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If the Peccei-Quinn symmetry of an ultralight axion is broken before the end of inflation, axion
quantum fluctuations seed isocurvature perturbations, linking them to the tensor-to-scalar ratio
r. We extend the effective time average (ETA) approach of the Boltzmann code AXIECAMB to
accurately evolve these perturbations across the full axion mass range from dark energy (m, < Ho) to
dark matter (mq 3> 1072% eV) types. We provide analytic fitting formulae for the axion abundance
given the initial field value ¢ini, accurate at sub-percent level for m, > Hp and allowed dark
matter fraction fqm. In the dark matter regime, the Planck bound on CDM isocurvature requires
7 fam < 0.08 (ma/lof27 eV)fl/Q, which becomes stronger than the current BICEP tensor bound
for mafa, = 10720%eV. For 10732 < mg,/eV < 10728, Jeans suppression breaks the degeneracy
with CDM isocurvature, leaving unique signatures, and in the dark energy regime (m, < Ho),
the isocurvature signal is even more highly suppressed, peaking only at the CMB quadrupole. We
provide analytic scalings for both signatures. Given the tensor bound, any primary CMB detection
in these two lightest regimes would indicate a non-inflationary origin of the isocurvature modes or a
breakdown of the standard frozen-field misalignment scenario. A window of coexistence opens near

me ~ 1072° 6V and fam = 0.1 where both axion isocurvature and tensor modes could be discovered

~

just below current bounds while simultaneously alleviating the Ss tension.

I. INTRODUCTION

Scalar and pseudoscalar fields are ubiquitous in
beyond-the-standard-model physics. For example, in
string theory, the dilaton is a scalar field, while axion-like
pseudoscalars can emerge as Kaluza-Klein zero modes of
antisymmetric tensor fields compactified on Calabi-Yau
manifolds and can couple to the electroweak sector or to
new gauge sectors [I]. One of the pseudoscalars might
be the quantum chromodynamics (QCD) axion, while
many more could populate a wide range of axion masses,
approximately uniformly in logm,. In this work, we fo-
cus on the ultralight mass range of such fields, including
scalar degrees of freedom associated with vector fields,
and refer to them generically as “axions” for simplicity.

Regardless of their fundamental origin, if the axion ex-
ists and is light during inflation, m, < Hi,¢, where Hiu¢
denotes the Hubble rate, it will acquire quantum field
fluctuations of order Hi,s/27m and generate an isocurva-
ture component in cosmic initial conditions [2HI2]. For
the Peccei-Quinn (PQ) axion this would require PQ sym-
metry breaking to have occurred before the end of in-
flation with a decay constant f, > Hi,¢. If we further
assume the axion field acquires a value ¢i,; < f,, then
its subsequent evolution is in an effectively quadratic po-
tential. Once the Hubble rate drops to H ~ m, after
inflation, the axion oscillates coherently in this potential
with angular frequency w ~ m, and its density redshifts
as cold dark matter. In this regime the axion can com-
prise part of the dark matter. If m,/Hy < 10, these
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coherent oscillations have begun only recently, if at all,
and the axion can compose part or all of the dark energy.

Across this wide range of masses, axions produce many
distinct signatures. Axions could also be a fractional
component of the dark matter or dark energy in the
universe: CMB, LSS, and Lyman-« observations im-
pose constraints on the axion fractional abundance of
fam = Qa/Qam < 0.05 when 10732 eV Sm, <1072 eV
[I12-25]. In this work we develop accurate and precise
methods to calculate and test the cosmological signa-
tures of these isocurvature perturbations in the linear or
large-scale regime, improving upon past results for CMB
signatures, constraints, and forecasts for future CMB ex-
periments [2, 4H12, 26H30]. These considerations make
the mass range m, < 10724 eV of particular interest here,
though our techniques also provide initial conditions for
nonlinear simulations of structure for even heavier masses
within the fuzzy dark matter regime.

Most prior work testing axion masses in this regime
used the Boltzmann code AxIONCAMBIT This package
is a modification to the CAMB Boltzmann codeE| which
implemented perturbation evolution with an effective-
fluid approximation (EFA) where a sharp switch is made
from field to fluid equations when m, > 3H. This ap-
proximation suffers from an artificial dependence on the
phase of the field oscillation and other artifacts due to
the implementation of a hard switch. These artifacts can
impact observables and thus constraints [31], 32].

Improved methods were introduced in Ref. [32] that
involved matching the EFA to the effective time aver-
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age (ETA) of the field oscillations (see [33] for an alter-
native approach). These methods were extended into a
full Boltzmann treatment for adiabatic perturbations in
Ref. [34], and the resulting code, AXIECAMB, replaces
AXIONCAMB as the reference CAMB implementationf]
for axions (see also [35H37] for other implementations of
the ETA approach and [38, [39] for emulators of existing
codes). Here we further extend these methods to ax-
ion isocurvature fluctuations and address the additional
requirements for their accurate calculation due to their
strong sensitivity to the dynamics of the axion system.

Constraints on axion isocurvature fluctuations can
then be translated into constraints on Hj,¢ or equiva-
lently the tensor-to-scalar ratio r. In order to complete
this mapping, we need an accurate calibration of the ini-
tial field value ¢;,; corresponding to a given present-day
axion density or abundance. Since this requires an ac-
curate transition between the field and fluid regime, our
ETA technique is especially useful here and we provide
a simple expression that is accurate across the full range
of masses. Our abundance expression is useful for relic
axion studies even beyond the isocurvature context here.

In summary, we: (i) extend AXIECAMB to inflation-
ary axion isocurvature modes; (ii) derive and calibrate
analytic fits connecting the initial field value ¢;,; to the
axion abundance 2,h?, and the isocurvature amplitude
to the tensor-to-scalar ratio r over the full mass range;
(iii) quantify CMB signatures in three mass regimes
(dark-matter-like, intermediate, and dark-energy-like ax-
ions) independently of their inflationary origin; and (iv)
translate isocurvature constraints into bounds on the
tensor-to-scalar ratio r through the inflationary Hub-
ble scale Hiut, highlighting the parameter region where
isocurvature and tensors can coexist near current bounds
while also addressing implications for the Sg tension.

The outline of this paper is as follows. We begin
in Sec. [ with a review of axion isocurvature fluctu-
ations and present the analytic relationships between
inflationary and late-time parameters as calibrated by
AXIECAMB. In Sec. [[lT] we calculate and describe
the isocurvature signatures in the CMB and matter
power spectra in the three distinct mass regimes deriv-
ing bounds on the isocurvature amplitude. In Sec. [[V]
we discuss these results. In the Appendix we detail the
code considerations for the new release of AXIECAMB
v1.1, including accuracy tests.

For illustrating the observables, we take a fiducial spa-
tially flat ACDM cosmology with Planck 2018 baseline
parameters: baryon density ,h? = 0.0224, sum of the
neutrino masses »  m, = 0.06 eV, Hubble constant Hy =
67.36 km/s/Mpc, reionization optical depth 7 = 0.0544,
amplitude of the curvature spectrum In(10°A,) = 3.044
with a tilt n, = 0.9649 [40]. In the presence of axions
with m,/Hy > 10, we replace the cold dark matter den-
sity Q.h? with the total dark matter Qqnh? = Q.h% +
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Q.h? = 0.12, where Q.h? is effectively time-averaged
over the mass oscillation timescale. For m, < 10Hy =
1.44 x 10732 ¢V axions behave as dark energy (DE). Un-
less otherwise specified, we parametrize its abundance
with fae = Q0/Qde, where Qqo = Qp + Q,, where Q,
is the instantaneous value today, and keep Q.h? = 0.12.
For illustration purposes we take a scale-invariant isocur-
vature spectrum n, = 0, consistent with tensor upper
bounds, though our treatment is general and applies to
any spectrum. Throughout this work we utilize units
where ¢ = h = 1, overdots denote derivatives with respect
to the conformal time, and adopt synchronous gauge as
in the CAMB family of codes.

II. AXIONS FROM INFLATION

If Peccei-Quinn symmetry is broken prior to the end
of inflation, axions carry quantum vacuum fluctuations
with an rms amplitude Hine/27 per e-fold, seeding a field
power spectrum
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Fluctuations on scales that exit prior to today’s horizon
scale contribute instead to the average initial field ¢j,;
within our horizon.

Here we follow the standard tensor-power-spectrum
convention for the tensor-to-scalar ratio r and tensor tilt
nr. Since gravitational wave fluctuations are similarly
generated by Hi,¢, we define the isocurvature amplitude
r, relative to the scalar amplitude A, at k& = 0.05 Mpc ™!
and the tilt n, around that scale. Although the tensor
and isocurvature parameters must be equal in a consis-
tent single-field inflationary model, we allow the freedom
to vary r, and n, independently to identify their respec-
tive contributions to CMB fluctuations. Since the tensor
r is already known to be small and ny = —r/8 in canon-
ical slow-roll inflation, when illustrating our results with
numerical calculations we always take n, = 0.

