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Kurvature, a recently identified curvature invariant, has been argued to generically acquire super-
horizon, or large-scale, white noise from hard-hard momentum mode coupling, even when only small
nonlinearities are present in the matter sector. If kurvature were related directly to cosmological cur-
vature perturbations R via a Poisson equation, this white noise would cause an infrared divergence
in its variance that is observably sensitive to the ultraviolet physics of the hard-hard modes. How-
ever this relation does not generically hold. Kurvature is not an intrinsic 3-curvature: on comoving
slices, it contains extrinsic-curvature terms, and the intrinsic curvature itself is not related to R by
a Poisson equation beyond linear order. We test this Poisson relation directly with second-order
perturbation theory in radiation domination, relevant to Cosmic Microwave Background observ-
ables. We verify that quadratic hard-hard composites do indeed cause large-scale white noise in
the kurvature density, but the Hamiltonian constraint separates these contributions into intrinsic
curvature and extrinsic shear or alternately density and extrinsic expansion. Only the extrinsic
terms carry the growing contribution to the dimensionless kurvature density δK which seemingly
mimics ordinary density fluctuations above the horizon. The hard-hard modes produce negligible
and ultraviolet-convergent contributions to the curvature power spectrum, leaving no IR relic in R
from purely ultraviolet modes, with dominant contributions from the horizon-sized modes at the
epoch of evaluation. By contrast, the Poisson construction of a conjectured curvature potential
from kurvature is indeed infrared divergent and ultraviolet cutoff sensitive. The kurvature white
noise employed in that construction arises from the extrinsic curvature associated with acoustic beat
modes of a radiation fluid that compresses and shears in its nonlinear evolution.

I. INTRODUCTION

Barenboim, Ireland and Stebbins (BIS) [1] show that the generation of white noise on large scales in a
certain curvature invariant dubbed kurvature is a generic property of any matter component governed by
local nonlinear partial differential equations. Kurvature is closely related to the matter density and curvature
invariants in the center-of-momentum frame of the matter and, in linear theory, is related to the usual cosmo-
logical adiabatic curvature mode R for spatial metric fluctuations through a Poisson-like relation, which we
call the BIS relation. White noise in the former would seemingly imply an infrared-divergent k−1

L contribution
to the variance of R, through rescaling its power by k−4

L , where kL is the large-scale wavenumber. BIS-II [2]
uses this Poisson-like relation to argue that an observable relic of kurvature white noise remains in the Cosmic
Microwave Background (CMB) as an ordinary curvature mode, for which the Sachs-Wolfe effect provides a
temperature anisotropy of ∆T/T ≈ R/5, and constrains the UV physics of the matter sector, specifically by
requiring a cutoff or reduction in the initial power spectrum of the high-momentum hard modes that generate
it.

While large-scale white noise in the kurvature density may be generic, its posited relic in ordinary curvature
modes is not. BIS-II conjectures that inevitable early generation of kurvature white noise in the radiation-
dominated universe produces this UV-sensitive relic, and BIS explicitly give the nonlinear evolution of acoustic
waves in an irrotational perfect fluid as an example mechanism. Here we directly examine whether the BIS-
II conjecture holds for this system in second-order perturbation theory and clarify the difference between
kurvature, intrinsic curvature, and ordinary curvature modes.

The remainder of this paper is organized as follows. Section II defines kurvature in the matter center-of-
momentum frame, uses the Hamiltonian constraint to separate its intrinsic and extrinsic contributions, and
identifies the linear BIS relation whose nonlinear extension is at issue. Section III then gives an explicit
second-order calculation for an irrotational radiation fluid in comoving gauge and directly shows that while
the kurvature does acquire large-scale white noise (LSWN) it does so from the extrinsic curvature, while the
curvature mode does not acquire an IR-divergent term. Section IV discusses the physical interpretation of
these results. In a series of Appendices, we provide further checks and physical insight on the remaining hard-
hard LSWN. Appendix A develops the extrinsic-curvature interpretation and directly evaluates the expansion
contribution to kurvature; Appendix B details the curvature and density multipoles and evolution; Appendix C
gives an independent synchronous-gauge construction and pullback to comoving slicing and threading; and
Appendix D reconciles the comoving curvature result with the exact Langlois–Vernizzi curvature conservation

ar
X

iv
:2

60
8.

09
70

9v
1 

 [
as

tr
o-

ph
.C

O
] 

 1
0 

A
ug

 2
02

6

https://arxiv.org/abs/2608.09709v1


2

law [3].

II. KURVATURE

Following Stebbins [4, 5], we define the kurvature through a covariant construction and associate it with
coordinate-dependent quantities in the center of momentum (CM) frame. With uα as the unit normalized
future-directed timelike eigenvector of the total stress tensor, T α

βuβ = −ρ uα, or, equivalently by the Einstein
equation, Gα

βuβ = −8πGρ uα, where ρ is the energy density in the center-of-momentum (CM) frame. As we
shall see below, for a fluid uα is the fluid 4-velocity. Defining θ ≡ uα

;α as its local expansion rate, he calls

K ≡ 8πGρ

3 − 1
9θ2, ∆ρ ≡ 3K

8πG
= ρ − 1

24πG
θ2, (1)

the kurvature and kurvature density, respectively; BIS adopt this construction and develop its implications for
LSWN. We write the kurvature K in script, reserving plain K for the trace of the extrinsic curvature. On the
preferred slices picked out by uα and used below for an irrotational fluid, K2 = θ2, so K = 8πGρ/3 − K2/9.
Nonetheless, both K and ∆ρ are built from the local Einstein tensor and the CM four-velocity, so both are
covariant and locally measurable. The Stebbins spelling of kurvature is deliberate, to keep the quantity distinct
from the several other curvatures in use. When specializing to an irrotational radiation fluid below it will be
convenient to work with the dimensionless, background-normalized kurvature density, δK ≡ ∆ρ/ρ̄ (Eq. (49)),
the same construction as the ordinary density contrast δ ≡ δρ/ρ̄ but with very different interpretations.

This distinction makes an essential point: ∆ρ is the energy density with the squared local expansion rate,
θ2/24πG, subtracted. It is a curvature, not δρ, and so naive objections to white noise fluctuations based on
causality and conservation need not apply. Instead, the leading nonlinear source for ∆ρ is quadratic in the
kinematics of the CM congruence: its expansion θ, trace-free shear σαβ , and, for a general flow, vorticity
ωαβ , which measures local rotation. The Raychaudhuri equation makes their roles physical: shear focuses
neighboring CM worldlines, whereas rotation opposes that focusing. They consequently enter the general
source as σ2 − ω2 [5], with no spatial derivatives, and can generate a LSWN floor from hard-hard beat
coupling of modes.

The BIS-II association of LSWN kurvature with an observable IR divergence from a UV-sensitive cutoff in
hard modes involves its early generation in the radiation-dominated universe from the usual adiabatic scalar
fluctuations from inflation. To cleanly evaluate this claim, we use a scalar, irrotational, perfect-fluid branch,
ignoring the viscosity and heat conduction of the actual photon-baryon fluid, which provide the familiar UV
cutoff through diffusion damping, as well as vorticity and vector modes, which lie beyond the scalar sector
treated here. With vorticity absent, the CM flow is normal to the comoving slices.

In Sec. II A, we show how the Hamiltonian constraint in this system usefully partitions LSWN kurvature
into intrinsic three-curvature and extrinsic shear pieces rather than energy density ρ and expansion θ2. In
Sec. II B, we show that beyond linear theory, the intrinsic piece is not simply related to the curvature potential
via a Poisson-like relation, which we call the BIS relation.

