter. The excluded region for ma ≲ 10−18 eV and f−1

a < f−1
MT

are viable only if the mass is sufficiently temperature depen-
dent to enhance the axion abundance from the misalignment
mechanism, f−1

MM (see Eq. (35)).

this bound in Eq. (20), we obtain

fDO > 2.40× 1013 GeV|θi|1/2α3/2
PR

(
10−18eV

ma

)
(31)

× [ln (10885αPRθi)]
3/2

(
Ωah

2

0.12

)1/2

to satisfy the free streaming bound with resonance. Like-
wise models that avoid resonance exist if instead

TDO > 15.8 keVθi

( ma

10−18eV

)1/2
[
ln

(
fa
ma

)]−1/2

(32)

and

fDO > 2.44× 1015 GeV
1

|θi|

(
10−18eV

ma

)1/4

(33)

×
[
ln

(
fa
ma

)]−3/4 (
Ωah

2

0.12

)1/2

provided they satisfy Eq. (22).

V. TIME-DEPENDENT MASS

We have so far considered an axion mass that is con-
stant over cosmological time. We discuss the case where
the axion mass adiabatically increases and show that the
lower bound on fa cannot essentially be relaxed beyond



7

the limits set in Secs. III and IV.4 The adiabatic increase
of an axion mass is possible if the axion mass is generated
by strong dynamics and the temperature of the bath of
the strongly coupled sector is above the dynamical scale.

In the zero mode case of Sec. II, if the axion mass
changes after the beginning of oscillations at ma(TMT) =
3H(TMT) before reaching its final value of ma, the ax-
ion abundance is modified and the modification can be
expressed by [50]

αMM → αMM

√
ma

3H(TMT)
, (34)

with minor changes to the scaling of αMM with θi in
Eq. (3). We then obtain the ma(T ) generalization of
fMM,

fMT = 4.84× 1015 GeV
1

|θi|

(
10−18eV

ma

TMT

keV

)1/2

×
(

0.4

αMM

Ωah
2

0.12

)1/2 [
1

100

g2⋆S(TMT)

g⋆(TMT)

]1/4
. (35)

The lower bound on TMT should be similar to the
lower bound on TDO which raises f−1

MT but not enough
to change the constraints in Fig. 2 above ma ≳ 10−18eV
(see Fig. 3).

In the gradient modes case of Sec. III, if the ax-
ion mass increases after the axion fluctuations become
non-relativistic, the axion abundance is suppressed by
ma(TGM)/ma(T = 0) in comparison with the case where
the axion mass is constant. Therefore, the lower bound
on fa becomes stronger.5

In the delayed coherent oscillation case of Sec. IV, the
axion abundance is also suppressed byma(TDO)/ma(T =
0) and the lower bounds on fDO in Eqs. (23) and (28)
become stronger. One can show that the condition for the
parametric resonance to occur is independent ofma(TDO)
after choosing θi to explain the observed dark matter
density, so Eq. (29) is not altered.

4 The mass may change non-adiabatically, which is possible, for
example, if the strong dynamics responsible for the axion mass
exhibits a first-order phase transition. Constraints similar to
the delayed coherent oscillation case are expected to be applica-
ble with TDO interpreted as the temperature at which the mass
changes non-adiabatically, since the perturbations produced be-
fore the non-adiabatic change are modified from the ΛCDM pre-
diction. The dynamics before the non-adiabatic change may put
stronger constraints, which can be investigated model depen-
dently.

5 If the mass decreases adiabatically, the gradient modes and de-
layed coherent oscillation case may evade the bounds, providing
a possible loophole. Such scenarios will be still subject to free-
streaming and isocurvature constraints, which can be derived
model-dependently. The bound for the zero mode case become
stronger.

VI. DISCUSSION

In this paper, we derived a universal lower bound on
the decay constant of dark-matter axion. We showed
that significant enhancement of an axion dark-matter
abundance in comparison with the misalignment contri-
bution generically leads to production of non-zero modes
of axions and is constrained by the free-streaming ef-
fect. For gradient modes, this leads to a bound of
fa ≳ 1015GeV (10−18eV/ma) and for the parametric
resonance modes fa ≳ 1014GeV (10−18eV/ma) for rel-
atively conservative choices of model dependent param-
eters which we have absorbed into a series of scaling pa-
rameters. Note that the scaling parameters αFS, αiso and
αDO can also be used in the future to scale constraints
to improved observations of the Lyα forest, isocurvature
modes, and minimum temperature of axion production
respectively.

The lower bound can be interpreted as an upper bound
on the axion coupling to standard model particles. As-
suming that the shift symmetry of the axion field has
electromagnetic anomaly, the axion couples to photons,

L ⊃ gaγγ
4

aF F̃ , gaγγ ∼ α

2πfa
. (36)

The exclusion regions from Fig. 2 on gradient modes and
delayed coherent oscillations are translated to gaγγ in

Fig. 3. The excluded region below the f−1
MT line and be-

low ma ≲ 10−18eV become viable only if the mass varies
with temperature sufficiently (see Eq. (35)). Our bound
is complementary to other bounds, especially these astro-
physical bounds from photon-axion conversion and black
hole superradiance that do not require the axion to be
the dark matter.

Our model-independent discussion will be also useful
in constraining concrete models, where parameters such
as TGM, TDO, and θi may be subject to stronger model-
dependent constraints. The scaling factors we have in-
troduced to characterize the physical quantities involved
in the bound can be precisely determined once the detail
of the model is fixed.
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