Since axions are a spectator field in the early universe,
their field fluctuations represent isocurvature modes. To-
gether with the fluctuation amplitude r,, the background
field value from inflation ¢;,;, the field fluctuations set
the initial isocurvature density power spectrum. For an
initial field that is sufficiently close to the potential min-
imum so that the Klein-Gordon (KG) equation,

O¢ = —m3¢, (2)
applies, the background field is frozen by Hubble drag

when m, < H and begins oscillating around its potential
minimum around mg,/H (aesc) = 3. Consequently, the
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axion density abundance today obeys

2
Q.H2 = Fym? (fﬁ) ad.., (3)
P

where the exact proportionality coefficient F,, can be ob-
tained analytically for a background expansion history
with a constant total equation of state w = p/p at aosc-
For m > H.q, the background is radiation dominated
(RD), w =1/3, and

1/4
4(T[5/4])? 9 H
1/3 = Wv Gosc = Oeq imig ; (4)

where a.q is the scale factor at matter-radiation equality
and

Heq = V2Ho(Qam + Q) 2az?

Qumh? + Qh2\ >
dmh“l‘bh)ev 5)

~ 219 x 10728
8 < 0.14

is the corresponding Hubble rate, counting massive neu-
trinos as radiation at a.q and matter at the present.
2 1/2

Sima’ ~ in this

Combining these expressions, Q.,h% < ¢
radiation dominated regime

For Hy < mg < Heq and Qg < Q¢ + Qp + Q) = Qpy,
the background is matter dominated (MD), w = 0 and

o~ 1/3
Fy = i7 Qosc = <9QT:ZEHO) . (6)

Therefore Q,h? o ¢2; with no m, dependence. Only
for axions in this mass regime do our analytic solutions
require 0, < €,,. This condition is also imposed by
current observational constraints. In Appendix we
show that for the allowed Q, < 0.05(2,, this scaling works
at the percent level or better.

For m, < Hy, or dark energy (DE) domination, the
field does not roll before a =1 and

1 Gini \°
QuHS = -m2 (=] . 7
§= gt () ™
Here the abundance scales steeply with mass Q.h?
?nimi'

We use the numerical solutions from AXIECAMB to
interpolate between these scaling behaviors across the full
mass range. AXIECAMB implements the highly accu-
rate ETA approach of Ref. [32] where the KG background
solutions are matched to a time-averaged fluid descrip-
tion at a given switch time when the Hubble rate drops to

4 The commonly used approximations that the field is frozen
(e.g. [10]) or obeys the field equation until aosc and thereafter
redshifts like matter (e.g. [14]) correctly give this scaling but dif-
fer in abundance normalization by O(1) [32] (see also Appendix

A9).

H.,. Fractional errors in the abundance are substantially
smaller than (H,/m,)?. AXIECAMB v1.1 now provides
oini for any given abundance and mass.

When adiabatic modes are present, as they must be in
our Universe, the default value of the switch, m,/H, =
10, is sufficient given allowed amplitudes for isocurvature
modes and cosmic variance. In this work, to evaluate the
axion isocurvature modes to high accuracy relative to
their already small contribution, we raise the switch to
mq/H, = 20 and the accuracy settings (see Appendix[A 2]
for further details).

The three asymptotic limits possess simple power-law
scalings, but to extend the validity across the full mass
range, we can accurately interpolate between them and
match the numerical solution from AXIECAMB:

2
me ¢ini
QHi=F [lg <Heq>:| m2 (me> ad.., (8)

where lg denotes log;,

Fla) = Fy 4 2210 [1+tanh (m—xo)] . (9)
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with zg = 0.23, d = 1.52 and aqs. is defined piecewise as
the solution to

Q Q Qp)a m?2
Ter(dmt—b)qurC:—“z, My > M,
Aosc Qosc 9I{O
ad.. =4, Mg < Mae.  (10)
Here mge is the mass for which a2,, = 4, and in the

fiducial model mqe =~ 1.58 Hy. The value 4 is chosen so
that all lighter masses return the frozen-field abundance
of Eq. with F' ~ Fy = 1/24. The constant C is
adjusted so as to join the oscillating and frozen regimes
at the present epoch. For ACDM cosmologies that fit
current data, C' = 0.2 suffices.

In Fig.[1} we show the comparison between the numer-
ical result and the analytic fitting function F'. Note that
in the m, ~ Hy regime between matter and A domina-
tion, the smooth transition is meant to match the time-
averaged abundance rather than the instantaneous oscil-
latory abundance even when the AXIECAMB results re-
port the latter (m, < 10Hj, independently of the setting
of mg/H,). In the m, > Hy regime the fit is accurate
at the sub-percent level.

This abundance relation also sets the amplitude of the
initial isocurvature density power spectrum Ajg, in terms
of r4. Solving Eq. (8) for ¢ and using 6, = dpa/pa =
20Gini/ Pini and Eq. (1), we obtain

k3P
AiSO = Tsa(ko,T = O)
4 Asra M 1
= g2 Do (ko) = =57 2 (11)

and find that
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FIG. 1. Axion abundance Q,h> given its initial field value ¢ini
for Q,h* — 0. Numerical results from AXIECAMB (points,
blue solid curve) are plotted against the analytic fitting form
(Eq. (@, gold dashed line). In the intermediate mass regime
mq ~ Heq, this step function form is fitted to numerical re-
sults. In the m, ~ Hp dark energy regime, it reflects the time
average of the oscillating density.

Here and throughout, when 7 is used in the context of
time, it denotes conformal time dr = dt/a and should
not be confused with 7 as a cosmological parameter, the
Thomson optical depth through reionization.

We plot this relation for Ajs,/As in Fig. For defi-
niteness we have taken r, = 0.036, which coincides with
the current BICEP bounds on the tensor-to-scalar ratio
and Q,h? = 0.0024; the isocurvature amplitude would
scale linearly with r,/Q,h? for other values. Due to the
mass scalings in the various regimes for agsc, shown with
dashed lines, this isocurvature amplitude increases with
increasing mass and is only flat in the matter dominated
regime. The small feature at m, ~ Hy is due to the
matching parameter C' = 0.2 which attempts to follow
the time averaged definition of 2,h% and not a physical
effect.

With these initial conditions for the field, the gener-
alization of the AXIECAMB method for perturbations
to isocurvature initial conditions is straightforward. All
of the dynamical evolution of perturbations, detailed in
Ref. [34], remains the same as for adiabatic modes with
the change being that in the initial conditions only the
axion field fluctuates. We set the conformal time deriva-
tive of the initial field fluctuation

. k2 am?
00in; ~ — <3aH + 31 ) OPini- (13)

Here 6¢ini solves the KG equation as a perturbative series
in k/aH < 1 and m,/H < 1 at the initial time when
the expansion is assumed to be radiation dominated H
-2
a””.
In AXIECAMB v1.1 we impose mg/Hin S 0.1 as an

m, [eV]
107% 107% 107 1077 107 107
10°
. 100
< 10
e
< 10-31 analytic est.
RD scaling
10-6 —-—: MD scaling

-==- DE-D scaling 1

0% 1073 100 10° 106
ma/HGq

FIG. 2. Analytic estimate for Ajso/As from Eq. as a func-
tion of m, at fixed r, = 0.036 and Q,h* = 0.0024. The ana-
Iytic estimate joins the three asymptotic scaling cases where
axion oscillations begin in the radiation dominated (RD),
matter dominated (MD) and dark energy dominated (DE-
D) regimes.

additional criterion, though it has negligible effect for
adiabatic conditions where field fluctuations are dynam-
ically generated by curvature fluctuations. Note that the
usual power law expansion to higher powers in k/aH
(e.g. Ref. [12]) is unnecessary as long as numerical mode
evolution is started early enough for observable modes,
whereas the correction in m,/H is important for all
modes. In fact, the background ¢yy; solves the same equa-
tion with k£ =0 [34].

CMB isocurvature power spectra are then computed by
integrating the isocurvature radiation transfer functions
against the initial axion power spectrum instead of the
initial curvature power spectrum. Density power spectra
are similarly constructed from the isocurvature transfer
functions defined as

(5i(k,T)

Tiiso(kﬁ) = m;

(14)

where i € a,c¢,b,v. For m,/Hy > 10, all of these compo-
nents are combined with their respective density weights
into the matter power spectrum whereas for m,/Hy < 10
the axions are excluded from the sum. For the axions the
transfer function is defined to use the Klein-Gordon so-
lution before the switch and the fluid after the switch at
T. Density power spectra for the various species are then
given by

k3 P,
272

(k) = Ao (,f) P, (1)

We also use Sg = 0g(2,,/0.3)'/? as a monitor of the im-
pact of axions on the matter power spectrum. Here og



is the rms amplitude of linear fluctuations in the mat-
ter density convolved with a spherical top hat filter of
8h~! Mpe.