A. Hamiltonian constraint

Now let us move to the preferred slicing of the kurvature construction. First recall the general Arnowitt-
Deser-Misner (ADM) construction. Foliate spacetime into spacelike slices with unit normal nµ, induced metric
γij , and extrinsic curvature Kij , split into trace and trace-free parts. The normal–normal projection of the
Einstein equations is given by

2Gµνnµnν = (3)R + K2 − KijKij = 16πG En, En ≡ Tµνnµnν , (2)

which we call the Hamiltonian constraint.
The preferred slicing for our perfect fluid system is the comoving one, nµ = uµ, where uµ is the fluid

4-velocity. This construction applies only if the matter is irrotational — by the Frobenius theorem, a unit
timelike congruence is hypersurface-orthogonal precisely when its vorticity vanishes. For this system the 4-
velocity coincides with the BIS definition of uµ in Eq. (1): for T µ

ν = (ρ + P )uµuν + Pδµ
ν , the eigenvector

condition T µ
νuν = −ρ uµ holds, and En = ρ. On the comoving slice Kij = − 1

3 θγij − σij , so K = −θ and
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KijKij = θ2/3 + 2σ2 with σ2 ≡ 1
2 σijσij . Eq. (2) becomes (3)R = 16πGρ − 2

3 θ2 + 2σ2, and eliminating θ2 in
favor of K via Eq. (1) gives the exact relation for kurvature [4, 6]

K =
(3)R

6 − σ2

3 (3)

in terms of intrinsic curvature and shear in the extrinsic curvature. With this partitioning of kurvature, the
central question is whether LSWN in K comes from intrinsic curvature or shear or equivalently whether the
RHS of

(3)R = 16πG ∆ρ + 2σ2 (4)

predominantly cancels or gives (3)R = 16πG×O(∆ρ). Furthermore, BIS-II seeks to equate ∆ρ through (3)R to
observable curvature modes R by inverting a Poisson-like relation. This is a correct relation in linear theory
where the shear contribution σ2 is second order and the 3-curvature and R are related by a Poisson-like
equation

∇2R(1) = −1
4a2δ(3)R(1) = −4πGa2 ∆ρ(1), (BIS relation). (5)

Here and throughout superscripted parentheses following variables denote the order of the perturbative ex-
pansion.

Deferring its status beyond linear theory to the next section, first let us establish what kind of behavior in
∆ρ might behave as a purported ordinary constant curvature relic above the horizon with it. For an ordinary
first-order curvature mode we can associate δ(3)R = −4a−2∇2R with R frozen on super-horizon scales. Thus
(3)R ∝ a−2, a constant 3-curvature fluctuation in comoving coordinates. Therefore by Eq. (3) with σ2 set aside,
this requires ∆ρ ∝ a−2 as well. In the radiation era, where ρ̄ ∝ a−4, this is the statement δK ≡ ∆ρ/ρ̄ ∝ a2:
a δK that grows at the same rate as the comoving density perturbation δ above the horizon, rather than a
constant or decaying dimensionless kurvature density. We shall see by explicit calculation, while this does
occur for the radiation fluid, it comes exclusively from σ2.

B. BIS-II conjecture and second-order curvature

The form of the BIS relation in Eq. (5) is exact in linear theory, but the kurvature density beyond linear
theory involves the extrinsic curvature. Expanding Eq. (3) to second order in the perturbations gives

∆ρ(2) =
δ(3)R(2)

∣∣
com

16πG
− (σ(1))2

8πG
. (6)

Notice that there is no second-order density or quadratic expansion contribution in this form: it is composed
purely of second-order intrinsic curvature and hard-hard first-order shear terms. This already establishes the
LSWN kurvature mechanism at second order: the composite first-order shear modes of high wavenumber beat
couple to a low wavenumber in their quadratic combination. Shear modes from the acoustically compressing
radiation fluid are expected but do not on their own imply LSWN in the intrinsic curvature.

Furthermore at second order, the usual curvature mode R is not related to δ(3)R through a simple Poisson-
like equation. In the isotropic threading we use below, γij = a2(1 + 2R)δij , and the construction for a
three-dimensional Ricci scalar gives, to the order needed here,

a2δ(3)R(2) = −4∇2R(2) + 16 R(1)∇2R(1) + 6
(
∂iR(1))2

. (7)

The first term is linear in the second-order curvature perturbation itself. The second and third terms are built
entirely from products of the first-order field. Thus beat coupling of the hard modes also generically implies
some level of LSWN in the intrinsic curvature but not of the growing type in δK. An important thing to note
here is that beyond linear theory the ordinary curvature mode R is not simply the potential for 3-curvature
fluctuations.

The BIS-II inference involves two logically distinct steps. At the epoch when hard modes generate kurvature,
it identifies the hard-hard density response with an accompanying intrinsic-curvature perturbation,

−1
4a2δ(3)R(2)∣∣

com ≈ −4πG a2 ∆ρ(2), (BIS-II conjecture). (8)
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It then assumes that this inferred curvature perturbation is a relic regular adiabatic mode and evolves it in
linear theory, where the BIS relation holds. For the BIS-II construction plotted below, this identification
defines the inferred hard-hard curvature response

∇2RBIS ≡ −4πGa2 ∆ρ(2). (9)

The question addressed here is whether the BIS-II conjecture itself holds: whether the nonlinear hard-hard
response supplies the intrinsic-curvature initial data required for that linear interpretation. Kurvature is not
3-curvature, and a Poisson potential RBIS constructed from kurvature as in Eq. (9) is not thereby an ordinary
curvature mode.

We next turn to the explicit calculation of kurvature and its correspondence with R for a radiation fluid in
second-order perturbation theory to illustrate these distinctions.

III. RADIATION LSWN

In this section we carry out the direct calculation in radiation domination to second order. We first fix the
comoving-gauge conventions and linear acoustic solutions, then construct the quadratic hard-hard sources and
solve the coupled constraint and evolution equations for the soft LSWN mode. We distinguish between the
second order curvature response R and that of the kurvature density fluctuation δK. For δK we identify which
intrinsic and extrinsic geometric terms supply the second order source and directly test whether they generate
the inverse-Laplacian curvature response assumed in the BIS-II conjecture and the associated Eq. (9). We
then assemble the corresponding contribution to the power spectrum of the hard-hard modes alone, determine
which hard modes are the dominant contributors, and contrast this finite direct result with the cutoff-sensitive
spectrum obtained from the BIS-II conjecture.

A. Notation conventions

We work in the radiation era with conformal time η, a ∝ η, H ≡ ȧ/a = 1/η, w = c2
s = 1/3, and write the

line element with scalar metric perturbations

ds2

a2 = −(1 + 2A) dη2 + 2∂iB dη dxi + (1 + 2R) δij dxidxj . (10)

Throughout, Latin indices are spatial. In the perturbative and Fourier algebra they are raised, lowered,
and contracted with the background δij ; repeated spatial indices are summed regardless of placement, e.g.
vivi ≡ δijvivj . The gauge is scalar-velocity orthogonal in slicing and isotropically threaded, i.e. the preferred
slicing is orthogonal to the scalar component of the fluid 4-velocity since we are interested in curvature
generation and the scalar sector. There is a small transverse velocity component that represents the vector
sector which is not treated here. Note that “comoving” does not mean the shift vanishes: the scalar coordinate
velocity potential is v = −B. Nonetheless we call this gauge “comoving” as shorthand.

We are interested in hard-hard quadratic combinations that beat couple to source soft momenta modes
that can exhibit LSWN. We refer to these hard modes as the q and p legs that close the triangle with a long
wavelength kL mode:

p = kL − q, ϵ ≡ kL

q
, µ ≡ k̂L · q̂, (11)

which then implies

kL · q = ϵµq2, q · p = q2(ϵµ − 1), p

q
=

√
1 − 2ϵµ + ϵ2. (12)

Thus we will generally view q as the principal hard mode and express all other quantities in terms of ϵ, which
characterizes how squeezed the triangles are, and µ which jointly determines the triangle shape and implicitly
p. For compactness of the expressions it will be convenient occasionally to rescale the time variable η to
the dimensionless acoustic time for the hard mode q: x ≡ csqη = qη/

√
3. When it is important to keep the

temporal dependence of both modes we explicitly write xp ≡ pη/
√

3 = (p/q) x but generally use x throughout.
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Note also that
√

3x = q/H. The limit of interest is ϵ → 0 at fixed x. At late times ϵ−1 ≫ x ≫ 1, this means
the hard modes are acoustically oscillating while the soft mode is outside the horizon kLη ≪ 1 appropriate
for the LSWN calculation.

Quadratic composites of the q and p modes are defined by the physical unequal-leg coefficient that multiplies
the initial curvature mode Ri, whose power spectrum is given by

〈
Ri(k)Ri(k′)

〉
= (2π)3δD(k + k′)PRi

(k), ∆2
R(k) = k3PR(k)

2π2 = As

(
k

k0

)ns−1
. (13)

With two independent hard legs of amplitude A and B carrying primordial curvature Ri(q) and Ri(p),

F = F0 + A Fq + B Fp + AB Fqp + O(A2, B2), (14)

and every quantity written with a subscript 2 below means Fqp. Note that in this “AB” form, the q − p
permutation double counting is taken care of in the sum over all modes rather than in the Fqp kernel itself.