Egs. — fully specify the abundance, primordial
isocurvature amplitude, and transfer-function normaliza-
tion required to compute observable signatures. We now
examine these signatures.

III. CMB AND MATTER POWER SPECTRA

The observable signatures of axion isocurvature pertur-
bations depend primarily on when the axion field begins
to oscillate. This timing divides the phenomenology into
three qualitatively distinct mass regimes. For mg > Hcq,
the field begins oscillating before matter-radiation equal-
ity. In this regime, axions behave as cold dark matter
on cosmological scales and their isocurvature signatures
are nearly degenerate with those of conventional CDM
isocurvature modes. For Hy < m, S Heq, Jeans stabil-
ity in the matter dominated regime suppresses the growth
of small-scale perturbations and breaks this degeneracy,
leading to a characteristic scale-dependent cutoff in the
CMB and matter power spectra. Finally, for m, < Hg,
the axion field has not yet begun coherent oscillations
and instead behaves as dark energy, producing isocurva-
ture signatures that are confined almost entirely to the
largest angular scales through the late integrated Sachs-
Wolfe effect.

In this section we characterize the CMB temperature
and matter power spectra across these three regimes, de-
rive analytic scaling relations that explain their behavior,
and translate current and prospective observational con-
straints into bounds on the inflationary parameters that
control axion isocurvature perturbations.

A. Dark Matter Range

Axions with m, > Heq ~ 10728 eV behave as CDM
above their Jeans scale and thus the CMB observables
for axions in this mass regime are equivalent to those of
CDM. This is verified in Fig. [3} where we compare C7 T
for CDM isocurvature computed with CAMB and axion
isocurvature computed with AXIECAMB for fq, = 1.

In contrast to the usual adiabatic modes where the
power spectrum rises with multipole ¢ from the low-
¢ Sachs-Wolfe plateau, the isocurvature spectrum falls.
When combined into the total spectrum, observational
constraints on r, therefore mainly come from the al-
ready nearly cosmic-variance-limited range measured by
Planck. This difference in the shape of the isocurva-
ture power spectrum from the adiabatic one comes from
the difference in the gravitational potential evolution.
For modes that enter the horizon after matter-radiation
equality (k/aH|eq < 1), the Newtonian gravitational po-
tential ¥ grows from zero linearly with the scale factor

104 T T T

g 10° adiabatic
& 102} analytic estimate
<) 101 E isocurvature
T | — CAMBCDM
= 107 __ AXIECAMB axion,

101 107206\/,- fdm =1
E:_ _____ ~— e N e — W
) 1073
~
&
(5’107 A total
4 == isocurvature

10! 102 108

14

FIG. 3. CMB temperature power spectrum C7~ for both
adiabatic and isocurvature components for axion dark matter
compared with cold dark matter. Here m, = 10720V >
Heg, fam = 1 and fiso = 0.03 (Aiso = 6.5 x 107!). The
horizontal dashdot line marks the analytic estimate for the
asymptotic low-¢ behavior, calibrated at the quadrupole with
Cp = 0.32. Bottom: the fractional difference between AX-
IECAMB and CAMB for isocurvature and total (adiabatic
+ isocurvature) C’ET. For this mq > H.q, axion isocurvature
is observationally indistinguishable from conventional CDM
isocurvature.
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FIG. 4. Axion isocurvature transfer function 7:*° computed
with AXIECAMB for a test mq = 1072°eV with fam = 1
compared with the CDM isocurvature transfer function. In
this mqe > Heq regime the two are indistinguishable, unlike
the adiabatic T'(k). Here the raw CAMB output has been
converted to our transfer function convention (see Eq. )



during radiation domination when m, > H. It reaches

1
U =~ —56m(ﬂni) (16)

during matter domination and imparts an early ISW ef-
fect to the CMB of |AT/T| =~ |2AY| [see [41] Eq. (27)].
We can therefore use this scaling to calibrate the low-£
plateau “P” for £ < loq as

(e+1)CEr
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where the suppression of fgm arises when axions only
contribute a fraction fq, of the dark matter density fluc-
tuation.

Numerical evaluation with AXIECAMB gives Cp =
0.32 instead of the analytic estimate given in Eq.
of 0.4Q4m/(Qdm + Q) = 0.34. We choose £ = 2 to cal-
ibrate the plateau even though it receives contributions
from the late ISW effect from dark energy, since that is a
much smaller relative effect for isocurvature modes than
adiabatic modes (see [41], Fig. 7).

For k/aH |eq > 1, or equivalently £ >> loq, the gravita-
tional potential ceases to grow linearly with a at horizon
crossing where k = aH with aH o a~! in the radiation
dominated epoch and the corresponding modes are sup-
pressed as (aH/k)|eq [see e.g. [4I] Eq. (43)], leading to
an additional suppression of £~2 in power. This explains
the suppression of isocurvature contributions relative to
adiabatic ones in the acoustic regime.

We also compare the axion transfer function to the
CDM isocurvature transfer function in Fig. [l Note
that for & > k.4, the axion density fluctuation grows
from its initial value after equality in a scale-free man-
ner < fama/aeq whereas for k < keq the scaling reflects
instead the scale-free gravitational potential amplitude
from Eq. and hence (k/keq)? scale-dependent sup-
pression from the Poisson equation. For k < k.4 it again
reaches a scale-free but suppressed level. The suppres-
sion reflects the decay of the initial conditions until the
point where the induced fluctuations in the other energy-
density components can compensate so as to maintain
the total isocurvature condition ) dp; = 0 to leading or-
der. In the matter dominated epoch this compensation
is between matter-like species so that

D+ (18)

T;SO(IC — O) ~ m >~ 1.

This is analogous to a compensated isocurvature fluctua-
tion, where the compensation of the axion fluctuation is
in both the baryons and the cold dark matter.

Given the agreement between predictions for axion and
CDM isocurvature power spectra in the relevant regimes,
observational bounds on CDM isocurvature can be di-
rectly translated to axion isocurvature bounds. For the

Planck constraint on uncorrelated, scale-invariant CDM
isocurvature from TT,TE,EE+lowE and CMB lensing
power spectra [26] (see also [42]),

Biso < 0.038, (95% CL) (19)
where
B' o Aisofgm
o Aisofgm + As
2 Gini )2 B
= |14+—|(—— . 20
Ta (Mplfdm ‘| ( )

The Planck constraint can then be converted to a
bound on 7,. Using Eq. {4 and we obtain

2 —1/2
ini Qa a
(‘b ) ~241 0 (m> . (21)
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and thus

4.8 Biso Qdm <ch) 1/2

Tq RS —
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) EC)

0.076 Qg h? Mg

fam  0.12 (10—27 eV
where we have assumed m, > H.q and note that the con-
straint on [is, from Planck requires compatibility with its
Qamh? measurement from adiabatic modesﬂ

We can extend these m, > H.q relations to mg ~ Heq
with the help of the more general abundance formula
Eq. to convert [ig, into r, through ¢;,;. This for-
mula is accurate at the 1% level for all fq,, when m, >
10727¢V and at the 10% level for m, = 10728V and
fam = 1 with the accuracy rapidly improving for lower
fam at this mass.

This isocurvature bound should be compared to the
bound on r from the absence of gravitational wave B-
modes from BICEP /Keck [43], ro.05 < 0.036 (95% CL).
With Eq. and r, = r, the Planck isocurvature bound
is more powerful than the tensor bound if

3x10727eV fam =1
Mgq —27 p—2 (23)
4x 1072 fiseV  fam <1
5 With an axion mass of mga = 10724 eV, this yields rq <

0‘0024fd_n'1)’ in contrast to Ref. [I2] where Markov Chain Monte
Carlo limits of r4 <1072 at fqn = 1 are reported (their Fig. 10;
see Appendix @ in this work for the improvement due to our
more accurate treatment of the abundance). The analytic expres-
sions there [Eq. (12)] have the same scaling with f4,, but were
improperly normalized by a large factor, which cannot be ex-
plained simply by the less precise treatment of Fp in that work.
This scaling is furthermore not reproduced in Fig. 10 of [I2].
While this is conceivably a result of marginalization over other
parameters with their priors, there are no obvious degeneracies
responsible for this fact. We do not explore this issue further.



The slight deviation from the power law fdﬁ near fgm =
1 is due to the mass limit approaching H, for the current
BICEP constraint where the abundance formula transi-
tions in Fig.[[] The deviation would disappear for future
stronger bounds on r. In Fig. [5| we show the axion pa-
rameters mg, fqm where the upper limit on r, from the
isocurvature bound of fBis, < 0.038 takes on values that
are stronger than the current BICEP bound.

Unlike the BICEP bound which relies on the non-
detection of tensor modes, for an isocurvature bound on
the tensor-to-scalar ratio to apply, there must be a detec-
tion of axions themselves with a determination of m, and
Q.h2. For example, suppose that a future constraint on
the weak lensing parameter Sg implies a suppression rel-
ative to the ACDM prediction at high significance. Since
axions suppress power in the adiabatic mode for k& > kj,
this would indicate a preference for axions of a certain
mass and abundance.

In Fig. |5l we show the effect of axions on Sg over the
observationally relevant range for the current, low signif-
icance, tension between the CMB and weak lensing. For
example, the DES Y6 weak lensing measurement implies
Sg = 0.79875-012 [44]. We highlight the interesting region
in green for a significant lowering of Sg from the CDM
value in this model of Sg = 0.83, which can satisfy both
the current BICEP and isocurvature bounds.

In this region, a near-future detection of isocurva-
ture modes would predict a near-future target for ten-
sor modes and vice versa. Conversely, a null detection
of isocurvature modes could be used to strengthen the
bounds on inflation in this region.

B. Intermediate Range

In the intermediate mass range 10732 < m,/eV <
1028, the impact of axions on adiabatic modes leads to
strong bounds on fqn, so as not to adversely impact the
CMB and large scale structure. We can see this in Fig.
from the existence of a region where the weak lensing
parameter Sg ~ 0.76-0.82, and is not overly suppressed
from its ACDM value of Sg = 0.83. Similarly, CMB con-
straints require fgqn, < 0.05 at 95% CL [14], compatible
with the Sg band. In terms of amplitude, the impact
of axion isocurvature modes relative to adiabatic modes
thus becomes less observable.

On the other hand, in this regime, axion isocurva-
ture modes are no longer degenerate in shape with CDM
isocurvature modes for the CMB. This degeneracy break-
ing is related to the Jeans stability of the axions on small
scales. While the low ¢ plateau in TT remains relatively
unchanged from its CDM form, the cutoff moves to lower
multipoles because the effective Jeans scale of axion per-
turbations exceeds the horizon at equality.

Both the plateau and cutoff in the T'T phenomenology
are determined by the sound speed of the axions. The
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FIG. 5.  Upper limit (95% CL diagonal lines) on tensor-

to-scalar ratio 7, from the Planck 2018 isocurvature bound
in the r, < 0.036 regime allowed by the current BICEP con-
straints (r, < 0.036, red line). The green-shaded region marks
the intersection of the observationally interesting Ss = 0.76—
0.82 band (blue curves) and identifies a window of coexistence
where both inflationary isocurvature and tensors could be dis-
covered in the near future. Detection of isocurvature in the
rq > 0.036 lower-left region would imply isocurvature gener-
ation beyond this minimal scenario.

effective sound speed of pressure waves is [32]

B A1+ (k/amg)” —1 (24)

Ca = k/am, ’

which defines the sound horizon or Jeans scale as f dreg.
After the beginning of oscillations, the sound speed drops
from unity and so superhorizon scale modes at aqs. are
always above the sound horizon thereafter. For these
modes, the gravitational potential ¥ again grows to ¥ ~
— 0 (Tini) /5 for a >> aosc-

The qualitative reason is that in the presence of a long
wavelength axion perturbation, the local expansion his-
tory mimics a separate universe background evolution
where the axion abundance is locally different than the
true background. While the growing local curvature tech-
nically violates an exact Friedmann-Robertson-Walker
assumption, its impact on the local Hubble rate is sup-
pressed as (k/aH)? [45].

After a > acsc in this local patch the dark matter
density differs from the background in the same way as
it would be for CDM isocurvature modes. Since the CMB
early ISW effect is sensitive mainly to the total change
2AV, the amplitude is nearly the same. This equivalence
also requires the true background expansion history to be
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FIG. 6. Isocurvature C{ ' as a function of m, with fixed
Aiso = 1.6 1077, Quh% = 0.0024, Q.h? = 0.1176 (fam = 0.02
and Biso = 0.03 for m, > 10H) and all other parameters held
to their fiducial values. Dashed horizontal line marks the ana-
lytic estimate for the low-¢ plateau with C'p = 0.32 assuming
ma > Ho (see Eq. (I7)). Cross (x) represents the Cq an-
alytic estimate for the quadrupole for m, < Hp. The low-¢
plateau is nearly mass-independent in the dark matter regime,
becomes increasingly suppressed for Hy < mq < Heq, leav-
ing only a signal at the first few multipoles for m, < Hp. For
ma < 107336V, the CF'T curves are almost indistinguishable.
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FIG. 7. Axion isocurvature transfer function T:%° as a func-
tion of ma with fixed Aiso = 1.6 x 1077, Q.h% = 0.0024,
Qch? = 0.1176 (fam = 0.02 and Biso = 0.03 for m, > 10H).
Compared to the CDM isocurvature transfer function from
Fig. [ the main change is the suppression and oscillation for
k > k; and its shift to lower wavenumbers at lighter masses.

close to ACDM, which it is for the allowed fgqn < 1.

On the other hand, isocurvature contributions to CMB
anisotropy from scales smaller than the horizon at agsc,
k/aoseH = 3k/aoscma ~ 1 are suppressed due to Jeans
stability. For m, < Hq the axion sound horizon ceases

to grow at a 2 aese since the sound speed decreases as
¢q x k/amg,. The characteristic start of the suppres-

sion scales with the horizon £; o« aH|osc mi/? for
Hy €« mq <€ Heq. As m, approaches Hy and drops
below it, the suppression scale saturates at the current
horizon and becomes independent of m,. Furthermore,
the a3 growth in the synchronous-gauge curvature vari-
able n [see [45] Eq. (105)] ceases at horizon crossing
(aH o a~'/?) during matter domination. At this point
the Jeans oscillations in the axions produce oscillations
in the Newtonian potential and when combined into the
ISW response lead to a suppression in the temperature
anisotropy power spectrum that scales as ~ (£;/¢)% for
higher multipoles.

Fig. [6] illustrates these effects on the isocurvature TT
power spectrum across a wide range of masses m,/eV €
[1073%,1072%]. Here we adopt fixed parameters at A;q, =
1.6 x 1077, Q,h% = 0.0024, Q.h? = 0.1176 which for the
m > Hy cases is equivalent to fgm = 0.02, 8iso = 0.03
whereas for the m, < Hy cases fqe = 0.0077, and fiducial
ACDM parameters otherwise. Note that by fixing Ay,
instead of r,, we highlight that the phenomenological
signatures of axion isocurvature modes hold beyond the
specific context of their inflationary origin.

We include the analytic prediction for the low-£ plateau
from Eq. with Cp = 0.32. For the dark energy
regime (m, < 10733 eV) discussed in the next section, the
analytic prediction for the quadrupole is marked with a
cross. For Hy < m, < Heq the power at £ > £ m}l/3
also falls off in a manner consistent with the /=6 analytic
expectation for the suppression due to Jeans stability.

These considerations also determine the form of the ax-
ion transfer function. Below the Jeans scale, field fluctua-
tions behave as radiation and oscillate with an amplitude
that decays as ¢ oc a~! in the absence of metric sources.
Equivalently the kinetic energy density of a mode on its
own also scales as radiation oc a=#4. While m, < H, the
field is nearly frozen and the background kinetic energy
scales o< 1/H? whereas the total background density is
nearly constant. Thus the kinetic energy density fluctu-
ation of the mode scales as d, o< 1/(a?H) oc a3wr=1/2,
Unlike the field fluctuations, the isocurvature density per-
turbations oscillate but do not decay in radiation domi-
nation and decay as a~'/2 in matter domination.

The resulting axion transfer function is shown in Fig.[7]
for the same range in m,. For mg > H.q, it follows
the pattern of Fig. [@] until & > k;. Here the transfer
function sharply falls. Then J, oscillates, but does not
decay during radiation domination. There is thus a floor
to the high k-suppression in d,, due to the delay in growth
after a.q because of Jeans stability. As m, drops below
H,q, this cuts into the (k/keq)? ramp up of the transfer
function. The compensated tail as £ — 0 follows Eq.
but we have chosen a small Q,/Qq., value here so that
Tis°(0) ~ 1 (cf. Fig. ) where it takes a smaller value
~ Qb/(Qb + Qa).

In this regime well under the Jeans scale, axion density
fluctuations do decay before aqs. leading to a power law



suppression. In the highly suppressed regime, the oscilla-
tions are too fast compared with the mass scale and the
numerical results should only be used for order of mag-
nitude estimates of the very high suppression relative to
adiabatic modes (see Appendix [A 1J).