B. First-order solutions

The usual first-order solutions become the sources for the second-order evolution. In general, of the 4
Einstein equations and 2 scalar matter conservation equations, we need only keep 4 independent equations
due to the Bianchi identities. In comoving gauge it is advantageous to take these as the 00 Hamiltonian
equation, the 0i momentum equation, the trace-free ij equation, and the matter Euler equation rather than
also take the spatial trace of the Einstein equations. For the principal hard-mode momentum q, these give

−6HṘ1 − 2q2R1 + 6H2A1 − 2Hq2B1 + 3H2δ1 = 0, (15)
Ṙ1 − HA1 = 0, (16)

A1 + Ḃ1 + 2HB1 + R1 = 0, (17)
A1 + 1

4 δ1 = 0. (18)

Eliminating the constraints,

δ1 = 2q2(R1 + HB1)
3H2 , B1 = −R1

H
− 6Ṙ1

q2 , A1 = Ṙ1

H
, (19)

and substituting into the trace-free Eq. (17) leaves a single propagating scalar,

R̈1 + 2HṘ1 + 1
3 q2R1 = 0 (20)

with first-order transfer functions R(1)(q, x) = R1(x)Ri(q), A(1)(q, x) = A1(x)Ri(q), etc as

R1 = sin x

x
, A1 = cos x − sin x

x
, δ1 = −4A1, (21)

b ≡ qB1 =
√

3
(

− sin x − 2 cos x

x
+ 2 sin x

x2

)
. (22)

The transfer functions also fix the expansion K = −θ and shear as

δθ1 = 1
a

[
3
(
Ṙ1 − HA1

)
+ q2B1

]
= qb(x)

a
,

σ1
i
j = qb(x)

a

(
q̂iq̂j − 1

3 δi
j

)
,

(23)

Nothing here is specific to q: Eqs. (15)– (22) take the same form for the p-leg with q → p, x → xp ≡ (p/q)x.
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C. Second-order sources

Quadratic combinations of the q and p first-order solutions become the second-order sources for the soft
mode kL. Following the standard order-by-order construction (see Ref. [7] for an elaboration in synchronous
gauge), we move all products of first-order fields to the right-hand side of the defining equations, where they
act as sources for the second order correction to the soft mode. The defining equations are the same as in the
first order calculation: 3 Einstein equations and the fluid Euler equation. Following this iterative procedure
we obtain

−6HṘ2 − 2k2
LR2 + 6H2A2 − 2Hk2

LB2 + 3H2δ2 = q2SH , (24)
Ṙ2 − HA2 = qSM , (25)

A2 + Ḃ2 + 2HB2 + R2 = ST , (26)
A2 + 1

4 δ2 = SE . (27)

With Eµ
ν = a2(Gµ

ν − 8πG T µ
ν) and Cν ≡ ∇µT µ

ν evaluated with only first-order fields present, the 4 sources
are given by

SH = − E0
0

q2 , SM = −kLiE
0

i

2iqk2
L

, ST = −
P S

ijEi
j

k2
L

, (28)

SE = − 1
ρ̄ + p̄

kLiCi

ik2
L

∣∣∣∣
AB

. (29)

with P S
ij = 3

2 (kLikLj/k2
L − 1

3 δij). A fixed hard-hard pair supplies a direction in addition to kL, so its quadratic
ST residual involves the angles in Eq. (12). Note that we have defined the various second-order sources to be
dimensionless by inserting the q-scalings on the RHS.

The SE source may be less familiar in second-order perturbation theory since it comes from iterating the
Euler equation. Since Cν ≡ ∇µT µ

ν = 0 nonlinearly, its residual is built from first-order metric fluctuations
implicit in the covariant derivative and the fluid velocity or equivalently its potential v1 = −B1. Evaluating
gives

SE = 6A1qA1p + (q · p)B1qB1p, (30)
where we have employed the AB counting procedure. Another route to the same answer uses Tolman-type
reasoning: in comoving gauge, where v = −B, the fluid is in slice-by-slice hydrostatic balance, with pressure
support counteracting the lapse gradient nonlinearly, or order by order. The fluid’s 4-acceleration is the normal
congruence’s, and for a unit normal to a slice of constant coordinate time this is exactly a gradient of the
log-lapse, ai = ∂i ln N . The relativistic Euler equation (ρ + p)ai = −∂ip and p = ρ/3 then integrates to

ln N

a
+ 1

4 ln ρ

ρ̄
= f(η), (31)

with f spatially homogeneous. The lapse N itself may be expanded to second order as
N2

a2 = 1 + 2A + ∂iB ∂iB + O(3). (32)

Extracting the AB coefficient of Eq. (31) with the first-order relation δa = −4Aa (Eq. (18) for each leg) gives
Eq. (30).

Substituting the first-order solutions into the definitions of the sources, we obtain
x6SH = s2(

−18x4 + 42x2 − 24
)

+ sc
(
4x5 − 28x3 + 48x

)
+ 10x4 − 24x2, (33)

x4ϵ2ST = s2[
−2x4 + 12x2 − 8 + µ2(

6x4 − 36x2 + 24
)]

+ sc
[
−6x3 + 16x + µ2(

18x3 − 48x
)]

+ x4 − 8x2 + µ2(
−3x4 + 24x2)

, (34)
√

3 x5SM = s2[
13x4 − 35x2 + 12 + µ2(

−12x4 + 24x2)]
+ sc

[
−3x5 + 30x3 − 24x + µ2(

3x5 − 24x3)]
− 7x4 + 12x2, (35)

x4SE = s2(
−9x4 + 30x2 − 12

)
+ sc

(
−24x3 + 24x

)
+ 6x4 − 12x2, (36)

which for x ≪ 1 takes the limiting forms
SH → −4, ϵ2ST → −1 + 3µ2, SM → −x(1 + µ2)/

√
3, SE → −x2/3. (37)
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D. Curvature master equation

We can now conduct the same steps as in linear theory to eliminate the constraints for A2, δ2, B2 at second
order and obtain the sourced master equation for the second-order curvature R2. As with the first-order
solution this becomes a sourced wave equation rather than a Poisson-like relation of the BIS-II conjecture.
The momentum equation gives the lapse directly in terms of Ṙ2 and substituting it into the Euler constraint
gives the density:

A2 = Ṙ2

H
−

√
3x SM , δ2 = 4SE − 4Ṙ2

H
+ 4

√
3x SM . (38)

Substituting Eq. (38) into the Hamiltonian constraint and solving for B2 gives

B2 = −R2

H
− 6Ṙ2

k2
L

+ H Q

2k2
L

, Q ≡ −3x2SH + 6
√

3x SM + 12SE . (39)

The B2 solution does take a Poisson-like form, B2 ∝ k−2
L and might seem to admit a BIS-type IR divergence:

Q is a fixed quadratic quantity built from beat coupling of hard-hard modes and is generically nonzero as
kL → 0. However B2 is a shift potential, not the ADM shift itself. The ADM shift in the metric is its
gradient, βi = a2∂iB2 ∝ k−1

L , so for a finite hard convolution its variance per logarithmic soft interval scales
as k3

L|kLB2|2 ∝ kL, so its power spectrum is IR integrable.
Substituting Eqs. (38)–(39) into the one equation not yet used, the trace-free (anisotropy) equation, gives

the master equation,

R̈2 + 2HṘ2 + 1
3 k2

LR2 = q2SR, SR = −1
6ϵ2ST −

√
3x

6 ϵ2SM + 1
36x2 (Q + xQ′) , (40)

with Q′ ≡ dQ/dx and Ḣ = −H2 in radiation domination. Explicitly

1
12 (Q + xQ′) = SE + xS′

E − 3
4x2SH − 1

4x3S′
H +

√
3x SM +

√
3

2 x2S′
M . (41)

This is a pure function of x and µ, with no inverse ϵ or kL behavior. Notice that the R̈2 term comes from Ḃ2
and so the naively dangerous k−2

L term in B2 comes in the combination (6Ṙ2 + HQ/2)k−2
L and is removed by

multiplying through by k2
L. The k2

LR term from the original Hamiltonian constraint does then reappear in
Eq. (38), but not in the form of a Laplacian constraint on R.