This relative fall off of the anisotropy spectrum from
a plateau set by essentially the same Cp value as with
CDM isocurvature modes means that axion isocurvature
constraints from the CMB will degrade as m, decreases
below H.,. To obtain an analytic scaling, if we take the
same definition of Sis, as in Eq. but for Hy < m, <
H., where Eq. @ applies, then

P, = LG 6is0 Qdrn
¢ 31 _Biso fdem.

For the cases in Fig.[6] this gives r, ~ 6.9 which is clearly
already ruled out by constraints on tensor modes. Note
that this analytic estimate uses the fq,, < 1 abundance
formula. As discussed in Appendix[A2] at the worst case
of fam = 1, which is already ruled out, this is about 10%
accurate for m, = 10728 eV and climbs to < O(1) at even
lighter masses. For allowed fqn, it is accurate at < 1%
across the entire DM regime m, > Hj.

Conversely, the BICEP bound 7, < 0.036 places an up-
per bound on the isocurvature amplitude for the allowed
fam < 1 regime of

fdm Qm

iso . 277&
Biso < 0.000 0.03 O

(25)

(ra < 0.036) (26)

or

Aiso _i Q. T4q
As B 16 Qdm fdm

Q. 0.03
<0.232m 22
Qdm fdm

Note that as fqm — 0, Ajso > A is allowed since its
observational effect also goes to zero.

Even if measurements of the CMB primary anisotropy
improve to their cosmic variance limit, isocurvature
bounds on 7, in this range of mg, fqm cannot become
stronger than the tensor bounds. We demonstrate that
with a Fisher matrix forecast which takes intention-
ally optimistic assumptions: all parameters but r, are
fixed such that any degeneracies between parameters
must be resolved by other means, and the covariance
of X,Y € TT, TE, EE measurements is cosmic variance
limited with fao, = 1 over 2 < £ < £y = 2000. The
forecasted inverse variance of r, is then

(re <0.036).  (27)

_ oCx _, ocY
Jra2 = Frara = Z 87‘6 COVXlY are ) (28)
0X,Y @ @

where X,Y € TT,TE, FE, and Covyxy is the Gaussian
covariance built from the fiducial total spectra. We eval-
uate the Fisher at the fiducial point r, = 0. We show
the forecasted 95% upper limit on r, in Fig. using
the Fisher 20 value as a proxy for the one-sided upper

0
100 : <~
“‘
5,
\

“\

2
1071 N,

r 0.
\0
g - ~,
<= 9 =~ N,
= C 0Tl s,
ns !
.\..3/
10-21 58 = 0.79 = |
\
Sy — N,
8§ = ()82 ‘\
\,
my, = Heq A
\
1073 . . . )
10—30 10—28 10—26
mg [ eV

FIG. 8. Fisher forecast of the 95% CL upper limit on r, from
isocurvature modes. Here we intentionally take overly op-
timistic assumptions: cosmic-variance limited measurements
to £ < 2000 and no degeneracies between other parameters
and r,. For m, > Heq the forecasted bounds are a factor of
2.6 stronger than current bounds in Fig. @ For m, < Heq,
even this optimistic forecast provides weaker bounds than the
current ones from tensor modes r, < 0.036 (red solid line) im-
plying that inflationary isocurvature modes are unobservable
by these means. The blue curves again show the observation-
ally interesting Ss = 0.76-0.82 region.

limit bounded at r, = 0. At mq > Heq they imply
Biso < 0.0145, a factor of 2.6 improvement over the cur-
rent Planck bound.

For m, ~ Heq, the upper limits on r, become less de-
pendent on m, since the relationship between ,h? and
¢ini becomes independent of mass. On the other hand
for mg, <« Heq the constraints further weaken because
the Jeans cut off £; suppresses the isocurvature signal.
Even with this optimistic forecast, isocurvature modes
from inflationary models that are consistent with cur-
rent tensor constraints are undetectable for m, < Hcg.

C. Dark Energy Range

The phenomenology of axion isocurvature modes
changes qualitatively for masses where the background
field has not yet entered into its rapid oscillation stage
by the present. For the mass range m, < 10H,, ax-
ions behave like part or all of the dark energy. Recent
studies have shown that the f4. values which best fit cur-
rent CMB, BAO and SN data rise rapidly from ~ 0.1 at
mg ~ 1073256V to 1 at m, < 107329V [3§).



In this mass range, axion isocurvature fluctuations pro-
duce a late-time ISW contribution to CMB temperature
anisotropy. These contributions peak at the quadrupole
and fall sharply to higher multipoles [27]

e+ 1)Cctir 3

( 27_2 L r— = ; QTT = fgeAisoCév (29)
where the scaling coefficient Cg =~ (1/75)(Qqe/0.73)
(€2,,/0.27)71 ~ 0.011 in Ref. [27] (their Eq. (22) combin-
ing the 1/15 suppression with the adiabatic quadrupole
factor 1/5).

This suppression comes largely from the fact that J,
modes that are inside the horizon before dark energy
domination have decayed and contribute negligibly. Ad-
ditionally, super-horizon modes contribute (via the ISW
effect) mainly to the unobservable monopole, leaving the
quadrupole contributions suppressed by an order of mag-
nitude. We use AXIECAMB to provide a more accurate
calibration in the limit fqo = 1 and m, < Hy and find

Co = 0.0097 (30)

for the fiducial parameters. For ¢ >> 2 the same ¢~
relative falloff as with higher masses occurs in the dark
energy regime (see Fig. @ As shown in Appendix
this analytic estimate is a good ~ 10% approximation or
better for m, < 10733 eV for any fqe.

~

Using Eq. , for a fixed r,, the isocurvature contri-
bution to C}7" scales as (m,/Hp)? for m, < Hy and
3 CE Q% (ma\’
20T~ 22200 (220 Agp,. 31
72 T2z \mH) (81)

Thus the BICEP bounds on r, = r < 0.036 require
a highly suppressed isocurvature contribution in this
regime.

Conversely, the isocurvature upper limit on r, scales as
f;elm;z and is exceedingly weak, weaker than even the
linearization constraint of Ajs, < 1 for sufficiently small
fae- In Fig.[0] we repeat the calculation of the optimistic
Fisher bound from Eq. for this mass regime. In
particular, for m, < Hy this gives

re < 1.3 x 10% f1 ( (95%CL)  (32)

Mg
1033 eV)
Observable axion dark energy isocurvature modes in the
CMB therefore require a production mechanism beyond
the inflationary misalignment mechanism with an ini-
tially frozen field in a nearly quadratic potential [27].

Unrelated to isocurvature bounds, it is still interesting
to note that for the adiabatic modes, the same region
of the my,—fqe plane picked out by Sg ~ 0.82 happens
to closely coincide with the region favored by a recent
analysis of DESY5 supernovae distances + DESI BAO
+ CMB [38] (see their Fig. 2). As with the dark mat-
ter masses, this region presents an interesting discovery
window for axions in the near future.
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FIG. 9. Fisher forecast of the 95% CL upper limit on

the isocurvature r, as in Fig. but in the DE-like axion
mass range. The oscillatory structure at r, = 10* near
ma ~ 107326V reflects the onset of axion field oscillation in
C#° and is dominated by the signal at £ = 2. The curved
feature at r, = 10% is due to the interplay between en-
hanced ISW sources and their distance-modified projection
onto the low multipole anisotropy. In the whole parameter
space, the suppression of isocurvature contributions and cur-
rent tensor bounds means that no CMB detection of inflation-
ary isocurvature modes is possible. The blue curves again
show the observationally interesting Ss = 0.76-0.82 region,
whose Ss ~ 0.82 boundary closely tracks the favored obser-
vational region for CMB+BAO+SN measurements [38].

IV. DISCUSSION

Inflationary fluctuations in axion fields provide an ob-
servational connection between cosmological observables
and the energy scale of inflation in the same way as pri-
mordial gravitational waves. Realizing this connection in
practice requires accurate predictions for how primordial
field fluctuations map into late-time observables over the
many orders of magnitude in axion mass, from the cur-
rent Hubble scale to more than 10 orders of magnitude
above it.

In this work, we refine the tools to accurately evolve ax-
ion isocurvature perturbations from their inflationary ori-
gin through to the present epoch using the effective time
average approach of AXIECAMB for switching from
solving the exact field equations to the approximate fluid
description. This includes improved initial conditions,
later switches, and a monitor of when the ETA fails to
effectively time average the axion system. We then use
AXIECAMB to gain both physical intuition and deter-
mine observational constraints.



We provide sub-percent fitting formulae for the axion
abundance over the entire range m, > Hy for allowed
models, useful for relic abundance studies independent of
isocurvature modes. This then provides an accurate an-
alytic calibration of the isocurvature amplitude from the
tensor-to-scalar ratio of inflation. The resulting fitting
formulae reproduce the numerical abundance calculation.
They exhibit simple scaling behavior in each asymptotic
limit of the three mass regimes where the axions begin os-
cillating during radiation, matter, and dark-energy dom-
ination. These expressions provide a direct mapping be-
tween inflationary initial conditions, axion abundance,
and observable isocurvature power.

Using these relations we map CDM isocurvature con-
straints onto axion isocurvature constraints for infla-
tion, greatly refining numerical treatments in the exist-
ing literature and, for the analytic estimates in Ref. [12]
shifting the relevant mass range by orders of magni-
tude. We find that the Planck data constrain the prod-
uct of the tensor-to-scalar ratio and axion fraction to
Tafam < 0.076(m, /10727 eV)_l/2 for high masses in the
dark matter regime, unless isocurvature modes are sup-
pressed relative to the frozen-field case considered here
[46H52).

Interestingly, there exists a compatibility window
around m, ~ 107?%eV and fg,, = 0.1 where both axion
isocurvature and tensor modes could yet be discovered
while simultaneously alleviating the current Sg tension
in ACDM.

Conversely, once current tensor bounds are imposed,
inflationary axion isocurvature becomes unobservable in
the primary CMB anisotropy for m,f3, < 10726-4eV.
This suppression of inflationary axion isocurvature in
both the intermediate and dark-energy regimes implies
that any future detection of these characteristic signa-
tures in the primary CMB would point toward an origin
that deviates from the standard inflationary misalign-
ment mechanism with a frozen field on a nearly quadratic
potential (e.g. [27]). Nontrivial axion dynamics that
drive the field toward a region of enhanced sensitivity
could enhance resulting isocurvature perturbations [53-
58).

Our exploration of the complex phenomenology of ax-
ion isocurvature signatures in this light mass range still
applies for other sources of axion isocurvature modes. We
provide useful analytic scaling relations for the tempera-
ture anisotropies across the whole mass range.
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Appendix A: AXIECAMB for Isocurvature Modes

In this Appendix we describe the extensions to AX-
IECAMB required to accurately evolve axion isocurva-
ture perturbations and compare the results with previous
approaches. Although the underlying ETA approach is
identical to that used for adiabatic perturbations, isocur-
vature modes place additional demands due to their re-
liance on accuracy in the axion dynamics alone, rather
than being weighted by the other components of the Uni-
verse through metric fluctuations. We therefore revisit
the criteria for the field-to-fluid transition, derive im-
proved initial conditions and validity tests for the ETA
approximation, and quantify the accuracy of the resulting
implementation. We also document the new user-facing
functionality introduced in AXIECAMB v1.1.

1. ETA

AXIECAMB implements an effective average over
field oscillations on the inverse mass timescale from
Ref. [32]. Here the background field ¢ and its pertur-
bation d¢ are decomposed into

¢ = @ cosma(t — t.)] + s sinfma (t — )],

3¢ = dpecos[me(t — ti)] + dps sin[mg (t — )], (A1)
where t, is the switch epoch that corresponds to a given
H,/m,. This redundant system is assigned a unique so-
lution by assuming that the coefficients in the decompo-
sition vary slowly compared with the inverse mass scale,
namely

@y = O(H/my,)e..

and likewise for the other variables. Here and below ' =
m,1d/dt. The stress-energy components of the axions,
which are quadratic in the field, are then constructed
by analytically averaging cos> — 1/2,sin?> — 1/2 and
cos X sin — 0. After the switch, AXIECAMB replaces
the axion field system with an effective fluid. Therefore
the higher the value of m,/H.,, the later the switch and
the more accurate the averaging procedure is in general.

While this construction applies to both isocurvature
and adiabatic initial conditions when the mass oscilla-
tions are the dominant temporal feature, isocurvature ini-
tial conditions introduce additional considerations. Fun-
damentally, this is because the field fluctuations for
isocurvature modes are established at the initial condi-
tion rather than being dynamically generated by the cur-
vature fluctuations associated with the perturbations in
other species.

(A2)



When only total accuracy of the sum of the adiabatic
and isocurvature spectra is required, this usually does not
impose additional accuracy considerations. However to
guarantee fractional accuracy of the isocurvature spectra
on their own, we require more stringent control. We con-
sider accuracy requirements on the switch m,/H, value
in the next section and recall from Eq. that we now
always require m,/H < 0.1 at the initial epoch.

Here we address an additional consideration that ap-
plies to isocurvature modes for k& > ky at t,. In
this regime the Klein-Gordon equation for perturbations
takes the form of a wave equation and in the absence of
metric sources is

2
56" + 3L 60 + (1 + fz) 5 = 0. (A3)
Mg a’*m?2
For k/amg > 1 and k/aH > 1, this free field equation
has oscillatory solutions

8¢ o< a1 cos(kT + @), (A4)
where « is a constant phase and 7 is the conformal time.
For adiabatic fluctuations this equation is sourced by the
metric fluctuations and the solution reaches a quasistatic
equilibrium form whose timescale is instead dominated
by the mass scale oscillations in the background (see Ref.
[34] Appendix C), not the faster k-scale oscillations. In
the absence of metric sources, these free field oscillations
can become much more rapid than the mass scale and
invalidate the effective time average approach. Note that
this problem cannot be eliminated simply by increas-
ing my/H,. . no longer varies only on the Hubble
timescale but instead dyf, ; = O(k/am,)d¢e,s, which will
always run away for sufficiently large k for any m,/H.
as can be seen from Eq. (A3).

Since this consideration is more general than the spe-
cific isocurvature case we consider here, in AXIECAMB
v1.1, we now apply an extra global criterion that checks
for the wvalidity of the effective time average. AX-
IECAMB now only implements this averaging procedure
if

(Ope)? + (6¢4)* o
% < 107,
(6pc)? + (0ps)?
where the specific number 10? here has been set at the
transition point between the O(1) errors induced by not
averaging over the phase of oscillations and the growing
error due to the fast Jeans oscillations.

When this check fails, AXIECAMB reverts to taking
the instantaneous perturbation field values as the stress
energy components of the effective fluid perturbations.
We find that for adiabatic perturbations the condition
never fails regardless of how large k becomes. For isocur-
vature perturbations, it fails for k& > k; at t,, where
the isocurvature perturbations themselves are suppressed
and usually entirely negligible compared with adiabatic
fluctuations. When it does, the fractional accuracy of
the isocurvature piece depends on the specific phase at

(A5)
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FIG. 10. Fractional error in the predicted axion abundance
vs our high accuracy results for lower accuracy techniques:
AXIONCAMB (top), analytic estimates (middle) and Ax-
IECAMB baseline (bottom), for a fixed initial field ¢ini. AX-
1IECAMB baseline is already highly accurate and the analytic
estimates are accurate at the 1072 level for all allowed cases
(cf. Fig. [5) and better than O(1) for all cases. AXIONCAMB
is never better than O(1) and propagates this error directly
to inflationary constraints.

which the background field is captured at t,, since the
instantaneous density perturbation is the product of the
background field and its perturbation. For our chosen
values of m, / H, this provides a good order-of-magnitude
approximation, but we caution the user that special cases
when the background ¢ instantaneously vanishes can un-
derestimate the already highly suppressed fluid density
perturbations. We show the typical performance in the
next section.

2. Accuracy Tests
a. mg > 10H

For m, > 10Hj, the switch from solving the Klein-
Gordon equations and outputting instantaneous values of
axion quantities to ETAs occurs before or at the present
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The initial field value ¢in; is fixed from the Klein-Gordon ref-
erence solution (KG, solid blue, run with AXIECAMB at
high accuracy). AXIECAMB (gold dashed) tracks the time
average of the KG, while AXIONCAMB (red dotted) is off by
~44%, with implications for tensor modes in the compatibil-
ity window. Vertical lines denote their respective switches at
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and Ajso = 1.6 x 10~7. The fractional error of AXIECAMB
baseline is lower than that of AXIONCAMB except for the
£ > £ regions where the signal is already highly suppressed.
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FIG. 13. Fractional accuracy of the temperature quadrupole
power for various lower accuracy techniques as in Fig. [I0]
CTT provides the most stringent test of accuracy require-
ments for isocurvature compensation in superhorizon modes
and mq ~ 10728 ¢V provides the most problematic mass range
(see text). AXIECAMB baseline fractional errors are < 0.1
for any fam even for these cases whereas AXIONCAMB errors
exceed unity. The analytic estimate with Cp = 0.32 (mid-
dle) is better at low fam and higher m, but is better than
O(1) everywhere. Since the quadrupole arises from delicate
superhorizon compensation, it provides the most stringent ac-
curacy test of the switch algorithm.

epoch. After this switch, the axion system is treated as
an effective fluid as detailed in Ref. [34]. This switch
is controlled by the setting of m,/H, and if the chosen
value is only achieved after the present epoch H, < Hy,
the time average is taken at the present epoch and only
impacts the definition of the axion quantities and cosmo-
logical parameters, not their evolution.