This dynamical content then is quite different in form from the BIS-II conjecture with the association in
Eq. (9), which takes the form of a Poisson-like constraint given a source. Instead, the second-order hard-hard
terms source an acoustic propagation equation (40) and produce regular solutions as kL → 0, or equivalently
ϵ → 0. Note that the combined source SR is itself regular in this limit. This is a source-level Laurent test:
expanding SR at fixed x, µ has no ϵ−2 or ϵ−1 coefficient. In particular the leading order ϵ0 coefficient of this
dimensionless source is

SR,0(x, µ) ≡ lim
ϵ→0

SR(x, ϵ, µ) = lim
ϵ→0

[
−1

6ϵ2ST + 1
36x2 (Q + xQ′)

]
(42)

and can only generate LSWN k0
L behavior in R2 not in k2

LR2 as its use in Eq. (9) would imply.
To see this, let us assemble Eq. (42) from the closed forms of Sec. III C (Eq. (36)),

3x4SR,0(x, µ) =
(
1 − 12µ2)

+
(
2 − 6µ2)

x2

+
[(

12µ2 − 1
)

− 18µ2x2 − 3
(
1 − µ2)

x4]
cos 2x

+
[(

24µ2 − 2
)

x +
(
1 − 9µ2)

x3]
sin 2x.

(43)

Despite the x4 on the LHS, this source is also regular as x → 0 due to cancellations on the RHS in the limit:

SR,0 =
(

1
3 − µ2

)
+ O(x2). (44)

Tracked back to the quadratic form for the first-order solutions of Eqs. (21)–(22) this comes from R2
1 as one

might expect from a primordial curvature mode on superhorizon scales x ≪ 1. With this simple second-order
source for R2, we can proceed next to solve its sourced wave equation.
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E. Second-order curvature and kurvature

Next let us solve the master equation (40) in integral form. Its wave nature can be seen by using x directly
as the time variable and rewriting U(x) ≡ xR2(x). Equation (40) then becomes

U ′′ + ϵ2U = 3xSR, ′ ≡ d/dx. (45)

With no independently imposed homogeneous contribution to U , its solution is

R2(x, ϵ, µ) = 3
ϵx

∫ x

0
dx′ x′ sin

[
ϵ(x − x′)

]
SR(x′, ϵ, µ). (46)

The Laurent expansion again gives no ϵ−2 or ϵ−1, leaving the leading-order LSWN term as

lim
ϵ→0

R2(x, ϵ, µ) = 3
x

∫ x

0
dx′ x′(x − x′) SR,0(x′, µ). (47)

The source-level Laurent test of Sec. III D makes the soft limit direct since Eq. (47) cannot generate a negative
Laurent power when SR has none. We thus reach our first main conclusion:[

∇2R(2)]
LSWN = 0 (48)

unlike the BIS-II conjecture (8). BIS-II requires a nonvanishing value for their observable relic — a finite
white hard-hard response for ∇2R(2) to be applied to Eq. (9) or an infrared-divergent R(2) as kL → 0 — and
it instead vanishes. The kernel R2 itself is white, with solutions given in closed form in Eq. (B2) and (B3), so
the curvature power spectrum contribution generated from hard-hard modes is also white but that makes its
IR contributions to curvature modes strongly convergent, not divergent as we shall see.

On the other hand BIS correctly inferred that the kurvature density is white, consistent with the hard-hard
shear source in (σ(1))2 in Eq. (6) or (θ(1))2 in Eq. (1). In terms of the kurvature density normalized to the
radiation background δK = ∆ρ/ρ̄ these equations become

δK = δK,density + δK,expansion = δK,intrinsic + δK,shear. (49)

Each of these terms can be evaluated in second-order perturbation theory to form the kurvature kernel.
Explicit substitution of the first-order solutions gives

δK,density = (En)AB/ρ̄, δK,expansion = − 1
9 a2η2(K2)AB ,

δK,intrinsic = 1
6 a2η2((3)R)AB , δK,shear = − 1

3 a2η2(σ2)AB ,
(50)

with σ2 ≡ 1
2 σijσij the same trace-free-extrinsic-curvature invariant already used in Kij = − 1

3 θγij − σij and
Eq. (3), evaluated here at AB order rather than at first order. Note that δK,density = δ2 and so is the
second-order density perturbation in comoving gauge. All four terms in the white ϵ → 0 limit follow:

δK,intrinsic = −10 sin2 x, (51)
δK,shear = − 2

3 x2b(x)2, (52)

δK,density = −4 + 8 sin 2x

x
− 12 sin2 x

x2 , (53)

δK,expansion = δK,intrinsic + δK,shear − δK,density, (54)

which implies

δK(x) = −10 sin2 x − 2
3 x2b(x)2. (55)

Note that none of these quantities depend on µ. We use the Hamiltonian constraint here for the compact
displayed form of δK,expansion, but have also evaluated it directly from the full ADM K2 in Appendix A.

Note that despite k2
LR2 having identically zero white contribution, the intrinsic curvature does provide a

white contribution to δK but not one that grows as a2 ∝ x2 in a manner consistent with BIS expectations.
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It is simply the hard-hard quadratic terms from the geometric identity Eq. (7): 16R1∇2R1 + 6(∂iR1)2 →
−20 sin2 x/x2 for the two antiparallel legs with R1 = sin x/x. With this normalization,

δK,intrinsic = ((3)R)AB

16πGρ̄
= −20sin2 x

x2
q2η2

6 = −10 sin2 x. (56)

This expression matches Eq. (51) exactly and remains bounded at x ≫ 1. The white intrinsic 3-curvature
present while the hard acoustic waves are active should not be confused with a propagating long-wavelength
curvature mode. It is carried by the local quadratic hard–hard geometric terms in Eq. (7), built from R1 and
arising from the same hard acoustic fields that supply the active second-order sources. The long-wavelength
response governed by the master equation is instead R2, whose Laplacian has identically zero LSWN. If
physical damping removes the hard waves, these local quadratic 3-curvature terms disappear; any matched
R2 response has ∇2R2 ∝ k2

L and therefore does not yield a BIS-type relic.
The shear term δK,shear = −2σ2

AB/16πGρ̄ follows similarly from the first-order contraction

(σ2)AB = 2
3

q2b(x)2

a2 . (57)

Notice that since limx≫1 b(x) → −
√

3 sin x, the shear term supplies a growing x2 contribution to δK, as
required by the BIS expectation for LSWN kurvature.

The density term δK,density(x) = δ2 is similarly reconstructed from Eq. (38). It contains the term

ηṘ2 = 3
x

∫ x

0
dx′ x′2SR,0 = 1

2x2

[
4x2 (

1 − 3µ2)
+ 24µ2 − 2 +

(
4x2 (

3µ2 − 1
)

− 24µ2 + 2
)

cos 2x

+ x
(
3x2 (

µ2 − 1
)

− 24µ2 + 2
)

sin 2x
]
. (58)

The µ terms cancel with those in ηSM in Eq. (36) leaving

δ2(x) = −4 + 8 sin 2x

x
− 12 sin2 x

x2 (59)

independently of µ. Notice that limx≫1 δK,density = −4 and, like δK,intrinsic, it stays bounded. Notice instead
that δK,expansion − δK,shear → −1 for x ≫ 1 and is subleading. As we shall show in Appendix A, the common
leading x2 growth of the expansion and shear is no coincidence: the nearly antiparallel hard modes require
this extrinsic-curvature form.

In summary, time-averaging over the acoustic phase, so that sin2 x → 1
2 and sin x cos x → 0, makes the

late-time or UV hierarchy:

δK,intrinsic 7−→ −5, δK,density 7−→ −4,

δK,shear = −x2 + O(x−2), δK,expansion = −x2 − 1 + O(x−2),
(x ≫ 1). (60)

It may be tempting to interpret the x2 term in δK as an initial condition for a free superhorizon growing
mode after the hard waves cross the sound horizon. But that interpretation would require the quadratic
sources to become negligible and the complete second-order system to then match onto the linear growing-
mode relation. Neither occurs in the ideal radiation fluid considered here: the subhorizon acoustic waves retain
finite oscillations, so their quadratic sources remain active. The resulting constrained particular solution leaves
the comoving density response bounded while its extrinsic expansion and shear contributions grow in δK. The
growing scaling of kurvature coinciding with the scaling of the growing linear mode does not make the full
second order system a free linear growing mode.

Instead, the relevant x2-growing white contribution to δK is an ordinary local effect, not a new long-range
mode: a bounded acoustic beat between the two hard legs of the extrinsic terms, shear or expansion. It
measures the deformation of the comoving slicing due to acoustic compression, increasingly rapid relative to
the background Hubble expansion. The intrinsic curvature and comoving density contribute much smaller
bounded terms to δK. Moreover the relativistic constraint system keeps even this small but white density
term from becoming the k−2

L curvature branch that the BIS-II conjecture implies through Eq. (9), as does the
geometric constraint for intrinsic curvature in Eq. (7).

Interestingly the LSWN (not IR divergent as with the BIS-II conjecture) comoving-curvature response in
Eq. (B2) and (B3) has a distinct tidal structure: Rℓ=0

2 → 5/2, whereas its quadrupole grows as Rℓ=2
2 ≃

−4 ln(2x) for x ≫ 1. We discuss this multipole structure in Appendix B and show the generation of such a
white noise residual does not contradict the exact Langlois–Vernizzi conservation law in Appendix D.
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F. LSWN power spectra

We can now put these considerations together and show why despite LSWN existing for kurvature there
is no IR divergence in curvature. The direct hard-hard response becomes physically relevant through the
power it generates at long wavelengths. We therefore form the hard-hard only P22 contribution to the power
spectrum. We then compare it to the same construction implied by the BIS-II conjecture through Eq. (9).
Note that neither is the complete second-order power spectrum, which involves first–third-order coupling, but
this coupling to a pre-existing soft mode is not the focus of LSWN, which arises purely from hard modes.

We construct the full second-order curvature by integrating over the hard modes. Recall that our AB
coefficients for the hard-hard kernel R2(x, ϵ, µ) = F2(q, p; η) when restoring the vector representations of the
soft and hard modes

k = q + p. (61)

Note that for notational simplicity we no longer distinguish the soft mode as kL(= k) here since we are
explicitly calculating LSWN power at k and no further confusion with a generic wavemode should arise.

The second-order field is then the integral over all of the allowed hard-hard modes

R(2)(k, η) = 1
2

∫ d3q

(2π)3 FR(q, k − q; η) Ri(q)Ri(k − q), (62)

where the one-half is required because the integral traverses both orderings of the pair while FR counts it
once. The second-order power spectrum term for IR modes generated purely from UV modes is the 22 piece:

〈
R(2)(k)R(2)(k′)

〉
= (2π)3δD(k + k′)P22(k), ∆2

22(k) = k3P22(k)
2π2 , (63)

where

P22(k, η) = 1
2

∫ d3q

(2π)3

∣∣FR(q, k − q; η)
∣∣2

PRi
(q) PRi

(|k − q|). (64)

The full second-order power spectrum would contain ⟨R(1)R(3)⟩ but those require the existence of a primordial
IR mode and are not generated purely from hard-hard modes. Notice that if the kernel contains a white ϵ0

form then P22(k, η) has a constant or white noise form for ϵ = k/q ≪ 1 for any initial power spectrum with
support for such q.

To make these considerations concrete, let us specialize to a scale-invariant initial spectrum, PRi
= 2π2As/q3

or ns = 1. Then

∆2
22(k, η) = 1

2 A2
s k3

∫
dq q−4〈

|FR|2
〉

µ
, (65)

so each hard mode enters with weight q−3|FR|2 per logarithmic interval. Given the monopole–quadrupole
split FR = Rℓ=0

2 (x) + Rℓ=2
2 (x)P2(µ) of Eqs. (B2)–(B3) we average over angles: ⟨P2⟩µ = 0 and ⟨P 2

2 ⟩µ = 1/5.
This gives

⟨|FR|2⟩µ =
(
Rℓ=0

2
)2 +

(
Rℓ=2

2
)2

/5, (66)

so Eq. (65) becomes

∆2
22(k, η) = A2

s(kη)3IW , (67)

where the integral

IW ≡
∫

d(ln x) Wln q(x), Wln q(x) ≡
(
Rℓ=0

2
)2 +

(
Rℓ=2

2
)2

/5
6
√

3 x3
, (68)

and recall x = qη/
√

3, where we now consider it at fixed η and varying q. Note that if read as a function of
η, this form requires kη ≪ 1 for superhorizon LSWN. Here Wln q is the contribution of each logarithmic hard-
wavenumber interval. We plot the relative weight in Fig. 1 using the full kernels not their x ≫ 1 limits. The
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weight is regular as x → 0 and peaks at x ≃ 2.51. At high x the cycle-averaged tail falls as x−3 log2(2x) (see
Appendix B). Together these imply that the modes that contribute most strongly to ∆2

22 for a scale-invariant
initial power spectrum are those that cross the sound horizon at the epoch η at which the power spectrum is
evaluated.

A numerical integration of the weight gives IW ≈ 0.03918, and with this value, we plot the final result
for LSWN in curvature in Fig. 2 assuming As = 2.1 × 10−9. Notice that LSWN curvature is strongly IR
convergent, with ∆2

22 rising to the horizon scale as (kη)3. Only near the horizon scale itself do we even
approach the expected small-22 O(As) relative correction to the power spectrum.
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FIG. 1. Relative weight with which hard modes contribute to the hard-hard LSWN curvature power spectrum,
d∆2

22/d ln q ∝ Wln q, at a fixed evaluation epoch η. The weight is both strongly IR and UV convergent and peaks
for modes that just cross the sound horizon x = 2.51. Unlike the BIS-II conjecture, there is no UV cutoff sensitivity to
∆2

22. The cycle-mean tail (dashed line) is an analytic result from Eq. (B4).

Contrast this with the BIS-II inferred response in Eq. (9), given our calculation of kurvature LSWN:

RBIS
∣∣
AB

= 4πGa2ρ̄(η)
k2 δK(x) = 3

2
δK(x)
(kη)2 . (69)

With Eq. (55), the kernel then becomes

FBIS(q, p; η) ≡ q2

k2

[
−5sin2 x

x2 − 1
3 b(x)2

]
. (70)

Notice that it is only the second, or shear term, in brackets that can masquerade as a constant mode at late
times. The first or intrinsic curvature term, even by the BIS accounting, would decay. This kernel gives the
BIS power spectrum for scale-invariant initial spectra

∆2
BIS(k, η) = 1

2 A2
s

∫
d ln q

(
k

q

)3 〈
|FBIS|2

〉
µ
. (71)

The square of the kernel provides q4/k4, so the integral up to qmax is UV sensitive and its impact is IR
divergent:

∆2
BIS(k, η) ≃ 3

16
qmax

k
A2

s. (72)

In Fig. 2, we plot this BIS prediction for several values of qmaxη. Notice that for sufficiently large values, the
BIS spectrum crosses the primordial spectrum on superhorizon scales. This is the basis of the observational
bound on qmax in BIS-II. No such IR-divergent curvature power spectrum actually occurs with an explicit
second-order calculation of ∆2

22, where the dominant contributions are from horizon-scale modes and provide
only the expected O(As) fractional correction at the edge of the superhorizon regime. The direct observable
in the CMB requires a Boltzmann calculation of the multicomponent cosmological system. Nevertheless, this
calculation already shows the absence of an IR enhancement of the Sachs-Wolfe effect, giving instead a strong
(kη)3 suppression of ∆2

22 and hence its impact on low order multipoles.



12

10
-7

10
-6

10
-5

10
-4

10
-3

10
-210

-42

10
-36

10-30

10-24

10
-18

10-12

10
-6

large scale kη

Δ
ℛ2

ΔBIS
2

, qmaxη = 2000

ΔBIS
2

, qmaxη = 200

ΔBIS
2

, qmaxη = 20

Δ22
2

As

FIG. 2. LSWN curvature power spectra for the hard-hard contributions at second order ∆2
22 compared with that

inferred by the BIS-II conjecture ∆2
BIS which relates kurvature density to curvature through a Poisson-like equation

(9), as well as the initial scale-invariant value of As = 2.1 × 10−9. Our ∆2
22 shows no UV cutoff sensitivity from

integrating hard modes to qmax consistent with the weight shown in Fig. 1. It is strongly suppressed as (kη)3 on
superhorizon scales. Conversely ∆2

BIS ∝ qmax/k and shows cutoff-sensitive IR divergence.