The accuracy of predicted axion observables given
the choice of the switch m,/H, was extensively stud-
ied for adiabatic initial conditions in Ref. [34] and com-
pared with the previous version of AXIONCAMB V2E|
Though the basic methodology for the dynamics remains

6 AxionNCAMB v2 implemented the switch at mq/H« = 3h rather
than the value in its documentation. AxIONCAMB v2.1 corrects



unchanged for isocurvature initial conditions, there are
additional accuracy considerations due to the delicate
balance between components required to maintain the
isocurvature balance of canceling density fluctuations for
superhorizon perturbations. In addition, we test the ac-
curacy of the various scaling relations derived in the main
text for the abundance and TT power spectrum. In sum-
mary, in this Appendix we test

e AXIECAMB vl1.1, m,/H, =
Boost=1 (code release, baseline)

10, Accuracy-

e AXIONCAMB v2.1, corrected vs. v2.0 to switch in-
stantaneously at m,/H, = 3

e Analytic estimates, based on the ACDM expansion
history

against

e AXIECAMB vl1.1, m,/H., = 20, Accuracy-
Boost=2 (default for this paper unless otherwise
specified)

The adiabatic spectra throughout are lensed with
1_max_scalar = 660(ﬂ and k_eta_max_scalar =
18000, and recombination and nonlinear CMB lens-
ing are computed respectively with RecFast and the
Takahashi halofit [59] model. When using CAMB
v1.6.6, we also adopted RecFast and Takahashi (see
[38] for the impact of reionization and nonlinear lensing
assumptions).

We begin with tests of the axion abundance given the
initial field ¢j,; in Fig. They are especially relevant
for isocurvature modes and their constraints on inflation
since the mapping between A;q, and r, involves the initial
field through Eq. . Here the AXIECAMB baseline
is already accurate at the 1072 level or better for all
Mg and fq,. Our analytic estimate from Eq. (8 for the
abundance is accurate at better than the 107 level for
the high mass m, > Heq case for all fy, and for the
lighter masses that accuracy level for all allowed fqm <
0.05. Even for the highly ruled out case of f4, = 1
the error never exceeds unity and remains a good scaling
estimate for the abundance.

In contrast, for AXIONCAMB, the error in Q.h? is
O(1) for all m, and f4n for all species. This behavior
is expected for its instantaneous switch to the EFA af-
ter mq,/H = 3. In Fig. we illustrate the origin of
this error by showing the time evolution of p,a® from the
codes. Notice that m,/H = 3 catches the first oscillation
of the axion field near its extrema and therefore produces
a large error in p, afterwards. AXIECAMB not only

this to mq/Hx« = 3 but retains the instantaneous rather than
ETA approach.

7 This is to distinguish from the ¢max in the Fisher calculation,
which is the maximum £ that the Fisher matrix is summed to in

Eq. .
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FIG. 14. Axion isocurvature transfer function |7:%°(k)| with
the various codes and accuracy settings as in Fig. Here
me = 1073%eV and fam = 0.05. Top to bottom: Ax-
IECAMB, AXIECAMB baseline, AxioNCAMB. The dot-
ted lines indicate the wavenumber at which AXIECAMB
turns off ETA due to Jeans oscillations exceeding the mass-
oscillation in frequency (see Eq. ) In the highly sup-
pressed no-ETA range, AXIECAMB traces the oscillation
envelope instead of its average, and is not as accurate. AX-
IONCAMB has no ETA which makes it less accurate in the
ETA region but also not subject to a transitional glitch to no
ETA.

has a later switch value when the oscillations are smaller
but also takes the ETA of the oscillations and matches
the Klein-Gordon solution to high accuracy. For AXION-
CAMB, the anomalous behavior for m, = 10728 eV and
fam ~ 1 is due to a bug in the implementation of spline
interpolation which appears at this m, because of the
range chosen for the spline table.

We next examine the fractional error ACFT/CFT for
these m, and a fixed Ajs, in Fig. [I2] Fixing Ay, de-
couples the error in abundance p, at fixed ¢y,; from the
errors due to perturbation evolution with a switch. Be-
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FIG. 15. Fractional error in the predicted axion abundance
as in Fig. [I0] but for dark-energy masses and fractions. Both
AXIECAMB baseline and AxIoNCAMB are accurate at the
O(107°) level. Analytic estimate errors increase for the higher
masses since AXIECAMB outputs instantaneous Q.h? in-
stead of the time-average for m, < 10Hj.

cause C'ZTT scales linearly with Ajs, in each code, the frac-
tional errors ACIT /CTT shown here are independent of
the chosen Ajso; here we use the fiducial Ajso = 1.6 x 1077
to match the related figures in the main text. Baseline
AXIECAMB precision settings yield accurate isocurva-
ture predictions for intermediate ¢ before the Jeans sup-
pression, especially where cosmic variance is small. The
fractional errors ACZ T /CIT can be large for much larger
multipoles where the signal is highly suppressed. This is
in part due to the baseline setting of AccuracyBoost=1,
especially for m, < H.q. For isocurvature work in this
paper, we have therefore set AccuracyBoost=2.

The rise in the fractional error toward the lowest £ val-
ues with the AXIECAMB baseline is notable for m, <
H,q, although it is still well below cosmic variance. In-
deed, CI7T at m, ~ Heq ~ 1028 eV typically is the most
stringent test of code accuracy for both AXIECAMB and
AXIONCAMB, imposing the tightest requirement for low-
k perturbation evolution, as the modes are super-horizon,
with metric fluctuation evolution at the switch directly
impacting observables. For much higher m,, the switch

15

lg(myg/eV)
— —32.5
- —33.0
—33.5

_,m,_..n,-\

1073F

10° L
giylo—s._-u/"/’3v“ -
S AXIONCAMB
S 1076 AR
QO ol _,w-.

a 10 -N\//ﬂJ/,f’“

AXIECAMB baseline

_6 1 1 1
10 107 102 107

14

FIG. 16. Tsocurvature C7 © spectrum (top) and its fractional
error in lower accuracy techniques (middle AxIONCAMB;
lower AXIECAMB basehne) as in Fig. |1 but for dark-energy
masses and Ajso = 1.6 X 1077, fdc =0.1. Both AXIECAMB
baseline and AXIONCAMB are sufficiently accurate for the
observationally relevant low-£ regime but fractional errors in-
crease in the highly suppressed regime.

precedes the epoch where perturbations impact CMB ob-
servables, while for lower m, the horizon grows such that
k/aH of a given k-mode is larger.

Superhorizon axion isocurvature fluctuations require
high accuracy as they must very precisely cancel fluctua-
tions in non-axion species. This compensation balance is
essentially the consequence of a separate universe mecha-
nism, as the evolution of superhorizon modes is indistin-
guishable from the local background evolution. A higher
local H induces more redshift in other components thus
yielding a compensating underdensity to maintain the
initial isocurvature condition. Curvature fluctuations are
only generated as (k/aH)?3,(k, Tini) near horizon cross-
ing. While the switch to the ETA maintains this balance
to order (H/mg)?8a(k, Tini), the required (k/aH)? fac-
tor in the compensation means that the fractional error
from the switch will run away as k — 0. This makes the
largest observationally relevant modes the strongest test
of the switch algorithm for isocurvature modes. We thus
set a higher m,/H, = 20 for the switch than in baseline
AXIECAMB.

In contrast, AXIONCAMB is only ~ 10% accurate
at observationally relevant £, though it can outperform
baseline accuracy when ¢ > ¢;. Although AXIONCAMB
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FIG. 17. Fractional accuracy of the temperature quadrupole
as in Fig.[I3|but for dark energy masses and fraction fg.. Both
AXIECAMB baseline and AxIoNCAMB are highly accurate.
For the analytic estimate with Cg = 0.0097, the accuracy is
high for the lowest masses but degrades toward the edge of the
dark energy regime where the background field is no longer
frozen.

does not introduce a direct violation of isocurvature den-
sity compensation due to the instantaneous and continu-
ous (in density) switch, there is a pressure discontinuity
introduced by using p, = 0 after m,/H = 3 (see e.g. [34]
Eq. (22)) which has similar consequences.

Beyond the fixed value of fqm = 0.05 case in Fig. [12]
we show the accuracy of this stringent test at £ = 2 as
a function of fgn, in Fig. Even for the worst case,
the baseline AXIECAMB accuracy for m, ~ 10728 eV is
O(1071) even for fq, — 0 whereas it is better for both
the heavier and lighter m, cases. In contrast AXION-
CAMB errors substantially exceed O(1).

In addition, we test the analytic estimate of CZ 7 from
Cp from Egq. , derived under the assumption that
the expansion history remains close to that of ACDM.
For the m, = 1072° eV and 1072® eV cases the esti-
mate is accurate at the fractional O(1072) level in the
allowed range of fqn,. Even for the excluded region
ma = 10728 eV, fqm — 1, the estimation errors never
exceed O(1). For 1073'eV and below, the Jeans sup-
pression starts to affect the quadrupole which is not ac-
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counted for in the analytic formula.

Finally, we test the accuracy of the isocurvature axion
transfer function in Fig. [[4 As discussed in the previ-
ous section we perform the effective time average over
mass timescale oscillations only if Eq. is satisfied
and the field evolves predominantly on that scale. The
consequence is that the isocurvature calculation is less
accurate at k > kj, due to the oscillatory changes in
the field background modulating the density perturba-
tions. There the axion density perturbations are already
small and do not affect the Cy over the ¢ range used in
this work. This lower accuracy, while good enough for
parameter estimation with adiabatic modes, can itself
be mitigated by raising m,/H,. to push the transition
to higher k, as shown in the comparison to the baseline
case. We also show the AXIONCAMB results where the
switch is before the oscillations begin in the background,
and hence do not have the same problem at k > kj, but
correspondingly sacrifice accuracy in the more important
k < kg region.

These techniques and compensation considerations
also apply when the Peccei-Quinn symmetry is broken af-
ter the end of inflation, though isocurvature fluctuations
take on a superhorizon white-noise power spectrum in
that case. In this case, AXIECAMB may be used to com-
pute observables so long as the isocurvature perturba-
tions are on length scales much larger than the maximal
free streaming scale for field perturbations [60} [61] and
the axion background density and the desired white-noise
power spectrum are appropriately matched (see e.g. [62]).

b. maq < 10H)

For m, < 10H,, AXIECAMB integrates the exact
Klein-Gordon equations to the present and also uses
the instantaneous (rather than ETA) abundance to de-
fine cosmological parameters. We test the accuracy of
the baseline AXIECAMRB settings, analytic estimates for
the abundance and quadrupole as well as AXIONCAMB
against the default AXIECAMB computations.

For the abundance, the lower accuracy settings of AX-
IECAMB baseline lead to a negligible effect, as expected.
For the chosen masses, AXIONCAMB also solves the
Klein-Gordon equation all the way to the present and
is highly accurate.

For m, ~ 10732 eV and 10732 eV, the analytic es-
timate from Eq. differs at the 107! level for any
fae = Qa/Qqe (see Fig. . This occurs because the ana-
lytic estimate is meant to track the time-averaged abun-
dance rather than the instantaneous value (see Fig. .
Since the abundance itself scales with f4. across the wide
range of its values, the analytic formula remains an ex-
cellent scaling relation in fge even for these masses.

In Fig. we show the accuracy of C}7 for the vari-
ous codes. Since both AXIECAMB baseline and AXION-
CAMB solve the KG equations directly to the present
for the m, values shown, observables are highly accurate



for the lowest ¢ and suffice to estimate parameters for
adiabatic-isocurvature mixtures. Due to suppression be-
yond the Jeans scale, both codes show rising AC’ZT Ty CETT
isocurvature errors at higher multipoles that would be
masked by adiabatic contributions.

The analytic estimate from Cg is also highly precise
for my, < 107333 eV as it is derived for a frozen back-
ground field, which we show in Fig. For larger my,
the estimate is inaccurate at the 10~ to O(1) level due
to the background and perturbations beginning to evolve
before the present. The perturbation errors result from
the interpolation between the Cg and Cp, £ = 2 values,
as seen for the m, = 1073! eV case and the m, values in
Fig. @ The C estimate matches the scaling of the f2
dependence of ¢ = 2 observables for all m, < 10732° eV
whereas the Cp estimate matches the f2  scaling for all
me 2 10731 eV,

3. Isocurvature Parameters and Interface

AXIECAMB computes axion isocurvature spectra
from its separate initial condition, normalized through
the axion transfer function of Eq. (14), activated by
axion_isocurvature = T. Unlike in AXIONCAMB, adi-
abatic and isocurvature CMB power spectra are com-
puted in separate runs and should be summed ex-
ternally, which is exact for the uncorrelated isocurva-
ture scenario where no cross spectra arise. By de-
fault, we disable the fiducial-template C, interpola-
tion, use_spline_template = F, for both adiabatic and
isocurvature runs, consistent with isocurvature spectra
never being interpolated against an adiabatic template.

We expand the user-input parameters in params.ini
so that the primordial isocurvature spectrum A2 (k) =
Aiso(k/ko)™ with ko = 0.05 Mpc™! may be specified in
three ways, selected by an integer iso_input_mode:

1. (Aiso, ng) via A_iso, n_a_iso: direct phenomeno-
logical input of the amplitude at kg, independent
of the inflationary origin (as in Figs. |§|, .

2. (rq, ng) via r_a_iso, n_a_iso (default): following
Eq. (L1)), where A;s, is derived from r,, As and the
initial field value @jy;.

3. (Hinf, ng) via Hinf [logyq(Hine/GeV)]:  AX-
IECAMB derives r, = Qanf-/(WQASMSI) for a
massless spectator field and then proceeds as in
mode 2.

Each mode takes exactly one amplitude input: A_iso,
r_a_iso and Hinf respectively, and ignores the other
two. AXIECAMB relates them through the background
solution of ¢;,;, and iso_consistency = T imposes the
canonical single-field consistency relation n, = —r,/8
for any amplitude mode; if F, n, is taken from n_a_iso.
At feedback_level > 1, AXIECAMB now reports the
derived initial field value in Planck units, @ini/Mpi, to-
gether with the isocurvature amplitude expressed in all
three parameterizations Ajso, 7, and Hiys.
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Beyond the isocurvature extension, we introduce addi-
tional improvements to AXIECAMB for adiabatic modes
and the background. We make the KG-to-EFA switch
point, i.e. m,/H,, a user-input parameter, movH_switch,
with baseline value 10 (smaller values are not supported).
Larger values track more exact KG oscillation cycles and
improve accuracy only when paired with a correspond-
ing increase in accuracy_boost so that the rapid oscil-
lations remain resolved in time. While the settings used
in this work (movH_switch = 20, accuracy_boost = 2)
are validated in Appendix[A2] for other choices, the user
should increase accuracy_boost at fixed movH_switch
until their target observables are stable, and confirm in-
sensitivity to a further increase of movH_switch.

Nonlinear CMB lensing based on Halofit is available
from AXIECAMB v1.1 onward. Previously it was
turned off due to the problem of spline interpolating a
sparsely sampled matter transfer function in the highly
suppressed Jeans oscillation regime when axions domi-
nate the dark matter. In v1.1, this highly suppressed
regime is treated under linear theory for lensing. We
caution that Halofit itself has not been recalibrated for
axions. For the results here the impact is negligible:
nonlinear lensing changes the Fisher information for r,
(¢ <2000) by at most 1.3%. For isocurvature modes we
only provide the unlensed spectra, consistent with how
CAMB treats tensor modes, and throughout, the total
power spectra refer to the sum of the lensed adiabatic
and unlensed isocurvature Cy. This is because the sum
of the adiabatic and isocurvature unlensed power spectra
should actually be lensed by the sum of their respective
lens power spectra. For observationally allowed isocurva-
ture fractions, this would be indistinguishable from sim-
ply lensing the adiabatic modes.

Throughout this work and from AXIECAMB v1.1 on-
wards, we also fix the convention for the reported axion
abundance at

mea = 10HEY = 1.44 x 10732 eV,

where Hfd is the fiducial value adopted in this work,
rather than recomputed from m,/Hy = 10 for each sam-
pled cosmology. For m, < mgra, AXIECAMB re-
ports the instantaneous present-day Q.h%, whereas for
meq > mgra it reports the effective time average. Fixing
mgTa in physical units, rather than reevaluating 10H
at each sample, prevents the parameter definition itself
from changing when Hj is varied in parameter estima-
tion. This abundance convention is separate from the
dynamical KG-to-EFA switch m,/H, (movH_switch).

Finally, AXIECAMB outputs the isocurvature trans-
fer function in our convention 7 which differs from the
curvature based CAMB convention by k2. The isocurva-
ture tilt n_a_iso likewise follows the tensor convention:
the scale-invariant n, = 0 corresponds to n = 1 in the
adiabatic convention for the scalar power spectrum in
CAMB.
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