IV. DISCUSSION

We have shown by explicit calculation of the second-order evolution of acoustic waves during radiation
domination: where LSWN lives and where it does not, and what contributes to kurvature and what does
not. Beyond linear theory, kurvature contains both intrinsic 3-curvature and extrinsic curvature through the
quadratic composite of first-order shear. The growing contribution to the fractional kurvature density δK,
which mimics that of the matter density δ above the horizon and provides its LSWN, comes exclusively from
the shear of nearly antiparallel acoustic beat modes.

The much smaller intrinsic 3-curvature contribution is also constructed from beat coupling of first-order
curvature modes and has identically zero LSWN in the Laplacian of the curvature mode, invalidating the
BIS-II conjecture of an IR divergence in observable curvature modes. Geometrically, the curvature mode R
is not the potential for 3-curvature fluctuations beyond linear theory. Through the Hamiltonian constraint,
these results can be recast exactly in terms of the comoving density fluctuation and the quadratic composite
of first-order expansion. Here the growing contribution to δK lives exclusively in the expansion term, again
an extrinsic-curvature contribution, whereas the second-order density reaches a constant soon after horizon
crossing of the hard mode. This relationship between the shear and expansion views of the source of kurvature
also provides geometric insight: they represent the nearly plane-parallel distortions of the comoving slice due
to the acoustic compression induced by nearly antiparallel beat-coupled modes.

As a consequence, the hard-hard only contributions to the second-order curvature power spectrum are white,
not IR divergent and strongly convergent, and never exceed the first-order primordial power spectrum. Their
weight mainly comes from hard modes that are on the horizon scale at the evaluation epoch, exactly as one
might expect from relativistic terms in second-order perturbation theory. The absolute correction reaches the
naive second-order estimate of A2

s only when the soft mode approaches the horizon scale as well, and is never
important at superhorizon or LSWN scales.

The ideal radiation fluid used here retains undamped acoustic oscillations, so its quadratic hard-hard sources
do not become negligible merely when the hard modes cross the sound horizon. The direct response is therefore
a continuously sourced particular solution, rather than automatically a free growing or decaying mode. If a
physical damping process or transition instead suppresses the sources, the subsequent long-wavelength response
can be matched onto free solutions. In the LSWN limit, writing the source envelope as W (x), Eq. (47) gives

R2(x) = C+ + C−

x
, C+ = 3

∫ ∞

0
dx xSR,0(x)W (x), C− = −3

∫ ∞

0
dx x2SR,0(x)W (x), (73)
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after the sources have switched off. Such matching can leave a finite constant curvature component as well
as a decaying one. It does not restore the BIS-II result: the hard-hard source is regular as kL → 0, so any
matched remnant is a finite white response rather than a k−2

L curvature potential.
While this example provides an instructive counterexample to the BIS-II conjecture and directly addresses

the claims of an observational LSWN effect in the CMB, several open questions remain. First we have only
considered the impact of hard-hard modes alone as appropriate for LSWN and not the full second-order
power spectrum, which must include the first–third-order term or ∆2

13. Second, we follow BIS in assuming an
irrotational fluid and so do not address the effect of the rotation term ω2 on kurvature.

Finally, our finding of a small white-noise k0 term in the second-order comoving density δ2 and curvature
fluctuations R2 might seem to contradict naive Newtonian gravity expectations of only k4 power due to energy
and momentum conservation [8, 9]. The curvature fluctuation even has a small logarithmically growing tidal
term from UV modes. However, the net contribution to the power spectrum comes mainly from hard modes
that are on the horizon at the time, and it is well known that relativistic slicing and threading choices can
correct the naive expectation in a gauge-dependent way [10]. Furthermore, we have found that in comoving
gauge, subhorizon hard modes do contribute white-noise terms to the local expansion, reminiscent of back-
reaction questions but in the domain of perturbation theory rather than nonlinear structure. Moreover the
second-order shift potential does contain an inverse Laplacian. Although the associated ADM shift is infrared
integrable, its power is less infrared-suppressed than that of the linear shift. In an individual horizon-sized real-
ization, this long-wavelength shift could provide directionally biased local threading even though the ensemble
is statistically isotropic.

For all of these issues that relate to the validity of an approximate FLRW expansion in a given horizon-
sized realization, one must be careful to define a coarse-grained description rather than one that follows
the nonlinearly compressing small-scale acoustic fluctuations themselves. Determining whether these local
fluctuations alter the coarse-grained FLRW expansion requires a separate averaging/backreaction analysis; by
themselves, they do not establish such an effect (see e.g. [11] and references therein). We leave these questions
for future study.
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Appendix A: Extrinsic curvature of the hard-hard response

In Sec. III E we identified the common growth of the δK expansion and shear contributions, δK,expansion and
δK,shear in Eq. (60), as the kinematics of longitudinal acoustic compression and rarefaction. This appendix
first gives that plane-wave argument explicitly, then its exact, gauge-covariant DeWitt form, and the direct
evaluation of δK,expansion as opposed to inferring it from the Hamiltonian constraint. It also identifies the
bounded difference of the expansion and shear terms as the background–second-order contribution to the
gravitational kinetic term.

1. Longitudinal acoustic compression and rarefaction

A plane acoustic wave is a longitudinal, alternating compression and rarefaction of the fluid. For a wave
along ẑ the velocity is v(z, η)ẑ, so the deformation-rate tensor has a single non-vanishing eigendirection,

Dij = λ ẑiẑj . (A1)
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The transverse directions are untouched. This one-dimensional longitudinal deformation is simultaneously an
expansion or compression and a shear, in a fixed ratio:

θ = λ, σij = λ diag
(
− 1

3 , − 1
3 , 2

3
)

, σijσij = 2
3 θ2, (A2)

and hence

KijKij = 1
3 θ2 + σijσij = θ2 = K2. (A3)

The Hamiltonian constraint (2) contains only K2 − KijKij , so a single plane wave contributes nothing to it,
however large its compression.

A soft kL ≪ q from two hard modes requires p = kL − q and therefore, in the squeezed limit, antiparallel
waves: q̂ · p̂ = −1 + O(ϵ2). They deform the fluid along the same axis, so their combined longitudinal
deformation is again one-dimensional. This is the physical reason the x2 growth cancels between the expansion
and shear entries of the Hamiltonian constraint.

2. DeWitt form of the hard-leg cancellation

The preceding discussion phrases the cancellation in the fluid picture while our extrinsic curvature is a
property of the embedded spatial slice. In the ADM foliation used in Sec. II A, the spatial projector is
hµν = gµν + nµnν . The induced metric on a constant-time hypersurface is its spatial pullback, γij = hµνeµ

i eν
j

for tangent vectors eµ
i to that slice, and Kij is minus one half of its normal rate of change in the ADM

convention of Sec. II A. The longitudinal compression and accompanying shear are therefore components of
the same Kij . Their invariant combination in the Hamiltonian constraint is the gravitational kinetic term,

Gijkl
DWKijKkl = KijKij − K2, (A4)

where the

Gijkl
DW = 1

2
(
γikγjl + γilγjk − 2γijγkl

)
, (A5)

is the DeWitt supermetric. Its one negative trace direction and five positive trace-free directions encode the
competition between expansion and shear. At the order needed below, indices are raised and lowered with the
background δij . The corresponding DeWitt bilinear form is

GDW(v, w) ≡ Gijkl
DWvijwkl = vijwij − (tr v)(tr w), so that KijKij − K2 = GDW(K, K). (A6)

In the comoving gauge of Sec. III, the first-order extrinsic curvature perturbation on a single hard leg is

δKi
j = −1

a

[(
Ṙ − HA

)
δi

j + kikjB
]
. (A7)

The isotropic piece is exactly the linear momentum constraint, Ṙ−HA = 0 (Eq. (16)), so it vanishes identically
rather than only at leading order, leaving

δKi
j = −kikjB

a
= L k̂ik̂j , L ≡ −k2B

a
, (A8)

a rank-one tensor. For a rank-one outer product of a unit vector, tr v = (vijvij)1/2, so the identities collapse
trivially: vij = Lk̂ik̂j gives tr v = L and vijvij = L2, so

GDW(δKq, δKq) = L2
q − L2

q = 0 (A9)

and similarly for the p leg. Two null directions need not have a vanishing cross term, but strict-soft kinematics
forces the two hard-leg deformations onto the same generator: p = kL − q gives q̂ · p̂ = −1 + O(ϵ2), hence
p̂ip̂j = q̂iq̂j + O(ϵ2). The two rank-one tensors are therefore proportional up to the soft misalignment, and

GDW(δKq, δKp) = O
(
ϵ2|δKq| |δKp|

)
. (A10)

Thus the leading hard-hard contribution cancels in the gravitational kinetic term. This null property is specific
to the comoving slicing: in synchronous gauge the corresponding δKi

j has an isotropic component and is not
null.
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3. Direct computation of δK,expansion

The direct computation of the expansion term in the kurvature is operationally more cumbersome since
unlike the shear, it enters with a background contribution and requires a higher order expansion. In the main
text, we took the short cut of using the Hamiltonian constraint to infer it from the shear term. To avoid the
impression of circularity in the discussion of shear and expansion, we carry through the direct computation
here.

The background extrinsic curvature is pure trace, K̄i
j ∝ δi

j , the opposite extreme from a null direction:
GDW(K̄, K̄)/|K̄|2 = −2 exactly. It sits on the timelike (volume) axis of the DeWitt cone in Eq. (A4), orthogonal
in kind to the null leg deformations above. The AB coefficient of the kinetic term therefore splits into a leg–leg
piece and a background–second-order piece,

(
KijKij − K2)

AB
= 2 GDW(δKq, δKp) + 2 GDW(K̄, K|AB) = 4H

a
K

∣∣
AB

+ O(ϵ2), (A11)

so essentially the entire bounded difference KijKij − K2 at AB order is carried by K|AB , the trace of the
second-order extrinsic curvature.

From K = − 1
N

[ ˙(ln √
γ) − Diβ

i
]
, where Di is the covariant derivative compatible with the induced metric

and Diβ
i ≡ γ−1/2∂i(γ1/2βi), with βi ≡ γijβj , γij = a2(1+2R)δij , βi = a2∂iB, and N2 = a2(1+2A)+γijβiβj ,

the AB coefficient of −aK is, to second order

−a K
∣∣
AB

= 3Ṙ2 + k2
LB2 − 3HA2

− 6
(
RqṘp + RpṘq

)
− 2

(
p2RqBp + q2RpBq

)
+ (q · p)

(
RqBp + RpBq

)
− Aq

(
3Ṙp + p2Bp

)
− Ap

(
3Ṙq + q2Bq

)
+ 3H

[
(q · p)BqBp + 3AqAp

]
,

(A12)

with the first line linear in the second-order fields and the rest quadratic in the first-order legs; k2
LB2 survives

the soft limit because B2 ∼ k−2
L . Inserting the reconstructed R2, A2, B2 of Sec. III D into Eq. (A12) and

forming (K2)AB directly gives the same δK,expansion as the Hamiltonian constraint.

Appendix B: Comoving curvature and density of the hard-hard response

Both the comoving curvature and density modes acquire a white response to hard-hard modes. Unlike
the shear and expansion terms, they carry no growing contribution to δK that would indicate a BIS-relation-
type effect; their behavior is nevertheless worth examining separately, especially in contrast to linear-theory
expectations from conservation laws.

For the curvature mode, Equation (47) can be broken up into monopole and quadrupole terms,

R2(x, µ) = Rℓ=0
2 (x) + Rℓ=2

2 (x) P2(µ), (B1)

where P2(µ) = 1
2 (3µ2 − 1),

Rℓ=0
2 = 2 + cos2 x − 3 sin2 x

x2

−→ 5
2 , (B2)

Rℓ=2
2 = − 4 ln(2x) + sin2 x + 4 Ci(2x) − 4γE + 8 − 8 sin2 x

x2

−→ −4 ln(2x) + 17
2 − 4γE, (B3)

and the → represents taking the cycle average of the x ≫ 1 limit. The angular structure is particularly
transparent in Eq. (58): its dependence is at most linear in µ2, and therefore decomposes entirely into monopole
and quadrupole terms. The monopole is simple and bounded. All of the secular growth sits in the quadrupole.
We conclude that a pair of counter-propagating hard acoustic waves produces a bounded isotropic curvature
response and a logarithmically growing tidal one. This logarithm is a feature of the continuously driven ideal-
radiation solution: if a physical process suppresses the hard-hard source, the subsequent strict-soft response
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2 − 4γE showing the late-time cycle mean. Bottom: the comoving density δ2 (Eq. (59)), with
oscillations that decay toward its asymptotic value −4.

takes the free constant-plus-1/x decaying form of Eq. (73), so the logarithmic growth ceases and fixes a finite
constant component together with a decaying one.

This decomposition also allows us to calculate the large x limit of Wln q in Eq. (68), the weight of the hard
modes contributing to the second-order ∆2

22 spectrum. At large x, dropping the transient cosine integral Ci(2x)
and 1/x2 pieces of Eqs. (B2)–(B3) leaves Rℓ=0

2 → 2+cos2 x and Rℓ=2
2 → Ξ(x)+sin2 x with Ξ(x) ≡ −4 ln(2x)+

8 − 4γE, where γE is Euler’s constant; cycle-averaging their squares (⟨cos2⟩ = ⟨sin2⟩ = 1
2 , ⟨cos4⟩ = ⟨sin4⟩ = 3

8 )
gives the closed-form envelope plotted as the dashed line in Figure 1,

W cycle
ln q (x) = 1

6
√

3 x3

[
51
8 + 1

5

(
Ξ(x)2 + Ξ(x) + 3

8

)]
, (B4)

which falls as x−3 log2(2x) up to bounded terms.
The comoving density follows the same pattern: by Eq. (59) its quadrupole vanishes identically and it is pure

monopole and bounded. Here δ2 = 4SE −4ηṘ2 +4
√

3xSM , and we see that the µ2 (quadrupole) part of ηṘ2 is
identical to that of

√
3xSM from Eq. (35), so it cancels in the sum, while SE carries no µ-dependence at all —

leaving the exactly µ-independent, pure-monopole δ2 of Eq. (59). The piece of R2 that grows logarithmically
is exactly the piece that the density’s own defining combination is built to eliminate. Thus no logarithmic
terms enter δK,density or δK,intrinsic, the latter because k2

LR2 contains no white noise term.
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Appendix C: Synchronous-gauge construction of the hard-hard response

Comoving gauge results for the hard-hard response can equivalently be constructed by evolving the per-
turbations in synchronous gauge using previously established work and transforming the result to the scalar-
comoving, isotropically threaded gauge. This appendix develops that representation as a cross-check of results
in the main paper. The synchronous gauge solution follows the same general procedure as the comoving gauge
derivation in Sec. III for its own metric variables but then requires a pullback to the comoving slicing and
threading. The pullback is essential: synchronous and comoving curvature variables are not themselves the
same object. Once expressed in the comoving gauge, the curvature response is the same R2 as in Sec. III and
contains no IR divergent response.

1. Synchronous variables and evolution

For a hard leg of comoving wavevector b (b ∈ {q, p}) with unit primordial curvature, write xb ≡ |b| η/
√

3,
so that xb = x for the q leg. We follow the synchronous-gauge notation and results of Inomata, Lee, and Hu
(ILH) [7] rather than reproducing them here: Ψb and Êb are respectively the isotropic and scalar trace-free
parts of the spatial metric, and v̂b is the velocity potential. We denote ILH’s soft external wavevector by kL,
reserving q and p for the hard legs. Second-order sources are formed from the first-order solutions,

Σb ≡ Ψb + 1
3 Êb = 2 cos xb − 1

x2
b

, (C1)

together with the velocity-potential transfer

v̂b =
√

3
|b| xb

(
2 cos xb + xb sin xb − 2

)
. (C2)

The first-order spatial metric perturbation on each leg is Cb
ij = −Ψbδij +Êb

(
b̂ib̂j − 1

3 δij

)
, and spatial derivatives

act algebraically, ∂iQb → ibiQb.
ILH then constructs the second order sources with the same iterative approach as in Sec. III, with the

exception that all 4 Einstein equations are used (their Eqs. B.24–B.27) instead of the Einstein-Euler system.
The published ILH trace source omits the scalar velocity-squared term vivi, the isotropic trace of the quadratic
velocity tensor in the spatial Einstein equation. This typographical omission is corrected in an arXiv v3 update
of ILH. Correcting it in their Eq. B.27, the additional term in the source convention used here is

∆Skk = 6H2(1 + w)vivi
w=1/3−−−−−→ ∆Skk = 8H2vivi, (C3)

which is included in Skk below. We write the scalar metric variable Ê itself, avoiding a convention-dependent
Laplacian redefinition.

Combining the trace and density equations eliminates δ and gives the isotropic evolution equation, their
Eq. B.29,

Ψ̈ + (2 + 3w)HΨ̇ − 1
9 (1 + 3w)∇2(3Ψ + Ê) = 1

6 (Skk + 3wS00) . (C4)

Specializing Eq. (C4) to radiation and including the trace-free equation gives

Ψ̈2 + 3HΨ̇2 + 2
9 k2

L

(
3Ψ2 + Ê2

)
= 1

6 (Skk + S00)
∣∣∣
AB

, (C5)

¨̂
E2 + 2H ˙̂

E2 − k2
L

(
Ψ2 + 1

3 Ê2

)
= N̂ijSij

∣∣
AB

, (C6)

with N̂ij the transverse-traceless projector and Skk carrying the term in Eq. (C3).
Once Eqs. (C5)–(C6) are solved for Ψ2 and Ê2, with no independent second-order homogeneous mode, the

Hamiltonian and momentum constraints reconstruct the matter variables rather than evolve them,

δ2 = S00 − 6HΨ̇2 − 2k2
LΣ2

3H2 , Σ2 ≡ Ψ2 + 1
3 Ê2, (C7)
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v̂2 = − 1
4H2

(
2Σ̇2 + kisi

k2
L

)
, S0i ≡ isi. (C8)

For the full unequal-leg source kisi = O(k2
L), so the apparent 1/k2

L in Eq. (C8) has a regular strict-soft limit.
This completes the second-order synchronous system.

2. Pullback to comoving slicing and threading

To compare with Sec. III, the synchronous solution must be mapped to the comoving slicing. At sec-
ond order this change of slicing and threading is nonlinear: it contains a second-order generator as well
as quadratic actions of the first-order generators on the metric and fluid variables, following the standard
gauge-transformation formalism of Malik and Wands [12].

An irrotational perfect fluid admits slices orthogonal to uµ; writing such a slice as η = τ + T (x), the
comoving condition is ucom

i = ui + u0∂iT = 0, and hence

∂iT = − ui

u0
, (C9)

which in synchronous gauge, through quadratic order, is −ui/u0 = ∂iv̂ + 2Cij∂j v̂. At first order this gives
T (1) = v̂(1). At second order, removing the common Fourier factor i, the quadratic covector kernel is Wi =
kLiv̂2 + 2

(
Cq

ijpj v̂p + Cp
ijqj v̂q

)
, where the first term is the second-order velocity and the remaining terms are

the first-order metric acting on the first-order velocity. Its longitudinal part fixes the second-order time shift,

T2 = kLiWi

k2
L

. (C10)

At finite ϵ, scalar–scalar coupling can also generate a transverse remainder of Wi that no scalar time shift
removes. Thus “comoving” here means scalar-comoving with isotropic threading, which is the same target
gauge used in the direct calculation.

Completing the isotropic spatial threading is stated directly as a coordinate map, xµ → yµ with synchronous
coordinates xµ and final scalar-comoving coordinates yµ,

x0(y) = η + A Tqeiq·y + B Tpeip·y + AB T2eikL·y,

xi(y) = yi + iA si
qeiq·y + iB si

peip·y + iAB si
2eikL·y, (C11)

with the second-order spatial pieces si
2 fixed, alongside T2 above, by the target gauge conditions.

ki
L (ui)(2)

com = 0, Ê(2)
com = 0, F

(2)
i = 0. (C12)

Here Fi denotes the transverse vector part of the spatial metric, ∂iFi = 0, whose contribution is proportional to
∂iFj + ∂jFi. The first condition fixes the scalar-comoving slicing, the second fixes the scalar spatial threading,
and the third removes the vector part of the spatial metric. These conditions do not license setting kL = 0 in
advance. With Jµ

ν = ∂xµ/∂yν , every field is produced by the same one map,

gcom
µν = Jα

µJβ
ν gSyn

αβ (x(y)), ucom
µ = Jα

µ uSyn
α (x(y)), ρcom = ρSyn(x(y)), (C13)

and, after the target conditions remove the scalar and vector parts of the transformed spatial metric,

R2 = 1
6 h

com(2)
ii . (C14)

After the pullback, the synchronous construction and the direct calculation are two representations of
the same comoving response. Figure 4 illustrates their excellent agreement at finite soft momentum. Both
representations approach the regular strict-soft comoving response: no inverse powers of kL occur in R2.
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Appendix D: Langlois–Vernizzi conservation and the hard-hard response

At first sight, the nonzero, oscillating R2 sourced by hard acoustic legs (Sec. III) appears to conflict with
the exact Langlois–Vernizzi (LV) conservation law [3, 13] for the curvature one-form, which directly applies to
the barotropic radiation fluid here. Here we show that there is no conflict between these statements.

For a barotropic perfect fluid define

SLV = αLV + 1
4 ln ρ, ua∇aαLV = θ

3 , (D1)

Here θ ≡ ∇aua is the covariant expansion of the fluid congruence. In the scalar comoving sector, where the
hypersurface normal is na = ua, it is minus the ADM trace, K = −θ, in the convention of Sec. II A; away from
that identification K is slice dependent, whereas θ remains the fluid expansion. Thus αLV integrates the local
expansion history along a fluid worldline — a clock built from how much a fluid element has expanded — and
SLV combines that clock with density in the one combination that makes it behave like a curvature potential
for a barotropic fluid. Its spatial gradient on the hypersurface orthogonal to the fluid, ζa = ha

b∇bSLV with
ha

b = δa
b + uaub, obeys the exact identity

ua∇aSLV = Eρ

4ρ
, Eρ ≡ ua∇aρ + 4

3θρ, (D2)

where Eρ is the local violation of the radiation continuity equation. For an ideal fluid with P̄ = wρ̄, w
constant, and no entropy perturbation, Eρ = 0 identically. Thus ζa is exactly Lie-transported along the fluid
congruence. The result holds exactly: no gradient expansion enters and so it is not restricted to superhorizon
scales like other proofs of curvature conservation.

There is no conflict between this exact conservation law and the oscillations and secular growth of R2.
Lie-transported along ua means constant when evaluated at a fixed fluid element, i.e. at fixed Lagrangian
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label XI , not at a fixed Eulerian coordinate or a fixed Fourier mode. R2, by contrast, is read off as the
coefficient of eikL·y on a slice at fixed coordinate y. These agree only if the coordinates y used to state R2
are themselves the fixed fluid labels — and they are not: although ui = 0 in this gauge, the scalar coordinate
velocity is v = −B and need not vanish. “Comoving” here means scalar-comoving and isotropically threaded
(Appendix C): the scalar condition ui = 0 fixes the time slicing to be orthogonal to ua, exactly as ζa’s own
projector ha

b requires, but an independent condition, Ê = 0, is imposed to fix the spatial threading by isotropy
rather than by following fluid elements. Maintaining Ê = 0 order by order requires the extra spatial reshuffling
recorded in Appendix C’s pullback — the piece si

2, fixed by the target gauge conditions of Eq. (C12) — and, at
finite external momentum, leaves a genuine transverse remainder that no scalar coordinate choice can absorb
(Sec. C 2). Neither piece is a statement about fluid labels. So y ̸= XI beyond leading order, by construction,
independent of any dynamics: the isotropizing threading choice, not a failure of conservation, is what separates
the two.

For the finite-ϵ hard-hard solution of the main text, an independent evaluation of the continuity residual
verifies Eρ = 0 through second order. This explicitly checks that the solution realizes the LV transport law.
If XI are fluid labels, ua∂aXI = 0, the pulled-back covector ζI ≡ ζa ∂xa/∂XI consequently obeys

dζI

dτ
= ∂xa

∂XI
(Luζ)a = ∂I

(
Eρ

4ρ

)
= 0. (D3)

Thus LV conservation constrains ζI , not the Eulerian Fourier coefficient R2. A nonzero, oscillating R2 is
therefore not in tension with exact LV conservation. It is only on superhorizon scales for linear modes that
the two coincide. Here the hard modes have already undergone acoustic oscillations and the two relate to
different quantities.
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